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Abstract

We discuss the structure of correlators involving the spinor emission vertex in non
critical N = 1 superstring theory. The technique used in the computation is the zero
mode integration to arrive at the integral representation, and later an analysis of the pole
structure of the integrals which are thus obtained. Our analysis has been done primarily
for the 5-point functions. The result confirms previous expectations and prepares ground
for a comparison with computations using matrix models techniques.
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The recent discovery of the double scaling limit! in matrix models has led to precise
computations of higher genus correlation functions in non critical strings propagating in
d < 2-dimensional target spaces. From the point of view of the theory in the continuum
space, however, such calculations have been carried out oaly for the sphere {genus zero).
The computations have been performed cither by integrating the Liouville zero mode??
with the subsequent evaluation of the corresponding integrals, or more recently by use of
the ground ring structure?, or also by quantum group technique®. The agreement of all
such approaches (see [2,6] for comparison) encourage us to generalize such correlators on
the sphere to the case of the superstring. By use of the zero mode technique this has been
done in [7,8,9] by some groups, at least in the Neveu-Schwarz sector in the N = 1 case. The
N = 2 non-critical theory is discussed in [10]. Almost simultaneously, a supersymmetric
version of the one matrix model has appeared in the literature!!, which describes super
(p,q) minimal models with p = 4, ¢ = 4m, m = 1,2,-.. coupled to two dimensional
supergravity, An identification of scaling operators and comparison analogous to [12] can
be successfully carried'?, but for a more precise comparison in the Ramond sector we have
to calculate further correlators involving the spinor emission vertex, thus generalizing the
calculations of [3]. The aim of this letter is to calculate some of such correlators missing
in the literature. :

The supergravity part of the superstring is described by an N = 1 super Liouville
theory, defined by the action (sec e.g. [14])

1 - 1 .
SSL = Z—fdzzdng (EDQQSLDQQSL - QYQSL - 4I'peﬂ+@“‘) (1)
T

where E is the superdeterminant of the superzweibein £, and Y is the supercurvature,
and ®gy, is the super Liouville superfield, which defines the super world sheet dynamics.
The matter secior is given by an N = 1 superfield @5, with the action

1 . (1 "
S},_j— = E/dzzdzf)E (EDQ(I’MDO‘@]u - QY‘I’;IJ) (2)
The matter sector has central charge éyr = 1 — 8o, and @, 4 are defined by

Q=2(1+4d)}, (3a)
oy = -—%Q 4+ |ag| (38)

The particle content of the 2D-superstring consists of a scalar (NS-sector) and a spinor
{R-sector) particle in the space time. Both are massless. The Neveu-Schwarz vertex (or
scalar emission vertex) is simply the supersymmetric extension of a planar wave (the
“tachyon”), being defined by

Ty = / d*zd?§Eet* P +hEsL _ f d?ze* X P (B 1 ike) (5 + ikE) (4)
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where 97, £ are partners of ¢, X, forming the fermionic and bosonic components of ® sy,
®pr. The dressing F(k) 1s given by

E=pk)+ ==k oy . (5)

b3 D

It will be necessary for our purposes to have also another form of (4} which corresponds
to the gauge fixed (# = 0) version of the NS5-vertex, Té_l), given by

T]g—l):jdzze—a+ikz+3¢‘ (6)

where ¢ is related to the original supersymmetry ghosts via bosonization (see [15] for
details), and the (holomorphic part of the) propagator is given by

{o(z)o(w)} = —In(z — w). : (n

Note that the definition of F in (5) is still the same since e™” has the same conformal
weight of 428 (in order to check, one can use A {e*7} = —a(a + 2)/2).

In the next step we turn to the spinor emission vertex, which is more complicated.
For future convenience, we first bosonize the two fermionic (Majorana) components ¥ and
£ inlo a free massless boson k, following the usual rules for the Dirac fermions ¥ = £ {we
omit cocycles)

P it = V2T (8)
The propagator {h{z)h(w)) = — In{z — w) gives rise to the usual fermionic propagators

(Bapp() = (e ) = ——

(¥(2)¢(w)) = 0,

analogous results hold for the anti-holomorphic part. Following [15] we notice that states
in the the Neveu-Schwarz (resp. Ramond) sector have periodic (antiperiodic) boundary
conditions, and the spinor emission vertex which will correspond later to the emission
of a fermionic particle in the two dimensional embedding space, must interchange such
boundary conditions. Therefore, the spinor emission vertex must include a field S, (e = +1)
~called spin field— which introduces a cut at the point of the emission, such that after a
rotation of 2w one gets a minus sign, in other words,

mF g i,
5 (2)S () ~ e T8(2) (9)

(zﬁw)%

where 7" are the two dimensional gamma matrices and %° = 1, ¥ = £. The solution to
the above OPE constraint is given by

S‘ _ e%e’h
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Due to supersymmetry, we need also a spinor field corresponding to the ghost o,

¥ 1= e 3

1

Rl

Therefore we have

V_ (k,e):/dzze"%”""%‘k"'ik”"'ﬁ‘b {10)

1
2
It is not difficult to check that 5., as well as V_ %(k,e) behave like a Weyl spinor under
50(1,1) generators : ¢#3*:. Imposing BRST invariance of V_1(k,¢) we have two different

- u . - . 2 -
dispersion relations for the different spin components e = -1, as expected for a Weyl spinor
in two dimensions!’:

E=,B+£2?—=—£(k—ag) (11)

We are now in position to compute mixed correlation functions:

m "
A(A’,"N_")(kl---kn,el---em):<HV_%(k,-,e,-) 1T T(kj)> - (12)
f=1 j=m+t? b N

After integrating over the matter (Xy) and Liouville (¢} bosonic zero modes we have?:?

Aﬁ!”‘")zr(—a)(%)s<ﬁ V.1 (kiyei) ﬁ T(kj)(/dzﬂdzzeq'>a> . (12)'

j=n+1 p=0

where the momentum conservation law and the definition of s are, respectively,

Zki = 20!0,

Z‘ﬁ 0 (13)
i= g —ay48,

As in the previous calculations®?, the strategy is to assume that s is a positive integer
and to analytically continue the result for arbitrary real 5. For integer s, it is enough to
use free propagators to write (12) in an integral representation. In the case of no spinor
emission vertex (n = (1) these amplitudes have been calculated in ref. [9] for arbitrary value
of N by successive derivatives of the A = 3 point function with respect to the cosmological
constant p, the A = 3 point integral was calculated on its turn in ref.[7,8]. In the case
where we include the spinor emission vertex V—EI/Z we have not been able to accomplish the

integrals corresponding to the three point function?) { _51/2 VfilzT,;'l} for non-vanishing

integer s and therefore we cannot use the same strategy as above to obtain higher point

1) The BRST invariance zutomatically guarantees supersymmetry for V_ 1(k,¢). Notice that this is not
2

explicit, as in the case of T'(k} (see [15]). )
2) The only non vanishing correlators arc those with a net -2 charge for the o-ghost which cancels the
background +2 charge.



amplitudes from the 3-point amplitude, hence we restrict ourselves in this paper to the
so called bulk amplitudes (s = 0) where we take the finite part of I'(—s)p® when s — 0,
namely ln s The simplest non trivial bulk amplitude to be calculated (see ref.[3]) is the
two spinor-two scalar scattering four-point amplitude:

Agz.z) =lnp (V:‘Ilz(kl )V_ﬁi/z(kz)szllTk-A) ) (14)

It is convenient at this point to rewrite T, from (4) in the bosonized form, using (8), to
obtain

Tk — _deZ*elk.l::+ﬁ',.¢ (a+e:h(zq)+2awm4€—|h(z.‘)) (a+e\h(z4) +2a,m4e_'h(“))

=5
(15)
where m; = (87 — k}). From the conservation law derived from the integration of the zero

mode associated with the massless field i we must have €; = € in order to have A(fﬂ) = 0;
we choose for convenience ¢; = €2 = +1. In this case if we follow Seiberg!® and work only
with positive energy particles (& > 0) we use (11) to obtain ki, k2 > co. The remaining
two momenta k3 and ks are chosen such that k3 > @g and ky < oy, thus after fixing the
residual SL(2,R) invariance with z; = 0,23 = 1,23 = o0 and calling z4 = z we have

A&z,z) =2Ilnp o® mi / d2z|z|*0 7L - PI e
1 . (16)
:“QTFEH,LLOCZ_TJ’LEA(814 + E)A(824 -+ 5)&(—814 bt 024)

where §;; = kik; — 8:8; and A(z) = (z)/T(1 — z). Using (13) with s = 0, we can rewrite

A({g,z) in the kinematic region k; > ey, ¢ =1,2,3, by < ag:
.Aig’z) = 27 In pa®. Almy)A{my)A(ms +1/2) . (17)
This result agrees with refs.[3] and suggests again the redefinition®):

7% —+Tk/A(m+1/2)
Vfl/z(k) - V_‘]',.z(k)/A(m)

(18)

This is in agreement (up to a factor wa? ) with the conjectured result (for A" = 4 and

s =0)
(n,.'\f—n) a./\f—a s A—
AN = St (19)

The next simplest amplitude to calculate is <V;1/2 VEZI/EVE?/EV;I”) which cannot

be calculated directly since the corresponding integral does not converge in the kinematic

%) Note that due to the kinematics, my = — %, and the factor A(0) we would be dividing by corresponds
to I'(—s = 0), which has been combined with x* in order to produce In .

4

region ki, ky > ap ks, k1 < ag which is required by selection rule imposed by the zero mode
of h. Therefore, we treat instead the case of the 4 spinor - 1 scalar scattering (A?’l)),

A = (V24 () VY ()T )

Due to the h zero mode selection rule we need three spinors with the same polarization and
the last one with opposite polarization to those three; thus we choose ¢ = +1 = —e; =
—€3 = —¢4, and the kinematic region k; > aq, (i = 1,2,3,4), ks < ap. Fixing the gauge
zp = 1, 24 = 00, z5 = 0 and defining z; = w, 23 = z we have:

.A(;’l) =lnpol f d®zd*wx
><|z|2(2m;,—1)|,u‘,|2(2:-nl)ll . zizcu‘n’H2—m3)il _ w|2{—m;.—ml—1/2]{z . wlz(—mguml—l/z) (20)
In general, we do not know how to calculate such integrals, but in this specific case
we find that after a convenient shift in my the above integral can be cast into the form of

the bulk five point correlator of scalars in the bosonic non-critical string, and such integral
has been indirectly calculated in [3]; using that result, we arrive at

1.1 '
AN = 1n po? Ams + E)Hﬂ(m,—) } (21)

i=2

The above result also confirms formula (19) (up to a?) after the redefinitions (18).
Now we come to the main computation of this paper, namely the two spinors-three
scalars scattering amplitude:

gt

‘A‘(’2,3) = <VEI%VEE.TJE;1)TINT.‘:5> (22)

Due to the h zero mode, the spinors must have opposite helicity, and we choose
€, = +1 = —es, and the kinematic region k; < oyq, k; > g, 1 = 2,3,4,5. Fixing the gauge
21 =10, 2z = oo and 23 = 1, and defining 2z, = z, z5 = w, it is easy to arrive at the following
integral representation :

Agz,:&) _ jdzwfdzzlzlz(Zm_,—-;w)1w|2(2m54%)|1 _ z|2(—m3—m4)|1 _w|2(—m3—m5) % 9. (23)
Where the fermionic correlators (#) are given by the expression

9= 2 (eHHOe M) (B(2) + That(2)) (Brw) + iksb(w)) x [hc] =

1/ 4 ~ihtoo ih(z —i
:Z<ezh(0)e 2h(eo) | o) (By — k) e (8, 4 ka) | x
e e
o 2oy
eitt(w) (.65 _ ks) +e-—-ih(w) (,65 + ks) > % {h.c.]
Mt s N e’
oy 2ac_mng

= {{ma + ms) (malz| 7 [w| + ms|zfjw] 7} |z — w]7? - mams|z| THw| ] (24)
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Therefore we have,

-AE’,?J) = {{my(my + ms)Il(mg,m4,m5) + mg(m, + ms)fl(ma,ms,m4)] —mamslp}
(25)
where the first integral is given by the expression

L _____fdzzfd2w|z|2(2m.=41)|,w|2(2m5)11_z|2{—m3—m4)|1_wlz(#mawms)’z_wiZ(—m-a—ms—l)
(20)

while the second one has already appcared in bosonic computations®:

I, = fdz fdzwl (2mg— 1)!wl2[21:15 1)|1 zlz(—m:, m.,)ll wlz( Mg 'm;;)lz w|2(—m4—m5)
(27)

In general the amplitude .A:‘;’s is & combination of two unknown integrals, however it is
very fortunate that in the case where we place one of spinor vertices at the infinity we end
up with the two integrals above where I» has been calculated (indirectly) before in ref.[3]
with the result:

_[2 = T A(mg)A(mi)A( )A(l — Mz — Ty — mr) =T A(ms)A(m4)A(m5)A(1/2 + mz)

(28)
wliere we have used the kinematic relation mg + mj + gy + ms = 1/2. At this point it is
quite surprising to have the result (28) contributing to A(sz,a) since the role of the factors
A(m) and A(m +1/2) seem to be interchanged which might point to some non universality
of the vertices redefinition (18). We will convince the reader by calculating I; that this is
actually not the case and the misplaced poles of I, are cancelled by corresponding poles
of I;. In order to obtain 7; we follow a by now standard procedure. First of all it is
convenient to rewrite I; using a change of variables after which we have:

Lmy,my,ms) = | d*zd?wx
1 KEREES SRALN)

x|z|2(2m;,w1)|w|2(71n3#m5)|1 _ zi'z(an——l)ll _ w|2(—m4——m5—1)lz _ wlz(z?nﬁ) (29)

Using a technique developed by Dotsenko and Fatteev?! it is easy to derive from (26) and
(29) the asymptotic behaviour:
Il(Tn.;;,m.; s oo,ms) ~ m;2—-2(ma+ma)

_[_1i(;r;n,:h-;f',vj,‘;,'nq,5 — oo) ~ ms—z(ma'f'mq} (30)

—2{m4+ms)
I;(m;; —>oo,m4,m5)~m3 ) :

Now we use the property that at the poles of intermediate states A4; factorizes in four
point functions, for which we can use the Virasoro-Shapiro formula; in other words by

6

using |z|"*+¢ = Z§(2)(2) we get from (26) and (29):

Li(my =€) = %A(m5)A(m3)A(1 — 1y — ms)

2,2
= €] = -& Ty ms — M4 — M5
hims = ) = T Alma) Ama)A(L - my — m) (31)
Il(ms = —1/2 + E) = E(—Tﬁ?jgﬁ(l — M3 — m4)A(m3 + 1/2)A(m4 + 1/2)

Furthermore for ms = 0 the two integrals over z and w decouple, and we have {up to
possible factors 1/2)

' 2
Ii(ms = 0) = m_ZA(1 /2 — my — ma)A(mg + 1/2)A(mg +1/2) (32)
4
Finally I; is also calculable at m4 4+ mj5 = € where it contains a double pole:
1
I](m4 +m5 = E):'—e—z . ' (33)

By taking formulae (31-33) and the result (28) for I, the reader can check that the poles
at mg, my, ms ~ € and the double pole at my,ms = ¢ are canceled and do not appear
in the final expression for .A(52'3), only the pole at ms = —1/2 + ¢ survives which is in
agreement with our expectations. The reader may object at this point that we have only
checked the calculation of the first poles of the gamma functions of I, however by using
the factorization properties, i.e., |2| 78" ~ X(8,8;)26(?)(2) we have also obtained after a
long algebra: '

Ii(mg = —1 + €) = —%(m Fms = 1PA(m)A(ms)A(=my —ms) . (34)

Introducing the result above and (28) altogether in (25) one checks that the first excited
pole at my = —1 of I, does not appear in A; and this is a very striking cancelation which
leads us to suggest the following result for I3:

r2m5

{(my +ms)?

1,‘.2

- WA(ma +1/2)A(mg + 1/2)A(ms + 1/2)A(1/2 — my — my — ms)
(35)

The above result is in agreement with all?) formulae we have derived so far from I; including
the asymptotic behaviors (30) (one uses Stirling formula to check it). Using (28) and {35)
in (25) we have as expected:

I = A(ms)A(ms)A(ms)A(1 = my — my —my)

AP = —x? A(mg)A(my + 1/2)A(ms + 1/2)A(ms +1/2) . (36)

1) Formula (35) does not agree with Iy {my + ms = €) and L(ms = —1/2 + ¢} up to factors 1/2 which
we conjecture to be traced back to symmetry factors.
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At last we should remark that although we have not been able to explicitly calculate
the four spinor bulk {s = 0) scattering Ai4'0) it is clear that for s = 1 it corresponds to
A?'l) with k, = 0. In order to calculate correlators involving more than four spinors we
need the V,/p vertex but this is out of the scope of this letter.

From the result (36) we are reasonably safe to conclude that the correlation functions
factorize, and each bosonic external leg contributes a factor A(m + 1), while 2 Ramond
vertex gives a contribution A{m).

The factorizable result is actually highly non-trivial. Although, as mentioned, some
authors already present some of them, it is not clear at all how they should be obtained
from the recent supermatrix model techniques'?, in such a way that a non-trivial check
is also required. In some cases, the relevant spinor fields seem io contribute with a zero
factor to several correlators (those involving more than two spinors} as opposite to our non-
vanishing result (21), which involves four spinors. Nevertheless, there is a possibility of
matching the results disentangling the analytical contributions to the fermionic correlators
in a similar way as it was done in the bosonic matrix models!Z.
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