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Abstract

We discuss the infinite dimensional algebras appearing in integrable perturbations of
conformally invariant theories, with special emphasis in the structure of the consequent
non-abelian infinite dimensional algebra generalizing W to the case of a non abelian
group. We prove that the pure left-symmetry as well as the pure right-sector of the thus
obtained algebra coincides with the conformally invariant case. The mixed sector is more
involved, although the general structure seems to be near to be unraveled. We also find
some subalgebras that correspond to Kac-Moody algcbra.s The constraints imposed by
the algebras are very strong, and in the case of the massive deformation of a non-abelian
fermionic model, the symmetry alone is enough to fix the 2- and 3-point functions of the

theory.
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1. Introduction

The appearance of the Virasoro' and the Wo(V') algebras?® as off-critical symmetries of
certain class of integrable models (IM) addresses the question whether all the known infinite
algebras (super-Virasoro, an-Kac-Moody, Wy, ete «-.) reappear again as symmetries of
the nonconformal integrable models. From the way Virasoro algebra arises in the off-
critical XY, Ising and Potts models one could expect to find the G,-Kac-Moody algebra
{and the larger current algebra Gn & Vir) studying the algebra of the conserved charges of
the integrable perturbations® of the conformal WZW models*1?,

The 51mplest example is the & = 2, SU(2)-WIW model perturbed by the field

1,!')3'3-(2)1,{)&'3-(2,) of spin 7 = 1 and A = 1/2. This model is equivalent to the theory of
massive Majorana fermion in the O(3)-vector representation. A more general fact is that
all k = 1, O(n)-WZW models represent free fermions®, and their massive perturbation is
described by the action

S = f% (ia‘ Pot+ ) ds (1.1)

Our problem is to find all the symmetries of this simple fermionic system and to see
whether the O(n)-Kae-Moody algebra (or O(n) ®Vir)- algebra take place ns symmetries of
(1.1). The basic ingredients in the construction of all the conserved charges for (1.1) are
the following two infinite sets of conserved tensors:

T =1 = gD | o - o,

" . 1 . . s s 1.2
Ty =Ty = gl BIl =B, js=1,2, 2

The conserved charges we are looking for are specific combinations of the “higher. -

momenta” in z and Z of these tensors. The first surprising fact is that the charges of the

By
currents J37_, , J5,_,, namely

U f-]:;i 14z — /923-3
Qa zsza—ldz_jg;i—sdz ‘5=1:2:"'

close the (nonchiral) 6(n)-Kac-Moody algebra

.k p .

{ o @ ] = 5=kQal+s, + 6J!Qa,+a, - 5:'IQ:,+;, 61, .sl+az 531(551:65! = 8utbjk )bu, ts
(1.3)

(—o0 < 3; < oo). The central charge is p = 1, i.e. the same as for free massless fermions.
Constructing specific “first momenta” of §; T"1 (see eq.(3.13)) one can complete (1.3) to the

larger current algebra Vir @O(n) The appearance of this algebra as symmetries of (1.1)
is a strong indication that we can use their degenerate representations to solve exactly the
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model. As we demonstrate in section 3 the simplest Ward identity of Vir @6(n) written
for the fermionic two point function leads to the K)-Bessel equation.

It is important to mention that the O(n) &Vir-symmetry of the action (1 1} have
nothmg to do with the local gauge transformations and reparametrizations in 2 — D

“space-time” (2Z). 'This is evident from the explicit higher derivatives realization (3.9)
and (3.13) of the action of the generators @'/ and Vi on ¥*(z,%). The same formulae
(3.9), (3.13) written however in the p-space (pp = m?) make transparent the following re-
markable fact: the algebra Vir @O{n) does represent specific local gauge transformations
and reparametrizations in the p-space formulation of the model (1.1). The parameters of
these transformations w'/(p) and €(p) have to satisfy the conditions:

w (p) =w(-p) , elp)=—e(-p)
One should look for a better understanding of this fact in the specific phase apace geomeiry
of the model (1.1).

The current algebra Vir 0(n) does not exhaust all the symmetries of the model (1.1).
Together with the “first momenta” of Tz": and .1'2‘,_1 one can consider all the conserved
“higher momenta” L__',’:(z") and Qi';,(“ 1)(0 £k<2—-1,0<p<2s—2) given by
eqs.(3.17) and (3.18). The problem of deriving their algebra requires some preliminary
investigation. Having in mind the essential role of the conformal W, algebra® in the
construction of the full off-critical symmetry algebra for the Ising model? we have first to
find an appropriate eonformal current algebra analog of Wo,. Our starting point is the
conformal OPE algebra of all the descendents T, of the stress-tensor 1' and Jp]_;, of
the Ofn)-current J*. Following the standard conformal technique we have constructed
in section 2 a new cleas of Wo,-current algebras Wm(an) for G, = O(n). We have
calculated the structure constants gf'*? (2.7) of We(Gn) using the basis (2.3) of the
quasiprimary descendents. This makes difficult the comparison with the corresponding
structure constants ¢71%2 of usual W.®, which are calculated in a specific nonquasiprimary
basis. There are however many indications that our universal structure constants (2.7) has
to coincide with these ones of Wi o [9], taken in our quasiprimary basis.

The off-critical analog of the conformal Weo(Gr) is defined as the algebra Woo{Gn)
of all the symmetries of (1.1). As one can see from our discussion in section 4 it has
quite complicated structure: two subalgebras WL (@,.) of WDO(@,,), which do not com-
mute, two more (incomplete n > —1) Vir ® O(n)-current algebras, one O(n)-Kac-Moody
algebra etc. Similarly to the simplest Vir (Xa(n)-algebra (1.3), the generators displayed
explicitly in (3.14) have a specific higher derivatives realization and do not represent local
gauge transformations and reparametrizations. For example, the generators of one of the
incomplete Vir tZO(n} algebra are of the form:

(Q;'{)H=—5(6”‘6ﬂ—6”6-"")['55—2:6—1],.6" , n20 , (1.4)

where [4], = A(4 - 1) 5 (4 — n +1). The realization {1.4) is completely different from
the one of the standard O(n )-Kac~Mood)r subalgebra of the conformal Ww(é“,.):

(@Y (5"“5" 6767%)z" , —co<n<oo . (1.5)

However the symmetries generated by (1.4) are not a specific feature of the massive ac-
tion (1.1) only. For the massless case where the full algebra of symmetries is the conformal

Woc(én) one can find a subalgebra spanned by
(Q:?)H — _.%(5‘-"6-’.‘ _ 6“6"")(z6 o+ 1)1,3“ '(1.6)

which indeed close O(n)-Kac-Moody algebra (1.3).

All these similarities between the conformal Ww(@ ) and the off-critical ’Wum{é )
reflect on the form of the corresponding Ward identities as well. The conclusion is that
in order to construct the representations of 77 (G ) and to solve its Ward identities it is
better to do it first for the conformal WDO(G ) In fact, the major part of the properties
of the off-critical model are hidden in the Wq, (G }-symmetries of the conformal model we
have started with.

2. Conformal Ww(@n) algebras.

We are going to study the off-critical properties of certain integrable perturbations of
the WZW models. The crucial role of the conformal W, algebra in the construction of
the corresponding off-critical algebra Woo(V') for the Ising and Potts models® addresses
the question about the relevant conformal current algebra analog of Weo. In the same way
W algebra®® is realized as the algebra of all the descendents Ta,(2) (s = 1,2,...) of
the stress-tensor T one expects the W, -current a.lgebra. we are looking for to be spanned
by the descendents Ty,(z) and J3,_,(z), (or J3i_, = L'k 7k, _1(2)) of T(z) and of the
SU(2)-currents J*(z). In order to find the Weo(A4;) algebra we have first to write the
conformal OPE’s of Ji,_; and T;,. We have to be sure, however, that Ji,_4, Tos form
a basis in the space of all the conserved tensors, i.e., the product of each two of them
contains the currents from the defined basis only. The p:oblema.tic OPE is the one of two
currents: Ji,_ l(z)sz_l('w) 1ts anti-symmetric part can be exhausted by terms of the type

'-”‘.Iz"I ,(z). The only remaining possibility for the symmetric part would be §7T2.m(z).
This is however not generally the case, and one can see this fact realizing T3, and Ji,_,
in terms of free fermions ¥*, (i = 1,2,3) as

st-l — Ea;k (625_2‘0’)‘7) ¢k

_ pioteiy =12, (2_.1)

Using the standard OPE’s for the fermions ¥ one can easily verify that §T,, does not

exhaust the symmetric part of the aforementioned OPE’s. Indeed, there are new terms of -

the form

Ti = T = g 6h g I Ty, = 6T
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The conclusion is that the algebra we have to consider is the one of T._fﬁ and J;£—1~ Applying
the usual conformal technique’™®, one can easily derive the OPE’s of the gquasiprimary
currents T;ﬁ and J.:'Zﬁl. At this point we are going to follow closely the method described
in detail in section (3.5) of ref.[8]. As a result of a simple and standard computation we
obtain the following OPE’s algebra:

T ot o) = X T PR

=1 r=0
x85 (6*T4)(2) -+ 5T (2) + 67T (2) + 67T (2))
e T L O
(08I0 4 SR+ 62 2) )
+NE 216, (6767 1 5787F)

T (e, =) = 303
=1 r=0

{Dizs.232*1022:1.231—1(T)zfgsw—h—az)é"r-f-lar (6ikng(2) _ 6ilT2j:r(2) +- Ejszz'i(z) —5"1T2if(2))

28,2821 ~28,,282~1 2(s—81—82)+r
+D,,5 Coly {r)er; x

O (4 ) S 0+ 10 - 60 ) |

ij —1,283~1 4281 ~1,285~1 2{a—a1 ~82)+r+1
J::il1(31)];:24(22):232{1)2:!—1 - 02:»1"1 . (”')zlga et X

s==1 r=0
X" (—8" I,y (2) + 61 TE5,(2) + 64 T, (2) - 67T (2))

281—1,287~1 ~28,—~1,25,—1 2(s—s81—83)+7+2
+D5, Cop' (r)z15 *

X8 (~6%T,(2) + 6TJ (2) + 6775 (2) - 5j'Tz‘f(2))}

+N2(332;2431+255‘53(6ik6jl _ 5-'151'k) (2.2)
where 25 _ 1)1 M
o) = L=l botr 1)
and 3 |
prm N,‘:S,;’.;

What remains is to calculate the normalization constants st) and N,(,:i,)., of the 2-
and 3-point functions:

(Tzfil("l )Tzk.:z("'?)) = stfz (6“;6'“ + 6“6kj) 531.3221_24“
(J;{IWI(ZI)J;L_I(Q» = Ngz__l (5:7:551 — §1649) 6,z
and say,
(88 ) TEL o T2 o)) = N2y (5678 4 68575 1)

—2(83—81—82) _—2(s7—81—83) —2(51—-83-83)
X Z19 %13 Z33

In order to find N} and N} we can take the following free fermion realization of
the quasiprimeary currenis T,] and J;1_:

28 2
i =Yt (1)) et
:::—11 2 (23)
Jra(t)= 3 (-1 (?:: f) :G* Rl (1)1 (1)
k=1

The explicit form of N'® and N does depend on the concrete construction (2.3)
of T;'; and J.;f;_l we have chosen but the ratio D8z should not depend on if. In words,
the structure constants of the algebra are independent of the explicit realization of their
generators. It is only the central term that depends on it. Then by straightforward
computation, we get

8z Byt83—1

ppon = o LT3 3TN (et
.
3

[2(31 +382—7) 2! ky=1 ky=1 ka=1

511\ g2 —1\? 31+3;—r—1 2
(ki _1) (kz—1) ( o )(sl—l—kl-}-kz)!(32—1—k2-|-k3)!(31+sz+1—k3+k1)! (2.4)

The next step is to derive the corresponding Lie algebra, encoded in the singular terms
of the OPE’s (2.2). It is generated by the Laurent modes of the currents 7,2 and JE_,:

2 - fzzs 112':( ) ? .
Qki(Zs—-l) — }zz.sﬁ»n""z ]é": l(z)dz
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Then by simply integrating (2.2) we find the Woo(A; }-current algebra in the form:
81+83—2

.. —opgyy TR
EASRSSEEDS {935"2”(n1,n2) (50 £lepizenar)

r=0

28,2 281+28,—2r—1)Y I
+92:-1-‘182(n1?nz) (60Ql('n’i(l-;'l'za7 i ))

(2 (281 +ny— 1) _ s
N n — 6.7 F
+ in (431 — 1)'(n1 _ 231)'5 1+n26,,1 32(5 + 61§ )
R as
L1280 nki(285-1)] 18y 25y,285—1 5 £231+2,2_2ru2) ijkl
" 1 an - Z Gar (nls'n2) L4 t1+na
r=0

ikl
28y,202—1 (281+280—2r—3)\ ¥
+ 927“—1 ! (n],ﬂ.g) (5 ¢ Qnr:ﬁ:: ? )

s1toa=2 ijki
1728 —1) Akl(287~1 281-1,283—1 24,428, —2r—3
[Q”J‘( " )’ QHJ( " )] = Z Gapl1 % (m1,7m2) (6 * Qi ))

r=0

ni+ng

ijkl
+ 95:1_1'2“_1(711,1&2) (5*£(281+2ar2r—4)) J }

28; +ny —2)!
N2 (231
RS (4s1 — 3)(ny — 289 +1

)!Enl-lrngaa.—s;-(ﬁiksﬂ — Eﬂﬁjk)
(2.6)

where

(60 Y7 = (5% pit 4 gilyki 1 ghiyil 4 gilyiry
(6 . y)ijki' - (61'Icyji' . 6ilykj + 5kjyi1' _ Sji'yik)

(6*}')“” _ (_6.'kyjr PRIy ghipit 6jlyik)
The SU(2) independent part of the structure constants, g71'*?(n,,ny) is given by:
r+1
. -1} (2s =7 =14+ D2(sy + 85, —7) — 1!
:1, 2 , — D(sl,aq) ( 1 2
g:"" (n1,m2) = D, gl!(r-l-l——l)!(i’al —r = )2(sy s — ) — 14 1

(51+n1—1)!(31+32—r+n1+n2—1+l)! (
{514+ n; —2—r+ (3148 ~7+n, +n2-1)!"

2.7)

and Nz(f), Néf)_l are two parameters representing the central charges of the algebra (2.6).
We should mention that in the way we arrived at the algebra (2.6} we did not use
any specific property of SU(2) ~ O(3). The only specification we have used is that the

6

generators of the current algebra are antisymmetric tensors, and that in their OPE’s the
symmetric tensors 7,7 also contribute, It is evident that all O(n)-current algebras, for
n > 2 share these properties. Therefore the algebra (2.6) represents the universal form of
the new family of W, algebras: Wm(ﬁn) and Wm(f)n). Concerning the classification of
the W,-current algebras it is clear that one has to follow the classification of the usual
current algebras. For each of them, namely ay s i . ﬁn, Cn.. ., etc, one has to find
the OPE algebra of all the descendents. For example, the generators of We.(4,) can be
taken as having the form:

Jﬁt—1 = Kbnffﬁaza_zibﬂ
T2(;4B) — ¢a {TA,TB}gp 825—1¢ﬁ

where T‘f'ﬁ are anti-hermitian matrices representing the SU(n) algebra: [r4, B8] = f48+°.

(2.8)

The corresponding Wm(Eﬂ) algebra have a form similar to (2.6) with the adequate group
structure in order to conform to the 4, case. It is important to note that the structure
constants g7°* given by (2.7) are universal quantities for all the groups O(n), SU(n) etc.

3. Symmetries of the off-critical k = 1,0(n) WZW models

Our problem is to construct explicitly all the conserved charges of the models given
by (1.1), ie. - O(n)-Majorana massive fermions ;bﬂ(z,f) (t =1,--+,n). What we have
to do is (1) find the conserved tensors T,} and J.;'I_l in terms of ', %'; (2) verify that
their conservation laws satisfy the criterion of existence of noncommuting charges?; (3)
construct these charges and compute their algebra. One could expect that the case of n
massive fermions in the O(n)-vector representation is a straightforward generalization of
the results for one massive fermion?, There exist however few important differences. The
first is that together with T}, = 6:;T52 and J;)_, we have to consider all components of
the symmetric conserved tensor Tz':: - The second very important point is that the algebra
of the standard conserved charges:

P = f Tiids f 08 .0z, Pl= / Tudz f 03 —adz
@ = [ st [B ot @Y= [7 0 [ e

is nonabelian, Its abelian subalgebra is spanned by P, = §;; P and P, = 6;jﬁij. In order
to find this algebra, it is better to realize P Q¥ etc in terms of differential operators.
Following the standard massive fermion technology? we start with the “nonquasiprimary”

form of the conserved tensors:
ij in2a—1 ;4 i nza—1;i ii_ Ll o ig i
Tl =4'0% " + /5%yt | i = 5 (#'8Y +4/8y")

J;i—-l — % (¢i828—2¢j _ ¢j82a—2¢1’)

(3.1)

(3.2)
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and similar expressions for ’1_“12'1 and j;i_l. Using the equations of motion:

Bt =my , B =-—myt (3.3)
one can show that (3.2) are indeed conserved tensors. For example the first few Jol_4-
current conservation laws are in the form:

BIE 4 87 =0
gy - 826" + m*aJ)’ (3.4)
87y = 007 + m2aJy + gmzas.f;"'
etc., where 8 = (4pd W - 7,!)"1,_153.). For the “stress-tensor’s” set of conserved quantities we
have: L . 3 i g
B =087, 69 = m(F W +FH)
T = 8°6% + 2m?0Ty (3.5)
T = 2070 4+ m®OTY + 4m?° Ty’
ctc. Substituting (3.2) in {3.1) and using the equations of motion (3.3) one could exclude

the time derivatives in the integrands of (3.1) and then take t =0 (z = t+2,7 = t—2,0; =
8). The result of these computations is:

PY = -3 f de [0 + 9708 +m(BP + )]

Py
v = —fdw [wlig 3757

i / da [4az¢[i¢j] — 4magipdl  m2(plipd + gi"gﬂ]

: , . iy — 3 —(i,;
! / de [a:“a%ﬂ +mp 0P + miptiond) — Tglap 4 Smgly?
2 (3.6)

etc. In order to get the momenta space form of {3.6) we have to insert the usual creation

and annihilation decomposition of 4 and P

$(a,) = f I [POZE (956t () + 7707 (p)

2@ 2p0 (37)

where p — p? = m?® and p-z = pot + pz.
The result is the following compact form of the charges (3.1):
-7 1
T4
(—)¥ dp , _ -
@ = [ ot ps(atay - afar )

d Ve _ _
[ R n sty + af i)
4 (3.8)

8

(we denote p = pp — p and = py + p from now on). The desired differential form of
Pl and Q¥ is a simple consequence of (3.7), (3-8) and the anticommutation relations
{a?{p),a; (9)} = 276;;8(p — ¢) and reads:

(=)  Y— ikgil | il o5k (= i, =

P Y7 (2,7)| = (66" +8°6%) 8 ¥'(2,Z) {3.9a)
(__)i.f _ . . - (_)2a . 3

Q¥ (z,2)| = (66" - 6157 57 Hlz7) , s=1,2,.- (3.98).

With eqs. (3.9) at hands we are prepared now to find the algebra of the charges (3.1):

s i 1 i dmik . X

[ ;{’Qﬂ} =48 inri‘Bz + & QB’:+!2 - 6‘1Q11+82 - 61,6@13‘14‘82 (3100')
ij i il il pi il pik i i

[Psf’ E:] =8 kP:H'Bz - 6”P8;E+82 + § EP:1+82 - 63kP8’f+52 (310b)
ij pkt i il il i ik ik il

[Psf,Psz] =6 in['{'.ﬂg—l - Q;I:+a,—1 -4 Qi1+3,_1 =8Qy .-y (3.10¢)

and the same algebra for aij and 73-:'7 The mixed left-right algebra takes the form (s; <
82): . .

i =kt o1 cik il ik ik ]
(PP = (om0 G, 5G4 5T, + 6T ,)

i =kl 511y kil ik ik =il
[Psi’QM] = (_m2)2 ! I(J'kpsz—sﬁ—l - 611P52—81+1 +6 lPag--.n—{-l - 'SJkPaz—al-lrl)

o s ikl —7 ik P

[Qi:,P:JQ] = _(_m2)2 ;(61kP-:2_’1 "'EJIPJ;—-M +6 ‘Pig—sl - ajkpﬂz“h)

g o1 ¢ ikl =ik p— =il
[ Ejl’Qag] = (_m2)2 1(5 inz—al + JJ!Qszmal - E'EQ:;‘—JI - 6Jst;—ul)

(3.11a,b,c,d)
Using the formal identity 8 = —m28-! one can write (m?) Q¥ = é;—’ and (mz)_‘mj
= %

¥, as a unique object Q¥ {—oco < s < oo} which generates the O(n)-Kac-Moody
algebra (3.10a), (3.11d). One can recognize the total algebra (3.10), (8.11) as a subal-
gebra GL(n, R)ppaz of the af(n, R)-Kac-Moody algebra spanned by 1‘-52"":_1 = PY and
~;’; = Q% ie. the closed subalgebra of symmetric generators P with odd indices and
antisymmetric generators Q7 with even indices.

One can derive the algebra (3.10), (3.11) using directly (3.8). The advantage is that
in this way we calculate the value of the central charge of the 6(n)-Kac-Mnody algebra.
Starting from (3.8) and taking care about the right normal ordering in the r.h.s. of the

commutator (%, Q'] we find the central term in the form:
2y20 8o cik ol pil ik
_ S5k _ gilgi
(-m?)e S 557 - gty

The central charge therefore is p = 1, i.e. the same as for the massless O(n} -fermions.
The appearance of non-zero central charge has far-reaching consequences in the application
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of the degenerate higher weight representations of (3.10), (3.11) for constructing the exact
solutions of these models.

Having constructed the algebra of the conserved charges (3.1) we have to answer the
question a.bc)ut its meamng As in the case of one Majorana fermion?, one can expect that
the charges P % and Q % are generafors of specific new symmetries of the O(n)-maassive
fermions action (1.1). It is indeed the case and the proof of this statement goes trough
simple higher derivatives computations. We shall present here only one detail of this proof.
Consider the commutator:

(@41, 7797] = (435 — hm st [0 9" W %% (3.12)

The conclusion that the r.hs. of (3.12) is a total derivative is based on the following
identity:

a—1
(62”@”‘)1}‘);{ ....Ema?‘a’r,bj =8 {Z(_l)i‘[a2s—l—laﬂ‘al,¢|j . 61;’"328—1—11}[:,{]}

=0

—1 — . Yy i i
The same is true for the commutators [Q, T 1,!')-’] [Q K pigyl], and [(Qﬂ“,aj)'?(’iqb’?] as
well. Therefore the action (1.1) is invariant under the infinitesimal O(n}-Kac-Moody
transformation (3.95):

[é?,S]:l} —coL8< 00

It is straightforward to make an analogous conclusion concerning the PH_symmetries of
(1.1). Then we have to complete our statement about the symmetries of (1.1): the subalge-
bra (8.10), (3.11) ofﬁ(n, R)-Kac-Moody algebra eppears as a larger algebra of symmeiries
of the O(n)-massive Majorana fermions action (1.1).

The question about the origin of such symmetries is in order. The first to be noted is
that they are not related to the local GL(n, R)-gauge transformations in two dimensional
(z,%) space. However the momenta space form of the transformations (3.9):
(B, o (p)] = £i(s*87 + 567" o (p)

a8

+ _ argikeil  gilgiky 28 % _ (3.13)
Q7 af(p)] = £i(6%67" — 66 )p*aff(p) , —c0<s< e

is very suggestive. Remember the standard realization {1.5) of the z-space infinitesimal

local gauge transformations. Therefore the specific GL(n, R)mod2-Kac-moody algebra of
symmetries of (1.1) we have found a manifest local momenta-space GL(n, R) gauge invari-
ance. The parameters w'/(p) of these transformations are restricted under the conditions:

W9 (p) = ()
wll(p) = wl¥l(-p)

These properties are not a specific feature of the O{n)-massive fermions only. One can
find two incomplete (s > 01) GL(n, R)mod 2 local (in momenta space) gauge groups of sym-
metries for the massless O(n)-fermions as well. One can further speculate that the con-

formal Ww(an)—algebra describes the symmetries of the phase space of the corresponding
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conformal model. A part of these symmetries survives the perturbation forming the non-
conformal W, (G }-algebra. The z-space symmetnes are restricted now to 2 — D Poincaré
group, global G, gauge invariance and the specific Wm(Gn) symmetries, for example the
GL(n, R)mod2-Kac-Moody algebra (3.10), (3.11). The latter manifests as a local gauge
transformations in the p-space. In this line of arguments one can consider GL(n RYmoaz
(and Wy (Gr) in general) as symmetries of the phase space of the integrable models.

Our motivation to study the full set of conservation charges for k = 1, O(n)-WZW
massive models was to find the full algebra of the symmetries of the model (presumably
noncommuting) in order to use it for the calculations of the correlation functions. We
already have found one nontrivial subalgebra (3.10), (3.11), generated by the charges of
the conserved tensors (Tz]ij and .};;{_I. Is this symmetry sufficient to fix all the correla-
tion functions (without using equation of motion)? What is known from the conformal
WZW models is that the conformal current algebra Vir ®Gy, is a powerful tool for such
calculations. Therefore we have to look for more new charges Ly, generating the Virasoro
algebra, in order to complete our O(n) (or G’L(n R)odz} -Kac-Moody algebras (3.10),
(3.11) to the larger Vir @ O(n) algebra.

How to construct the Virasoro charges for one massive fermion we already know from
the off-critical Ising model case. In order to generalize it for the O(n)-massive fermions we
have to find specific combinations of the “higher momenta” of the T;;J, lej 1,09 and g
to be conserved. From the explicit form (3.4) and (3.5) of these standard conservation laws
one can conclude that they satisfy the criterion® for existence of new charges. Therefore
we can construct (4s —3)1(%"12 new symmetric charges Lijff’),f_jfa) (0<n<2s— 1) and
(43— S)ﬂ"T_ll antisymmetric ones sz""l), @ U (0 <k <2s-2)foreachs =2,3,-

To begin with the first momenta, i.e. qua.ntrties linear in z and z. The sxmplest one
is the generalization of the Lorentz rotation Ly = S‘JL”

Ly = f (2T 1 26'9)dz — f (2T + 20)dz
The next two are the off-critical analogs of the conformal first momenta of T:j and fl_‘ij:
“’(4) f(zT" + 2m? sz'J)dz —m / (22T + z6% Jdz
oY - / (ZTY + 2m? Ty Az — m? f (22T + zo"f)dz

)ij
One can go further and construct L_J () etc. However all of them are stra.lghtfor-

ward O(n)-matrix generalization of the corresponding one fermion charges L (::2#2 =

) if(24
15'3 L ";(il_% and we can take them in the following differential form:

1) 625—27}’)1

{_ljéiﬁz’d’k(z z)] = ——-'.‘:(6“‘6-‘” + 6“53‘-]‘) (25 232_ 3) 2" 2¢I

[ ’—Jgii)z,l.f’ £ z)] —i(8 50T 1 gil5IY (?5
(3.14)
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The proof that they are indeed the conserved charges we are looking for is again based on
the fact that they do generate new symmetries of the action (1.1), i.e

ii(2s —ij(2a)
(L5530, 81 = 0= [L23,55, 5]
The last statement follows from specific higher derivatives identities similar to the one used
in the proof of (3.12)

The question about the algebra of these new symmetries is now in order. By direct

calculations, using (3.14} one can see that L'ng_:22 nd Lfg:}z does mot close an algebra.

It is necessary to consider together with them the first momenta _d_";%f;l) of the current

. A -
J;2_,. Before doing this we should mention that the traces Lw(ialrz = 2b; L "'2(,2_:)2 do

close an algebra which coincides with the off-critical Virasoro algebra V; of the off-critical
Ising model®*. One could wonder what is then the algebra of Q¥ and these Virasoro
generators;

1 i 1 2442
Vi = Z(—mz)"ﬁi:‘ﬁgik”) v Vor = 2(-m?) % Al

As one could expect the result of simple computations is the larger current algebra
V., @0n:

n
[an sz] :(ml - mz)Vm1+m2 + £m1(m§ - 1)5m1+m2
[Viras 35, ] = - 0233, 1,
[G0,,Q8, | =67 Q0 sy + 6T oy = 87 Q sy — Tt

+ §m16m1+m2(61k'5ﬂ . 6:I6jk)

(3.15)

We have enlarged in this way the known symmetries of the action {1.1) to the V, 86(11.)-
algebra. -

Turning back to our problem of constructing the first momenta of the current J,2_;
we start with the explicit form of the simplest two of them:

Qi) - f (205 — 2am?3J)dz — f [25"1' —2m?2J{1 - 8(=) + 2?27 | dz
QU = j (20 + m*51} )dz - f [m?zJy - gmﬁaJ{f + gmzaz(z.}{»") +m?z g
+m*8(28'7) + 6°(207) — 46767 )dz

Following the method we used above for ﬁa‘-’ and @;«7 we arrive at the following general
differential form for (a_‘_‘;‘&z_f;l):

QUG 94 (2, 7)] = —i(5™ 6" ~ §9674)(30 — 20— 5 + 1)8%*4(2,7)
(3.16)

28—3

[Q”éi‘;;),w (2,7)] = —i(5%67 - §467)(58 — 20+ 5 — 27" (2,7)

i2

. . (=) ij(2s— { ( ( _ =y
Considering d:Jz(f-:a 1 together with L_";(::;, d o= d_“;(,z_:z ]) L_";(,%:)l
we are expecting them io close an algebra. However this is not the case. One can easily
check using (3. 15) that the commutator [Q'sz‘:i;n, i‘g::_;l)] contains higher momenta

of J¥ | and Th as well. For example, the simplest one has the form:
[Qs_:ga), kr(s)] _5HQID) 4@y 4 51 (@ — 47

o ) {3.17)
+84(Q1P - 4QT) - 67(QLY — 4@T)

It includes together with the “zero momenta™ Qf(a) = Q! the second momenta Q'J i) of

ij,
i

(@49, 4(2,7)] = —ite™87 — 66 [ 22 4 (B~ 20— 327
_ , (3.18)
- _1(5*51" — 5957%) {(32'5 — 28)2 + (38 — 20 — 4);] 8¢’

where (4), = A(A+1)---(A+n-1).
All this discussion is to demonstrate that the algebra of the first momenta of TZa and
J¥ | is not closed. Involvmg the higher momenta of T4 , JJ_| we are constructing in this

way an algebra of the WW(G,,) -type (2.6). Leaving the problem of the general structure of
the algebra of all the symmetries of (1.1) to the next section we address here the question

about its subalgebras. Up to now we have constructed two such subalgebras: GL(n, R)modz
given by (3.10), (3.11) and Vir @O( ) of eq. (3.15). Deriving the missing commutator

[Vinss P | = ~(ma ~ 1/2) B, ., (3.19)

we can unify them in an unique current algebra, namely: Vir (Xa-z(n, R)inodz- Are there
more subalgebras of this type? As in the cases of one? and two! fermions one could expect
to find two incomplete (n > —1) Virasoro subalgebras. In our case they are generated by

a specific combination of &' ‘TE)_“I;(ff) and 6% (TE,W""; = (_I-Jl:
—) 8 "
= Z Br L nyrbij=[20-20%1/2] . (3.20)
k=(3]
Do they have an a(n) Kac-Moody counterpart? The form of the commutator (3.17) sug-

gests to consider ("]j ) Q‘J(a) nd Q'J(s) 4Q"(3) as appropriate candidates for the genera-

tors @Y7 , 0 and Q¥ of the incomplete (n > 0) O(n) Kac-Moody algebra. The differential
form of these generators

(Q;j)kl — —1:(6‘.’:6].' _ 6:'163'1:)
(@ = (QF )H(za —-z28-1)8 _
(& )H = (on)k;(za ~ 28— 1)(z§- 20 — 2)8°
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allows us to guess the general form of the O(n) generators:
(Q )t = (Q3 )i (20— 28 —1] 8" , n>0 . (3.21)
Using the simple identity:
8 (20 -20-1] ={z0-28-1-k| 8

one can easily verify that (3.21) indeed close a(n)-Kac-Moody algebra (3.10a). Similarly,
the conserved charges

(MQ‘?)H = (Ql';j)u [z0 - 25]'15" , n>0

generate one more O(n) current algebra. These two algebras however do not mutually
commute.

There are certain indications that the algebras of symmetries of (1.1) we have described
up to now are sufficient for the calculation of the correlation functions. Leaving aside the
problem of how to use the null-vector corresponding to (3. 15), (3.19) or how to solve the

infinite systern of Ward identities (W.L’s) for the charges P'J s éa y Vo, L and (_d i we

shall mention the following simple and remarkable fact: ihe ’_Jgs) (or '1(3)) W.L’s for
the 2-point function

97 (21, 22|71, %) = (%' (21,21 9™ (22, %2))

coincide with the K-Bessel equation.

. . ‘s . . (= sale=) e
Taking into account the Poincaré invariance (i.e., Ly, L_; = 167 L) we get

¢ (21, 22|51, 53) = 6™ 212K($) y T =y —4dm2aazyy

We next require the Qijia)-Ward identity:
ij(3) 41 = L = _
(Q—1 ¥z, 7)Y (22722)> =0

As a consequence of (3.16) and Q%) ) invariance of the vacua we obtain the following
cquation:

1 =
(212 + —312 + z;zafz) EK(E) =10

212
which is equivalent to the K;-Bessel equation:
:czK”(:c) +zK'(z) - (:t:2 +1)K(c} =0
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We have in fact to solve an infinite system of higher order differential equations representing
the remaining Ward identities:

<0n¢1(51)21)¢m(32s52)) =0
where O, = {P;-T ' Vg,En,( d 471, The algebraic explanation of why all they could be
solved in terms of K1 is not known. One non-trivial check is the Lfgd‘) and £;-W.1.’s which
are specific third order differential equation. In the L'_Jgi) case for example we have:
22 K" (z) + 22 K" (z) — z(z® + 1)K'(2) - (2® + 1)K () =

As it has been demonstrated in [2], this equation has K;(z) as a solution. -

4, Off-critical Ww(@n)-a}gebra

Although it seems reasonable that the Vir Qﬁ(n,R)modz and the other 6(n)-Kac-
Moody and Virasoro algebras) are the most important part of the symmetries of (1.1) we
find interesting to study the full algebra as well. To do this we have to continue with the
constructions of the higher momenta of Tz'ﬁ and Jza 1+ Onme such example jis the second

Qy® =ff5'f'dz—fg;fdz

momenta of J :

where

f(jj =z* J;j - 4mzzEJ;j + 2mzz2jij -3 (Ezb-"j) + 476%
g;" = —"27:? + 4mzzf.}-’§j - 2m212J1ij -8 (zzﬁ"j) + 428
are components of conserved tensor: .
Fy = oGy
One can realize Q'-j ) a5 differential operator as well:
(Qi®N,, = _—(Q Vit (28 — 28)2 + (28 — 28 — 2),]

This formula together with (3.16) and (3.18) allows us to make a con_]ecture about
the general form of all the conserved charges related to J;'; 1

(@2 ) =2 ( i IR (G S
+(Z0~ 20+ —2s + 2)2,_2_m]6’“
( _f,f”“”)kr - —% ( ;'f')u (28— 20+ 5~ 25 + m+ 80z
+(Z0 — 20+ G+m+ 1)23-2_,,1]2‘)'"‘

0<m<25-2 (4.2)
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where a = 0, a = ~1lforyp and e = 1,& = 0 for 1. The proof of this conjecture is
again indirect. By tedious higher derivatives calculus and identities similar to the one
used before (for the case Q%) one can verify that {4.2) are indeed symmetries of (1.1), i.e

E)ij(2s
[0, 5] g
) I Y]
We have next to find the differential form of the remaining part if,,(f’) (0<m<
2s — 1) of the generators. We have already mentioned their close relation with the one

)ij . ) (24
fermion’s generators i)_gz,:) (see ref.[2]). This fact allows us to write i_u(za) using the i_{i )

m
differential operators:

(L‘_"Ef"))klz—%(ﬁi) [(}:E‘i—za+a)2a o F (20 +a—25+1),, m] am

(EEE:K))H (I‘J)H Kza z0+o— 2s+m+2)2a et (za za+a+m+1)2a i m] d
(43)
where (Iij)kl = IR L gitgik,

We have exhausted in this way all the symmetries of the O(n}-massive free fermions.
What we are going to show now is that their algebra consisis of two noncommuting (in-
complete 0 < k< 25 —1) Wm(@n)algebma. In words the conformal structure constants
{2.7) reappear again in the massive theory as structure constants of the “left” and “right”
subalgebras spanned by L"_"S:S), Qi_j,(,:a_l) nd L'J(zs),_ff:a ™) The methed is similar to
the one used in the case of W, (V)-algebra?. We start with the “con'formal decomposition”
of the “leflt” generators:

ey _ S~ (28 =1k (o2 w\b e, 2y
Lo = Z i (za ‘|‘°‘3) L2725(-mf),
=0
. 2a—2-k _9_ — RN I
o G (23 2 ’“)(532+aa) QI (—m?)

I=0

(4.4)

In the calculation of the commutators of (4.4) we are using the conformal C'R's (2.6) and
the fact that the operators (za + ad)! are commuting. In order to prove that L'J(z’) and

Q‘;’fﬁ” D satisfy (2.6) with the same structure constants we do need the following property

of gf1#2(n;,n,) to be satisfied:

gﬁ""”(—k],—kz)(“ Foamr b=k - 1) -

T

!

We have to remmember at this point that the only structure constants we know are the
ones calculated in the quasiprimary basis (2.3). Therefore we are forced to use them in
the proofl of (4.5). The question now is whether the identity (4.5) depends on the basis.
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The answer is that (4.5) holds in all the basis. It is related to the fact that the form of the
conformal decomposition (4.4) is universal. To see it we have to write all the generators
{conformal and nonconformal) in the quasiprimary basis.

(Z3e9) = (1), Z( O G R

p= , {4.6)
(LU 28)) I'J)H Z( 1)? (25 11) (E_B-—zav-p-i- Dag—m-18™

etc. The crucial point is that using (4.6) we arrive again at the same “conformal decom-
position” (4.4). The last siep of the proof is to substitute (2.7) in (4.5) and verify that it
holds. The conclusion is that the “left” off-critical algebra shares the same form and same
g21** as the conformal Woo(G)-algebra (note that 0 < m < 25 — 1). The same is true for
the “right” algebra.

Vij(2s) &
From the explicit form {4.6} of i '3{2 ) Q, {26-1) one can easily see that “left” and

“right” algebra do not commute. The problem of computing the structure constants g&1»**
of the mixed algebra (m; < ma):

81-+8z—mq,—2

380,20 g™ e (5 o)

—mz+my
r=0

_ 2(a1-ts —r)—1} R
s (g

ij(280 1) FEH282-1)] . 2um, g = geoiL2zea-l (o L2(81+82 my 1) -1y 7K
-1 Jng ”” (m ) Z ar ~ma+m,

r={

+ Ei:.l.._l 2821 (6 Qz_(;l;z_’;:ml r)— 1))!:_‘”61}

ete. is more comphca.ted One can apply in principle the method? used for Wo,(V)-algebra

in the case of WOO(G,,) as well, but up to now the problem of the computation of the mixed
structure constants g"””‘-(n;,nz) is still open.

5. Further generalizations

__ The fact that the O(n}-massive fermionic action (1.1) has Vir (Z(E'E(n,R)modz and
Weo(Gr) as algebras of symmetries leads to a natural question: whether one can find
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similar infinite dimensional algebras studying more general systems of free massive fields:
N fermions and M bosons taken in appropriate representations of the internal group Gn.
The purely fermionic case is straightforward generalization of the n-Majorana fermions
in vector representation of O(n) we have described above. For example all the conserved
charges of the massive fermions in the fundamental representation of Ay = SU(N -+1) are
generated by the conserved tensors (2.8) (written now for the massive fermions ¥(z, %))
The case of massive bosons in the vector representation of O(n):

S = %fdzz (8™ Bp" + mPe'p’) (5.1)

reguires certain modifications in the construction of the conserved tensors:

Tzli - 8(,0582&—1901' +6(Pj628_1<,01.

y SRR (5.2)
Jz_;71 — ‘Pta?n l‘poJ . (PJ‘BZB I(P:

Using the equation of motion one can easily obtain the corresponding conservation laws:

T = 88 | 09 =mlpiy!
8J9 + 877 =0 , T =0 — i 8et
a1y = 8°6Y + m*arY

EJ;j = ——337'.3. +m2aJ ,etc

Due to the specific form of the r.h.s. of (5.3) Tz"; and J;f;_l do satisfy the criterion
of ref.[2] of existence of new noncommuting charges. The constructions of the conserved
charges are similar to the fermionic ones and as a consequence they span the same algebra
W ool G ).

Having a system of massive fermions and bosons one could expect larger symmetries
which mix the fermionic and bosonic degrees of freedom, i.e. supersymmetric generalization
SWeo(Gn) of the Weo(Gr). The simplest case is of one Majorana fermion ¥(2,%),%(2, %)
and one boson {z,z). We can take the conserved tensors in the form:

TZs — ¢a2371¢ + 69062’_11P ( )
_ e (54
Gryorja =¥ o, Gay_ipp = 38 159 .

The corresponding conservation laws have specific form with higher derivatives in the
r.h.s., which allows the construction of “higher momenta” conserved charges. For example:

5(;:1/2:3@ 1 @=m1,_bt,a,-®_=m¢'(p
B_G—gl‘z = -—5 @ ’
8G;2 = 80 + md®0 + m?8Gy,
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etc. and therefore we can construct an infinite set of supersymmetric charges G(_z,: - (and

—(28—1)
ng ):

g—1/2 :]G;,/zdz—f@d'f

G :medz-f(32@+m6"é+sza/z)d?

—3/2

g(_sl)fz = f (ZG7/2 + mz"ZGwz) dz — f (6220 — 300 + m8(z0) — 2mB + mzng,/z) dz
etc. Together with the conserved “momenta” Lizs) of Ty, they span the N = 1 supersym-
metric analog of the Woo(V) algebra [2]. By similar constructions considering say three
fermions and three bosons we can derive the off-critical supersymmetric analog of We (41},
i.e. the current superalgebra SWoo(41).

It becomes clear from this short discussion that having at hands free massive fermions
and bosons one can construct large class of N-supersymmetric and supercurrent off-critical

Weo(Gr) algebras.
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