UNIVERSIDADE DE SAO PAULO

INSTITUTO DE FiSICA
CAIXA POSTAL 66318
05389-970 SAO PAULO - SP
BRASIL

PUBLICACOES

IFUSP/P-1195

PROPER TIME AND PATH INTEGRAL
REPRESENTATIONS FOR THE
COMMUTATION FUNCTION

S.P. Gavrilov and D.M. Gitman
Instituto de Fisica, Universidade de Sdo Paulo

Dezembro/1995



Proper time and path integral representations for the commutation

function

S.P. Gavrilov* and D.M. Gitman'
Instituto de Fisice, Universidade de Sdo Paulo
P.0O. Bozx 66318, 05389-970 Sio Paule, SP, Brasil

{December 28, 1995)
Abstract

On the example of the quantized spinor field, interacting with arbitrary ex-
ternal electromagnetic field, the commutation function is studied. Tt is shown
that a proper time representation is available in any dimensions. Using it, all
the light cone singularities of the function are found explicitly, generalizing

the Fock formula in four dimensions, and a path integral representation is
constructed.

12.20.-m, 03.65.Pm, 11.10.Kk

Typeset using REVTEX

*On leave from Tomsk Pedagogical University, 634041 Tomsk, Russia; present e-mail:

gavrilov@snfmal.if.usp.br

to-mait; gitman@snfmal if.usp.br

1. INTRODUCTION

1t is known that the solution of quantum field theory problerns involves as a rule different
singular functions, e.g. commutation functions, Gree.n functions and so on. These functions
are well studied for free fields (see for example {1]). Problems appear when an interaction
is presented. In particular, it is important to study singular functions in external back- .
grounds such as external fields and curved spaces and in arbitrary dimensions. The latter
may.be important for multidimensional version of field theories, which are considered now '
in relation with the unification of all the interactions. One ought to say that the commuta-
tion functions play an important role in QFT with external backgrounds. In contrast with .

the case without external backgrounds, the perturbation theory, which takes into account

a background exactly, uses complicated (matrix) propagators. Such propagators contain

as component parts, besides the causal and anti-causal Green functions, the commutation
functions as well [2,3]. ere we present proper time and path integral representations for
the commutation function and for some related functions in external flelds. On the basis of
the proper time representation we study, in particular, light cone singularities of the func- '
tion in arbitrary dimensions. Traditionally QED is a testing ground where new procedure$
and methods are worked through, not infrequently creating new ideas and more profound
understanding of the structure of QFT. That is why we consider here the case of QED with
an arbitrary external clectromagnetic field, bearing in mind that the results can be extend
to other theoties and backgrounds.

Fock for the first time [4] introduced an integral over the proper time to present th(? '
regular on the light cone part of the commutation function S{z,z') (in 341 dimensions) of

the spinor fields, interacting with an extemé.l electromagnetic field A,(x),
S(z, ) = i[p(z), d(z)]+ (1)

where ¥(z) and ¥(z') are the electron-positron field operators. This function obeys the

Dirac equation



(Puy” —m) 5(z,2') =0, P, =18, — gA. ), (2)

[v*% 7 ls = 29", n* = diag(1, -1, -1,-1),
and the initial condition

S(z,z")| = i7%(x — x"). . (3)

To=x)

The commutation function §(z,z’) is at the same time the propagation function of the Dirac

equation, i.e. it connects solutions ¥(z) of the equation in two different time instants,
(w0, %) = —i [ S(z, 2 1P(zh x)dx. BERNC)

Thus, the Cauchy problem can be solved by means of the function. Squaring the eq. (2)

one gets

S(z,2) = (Puy” +m) Alz,2"), {5)

where the function A(x,z’) obey the equation

[(Py*)? = m?] Alz,a') =0, (6)
and the initial conditions
A(:L', w’)]z‘]:za = 01 aUA(x! w’)lx‘]:xa = 6(}{ - x’)' (7)

Fock’s solution of the equations (6), (7) reads

Az, o) = e{wo — z)) [@ ((z - 2)*) Br(z, o) + -25;3*9'\5 ((z- f)?)] . (8)

e{zg — zf) = sign(cy — z5).
The function A is the line integral of the potentials,
A=— f © AL | (9)
Apg(z,2") is the Riemann function, which is presented by means of .a proper time integral
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Apfr,z'} = frﬂ J(z,a', s)ds (10)

over the closed path [r, (See Fig.1.) which is a clockwise circle around the point s = 0 i

with a small enough radius, inside of which the function f(z,z',s) has not any singularities o

besides the essential singularity s = 0. .
Fig.1.

The function f(z,a’,s) obeys the “Schrédinger equation”
. d r 2 s JAY ] '
i f(2,@,5) = [m* — (Por'V'] £(.',5), (11)
3
and the boundary condition
Jim, §(a,',) = i8(z - ). (12)

One has to remark that the same function f(x, ', s) appears in the Schwinger represen-

tation [5] for the causal Green function S°(z,z") (propagator) of the Dirac equation,

(P = m) §(z,2") = ~b(z — =), (13)
Namely,
§z,z") = (3‘5,,7" +m) /000 f(z,2',8)ds , (14)

where at s —+ 0o one has to enter into the complex plane s, so that lim,e f(z,2',8) = 0.
Extension of the Schwinger representation to the curved space case was made by DeWitt [2]
and then, developing his technics, to the gauge theory [6].

The Schwinger representation for $%(z,z') and the Fock representation for $(z,z') differ
essentially in sense of possibilities of generalization. Thus, the Schwinger represe_nta.tic.)n'
retains its form for any space-time dimensionality d. Moreover, the inverse operator §¢ can
be easily presented via an exponent by means of the Schwinger proper time representation
(super-proper time representation [7]), so that the path integral representations follows [8,7].

At the same time the Fock representation has the specific form (8) for A(z,2"} ind =3+1.



Besides, the form (8), which separates the light cone singular part from the regular one, does
not give any leading consideration to write a path integral for the commutation function,
gimilar to one for the propagator.

Below we propose a proper time representation for the commutation function, which
has an unjversal form in any dimensions. Using it, we find explicitly all the light cone
singularities of the commutation function in arbitrary dimensions, generalizing the Fock's
formula (8). Moreover, such a representation allows one to write a path integral for the
commutation function. In the conclusion we present similar representations for some other

singular functions of the Dirac equation on the basis of the results obtained.

IL. PROPER TIME REPRESENTATION FOR THE COMMUTATION
FUNCTION

Here we are going to write a proper time representation for the function A(z, ') from
the formula (5) in arbitrary space-time dimensions d > 2. To this end we need to find first
the behavior of the function f(z,2’,s) at s — 0. We will use the equations (11), (12} in

d-dimensions, where

b “Je = 2%, n* = diag(L, —1).

Similar to Schwinger [5] we present f(z,z's) as a matrix element of an evolution operator

U(s),
fz,2', s} =1 < z|U(s)|z’ >, (15)
U(S) = e-iH": H=m"- (anfu)Z,

where |z > are eigenfunctions for some hermitian operators of coordinates X*, the corre-

sponding canonically conjugate operators of momenta are P,, so that:
Xtz >=z"z >, <zlz' >=d(z ~ '), [|m ><zldz=1,
[P, X¥)_ = —id},, < =|Py I:c >= —id, 8z — '}, .
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o, = - gA(X), [MIL]_ = —igFu(X), Fu(X)=0,4.(X)— B, Au(X). (16) .

The matrix element obeys the conditions

(:’52: - gA,L(x)) < zjU(s)|z' >=< 2|, U(s)[z" >,
(-ias - oA <ol >=< ALl > an

‘Introducing the operators

X*(s) = U™ (s)X*U(s), v*(s) = U (s)r*U(s), Iu(s) = U™ (s)ILU(s),

we come to the equations

d ey " = 9T]*
X s) = i[H, X" (5] = 21"(s),

d - d .
Lo =i B ). o ETGs) = {H LG (18)
s .
Using the decomposition in powers of s, one can get for H:
1 d
H =~ [X(s)X(s) - 2X(s)X (0) — X(0) X(0)) —ig- +0(1).
Then the solution of the equations (11), (12}, (17) has a form
f(mix’$s)|a—b0 = fu(:!:,;c’,s)[l + O(S)L
’ 1 LT . 2 '
folz, @' 8} = Wexp{—zz(d—tl)+agA-—Z;(m—:c)2}, (19)

where A is the d-dimensional line integral (9). Thus, one can conclude that f(z,z',s) has
no singularities in a small enough neighbourhood of the point s = 0 (excluding this point).
Based on this one can make a key observation in 341 dimensions. Namely, let us consider

the Fock representation (5), (8) beyound the light cone (z ~ 2)> # 0. In this case the

relation holds

e ((:c - a:')z) /[“R f_(m,m',s)ds = Lf(m,:r:",s)ds, | (20)

where T (See Fig.2.) is a contour, which connects the points s = 40 and ¢ = e_i”o, and -

passes in the lower part of complex plane s in a small enough neighbourhood of the poiﬁt '

8 = 0 so that (19) is still valid inside the contour r.

6



Fig.2.

Thgn the function A(x,2") can be written in 3+1 dimensions at (= —z')? # 0 in the following

form

Alz,z') = e(zo — z3) j; fz, 2", s)ds. (21)

It turns out that (21) is valid on the light cone as well and, moreover, in any dimensions.

Below we are going to prove this statement.

First of all one can remark that (19) implies

lim f(z,2,s) = ~id(z — 2'). . (22)

s—pe—iTQ
Together with (11), (12) and (22) this allows one to verify that the expression (21) obeys
the equation (6) at zq # z.
Now we have to study the behavior of the function (21) at »q — z}. Using the represen-
tation (19) let us select all the light cone singularities in (21),

/21

Az, ) = In(z,2) + 3 [™)(z,2'), (23)
n=0

In(z,7) = €(zo — 2} jr Fr(z, ', s)ds, (24)
[4/2]~1

fH{:E? 2/, 5) = f(m1m'1 ) — Z _f(”)(:r:,:c', S),
n=(0

(g, 2") = 6(1:9 - :rf,)/ ™z, 2, 5)ds, ' , (25)

(n} '7"’37 5) n '
R e )

Here Ip(z, ') is a regular on the light cone function, which is zero at (z — 2’)? < 0. All the
singularities are concentrated in the functions [ ™z, &), Tt is convenien.t to make a change

of variables ¢ = s~! in the expression {25) to present the latter in the following form

=) N " nid 1452)-n
Iz, 2") = e(zo — 2h)aNz, ") (&;) Y (7‘ ~ {x —x')z) S (26)
a™(z, ') = n- 1% gioA g5y-n L 1 d" | fz,2',s)
(49) dnldsn Jolz, 2, 8)) _,°
7

where the function ¥ (r — {x — x')?) has different forms for even and for odd d. Namely, for. .-

even d,
Y (r = (x = %)) = Yaven (7 = (= %)%} =26 (r — (x - x)’) 0, @n
and for odd d,
Y (7~ (x = x)?) = Yoza (7 = (x = x)?)

& f“’ (4nt)te p{—zi—r [T—(x-x')f] t}dt. (25) :

T oo

Il

Now one can see that for even d the function I'5~!)(z, 2') can be expressed via the ©-function
(27), whereas the rest functions 1™)(z,z') are concentrated on the light cone. Thus, thé i
function (23) is zero for points, which can not be causally connected, i.e. for (z — )2 <0.

Consider the contribution of the distributions (27} and (28) to an integral with some
continuous functions on the coordinates (x — x') in the case (zo — zf) — 0. In this case the
distributions are zero beyond the sphere of the radius |zo — z§| + 0, thus the formula (27)_

can be written in the form

Vesen (7 — {3 = x')?) = 2V (v7)8(x — X)), (29)
where V{r} is the volume of the d — 1 sphere with the radius r,
V(r) = e, o= o T (d_;ﬁl) , (30)

and I'(z) is the gamma-function. The least power of (zo — ) in the expression (23} comés
from IO(z,z"), the latter can be derived from (26), (29} and has the form 19z, z') =
€94 (zp — zh)8(x — x"). In case d > 4, the next power of (xg — z},) comes from the function
I (g, 2") ~ e94(zg — z,°§(x — x'}. At d = 2 the same power of (xg — =§) comes from the

function Ir(z,z') defined by eq. (24). Thus, we can write for any even d at (xo ~ a:{,) -0
A(a:,a:)lro_m,_eg“[o——mu—le(o—a:U )]Jx x'). (31)

One can see that (31) is a continuous function of the time (zo — xp) together with its

first derivatives, and obeys the equation (6) at (g — z4) — 0, and the initial conditions (7). .

8



The expression (28) at (zp — z5) — 0 (d is odd) can be presented in the form

Youa (r — (x — %)) = B{r)6{x - x), (32)

where

B(r)= [, Youlr=y)y. (33)

The integration in (33) is going over the volume of & — 1 sphere with the radius rp =

|€a — 75| + 0. The integral (33) is reducing to one over the radius r only,
. o
B(r) = (d - )c fo Yoaalr — e 24y, (34)
where ¢ was defined in (30) and we remember that g > 7. The former can be calculated

and presented in the form

B(T) — e",:_dqr% . t_%e_iﬂdt. (35)

e'feo
Sirnilar to the even case the least power of (zo — z}) in (23) comes from the function

I®)(z,2". By means of (32) and (35) the latter can be written as

e:‘i—” eIt oo

IOz,2") = e(z0 — 25)8(x - x) §= % milmo—rg)t gy

4\/1'—1' 2700 (36)

Using the representation

g 2 [ [ e .

= et —— [ e tdzy +f ety

VT \Jo Vlxo—zf)?+0

in (36) and changing the order of the integration over t and z, we get finally: 1% (z,z’) =
igh r

€%z — 9)é(x — X'). In the same manner one can verify that the next power of {zg — xf)

at d 2 5 comes from the function /{)(z,2’) ~ e (zq — z})38(x — x'). In the case d = 3 the

same power of (xo — z3) comes from the function (24). That is why the same dependenﬁe

(31) holds at any odd d.

Thus, we have shown that the function (21) obeys the equation {6) and the initial
conditions (7) in any dimensions d. Then the commutation function can be written in an

universal form in any dimensions (by means (5), (21)), -

9

S(xz,z") = e(zo — 2g) (15,,')"’ + m) ./;f(z,x’,s)ds. (37)

Here we have used the initial conditions {7) to put e{zo — z) before the operator Py’ +m.
Tt was already seen from (23) - (28) that the representation (21) is convenient to select

the light cone singularities. In case of even d one can also get d-dimensional generaliza.‘.‘.ion of

the Fock representation. To this end let us write the function Ir(z,2z') from (24) by means

of an integral over the closed path [g, defined in (10),
Inla, ') = elzo ~ 70)0 {(z = ) [ e, s)ds. (38)
R

From fa(z,a’,s) only the term f("(z,z',s) with n = 4 _ 1 gives nonzero contribution,
namely,
0 _:2'-[ (g-1) ”’d=j (g—l}’r, ds.
((a: x))l"ﬁf (z,2',3)ds r‘f (z, 2, 8)ds
That allows one to rewrite (23) for even d in the form
Alz,z") = e(xg - 25) [@ ((:c - .1:')2) Ag(z,z")

d=4
2

(d-1)/2 5ton
FY o) (£) T 8- e

n=>0

] ) (39)
r=(zo—x})? .

where a™(z, 2') are defined in (26), and Ag(z,z) is d-dimensional Riemann function, de-
fined by the integral (10). At d = 4 this expression coincides with the Fock’s one (8).

~ The expression for the commutation function £ [qb(x),&(:c’)]_ of the scalar fields ¢(u:)
and ¢'(z') one can derive from the representation {21) for the function Az, z), putting
formally all the y-matrices to zero. We do not also see any difficulties to extend the resulta

obtained to the curved space and gauge theories using the Schwinger-DeWitt technics [2,6]. .

III. PATH INTEGRAL REPRESENTATION FOR THE COMMUTATION
FUNCTION

Here we are going to discuss a path integral representation for the commutation function |
at d = 4. For our purpose, it is convenient to deal with the transformed by 7% = A0yly2y3

function $(z,z’) = S(z,z'}y" , which obeys the properly transformed Dirac equation

10



(P4 = mr*) 3(z,2) =, (40)
and the initial condition
(z,2)| _, = ~if%(x - x), (41)
ro=zy

where P, = i8, — gA.{z), and ¥ = 4%y*. The matrices 4* have the same commutation
relations as initial ones v, [3*,3"], = 2. For all the y-matrices (3* = +°) we have
[“im$ :i“]-l' = 2771"", m,n = m; 5: Um” = dlag(l, _1! —]'i _lv _1)

If one presents the function 5(z,) in the form
8(z,7) = — (BA* — my*) A(z, 2", (42)
then the function A obeys the equation
(7" —mv) Alz,2) = [(Pur*) - m?| A(z,2’) = 0. (43)

One can remark that according to the definition and to the eq. (6),(7) there is a relation
Alz,z') = —7°A(z, 2"}y, which allows on to conclude that the functions A(z,z’) and
A(z,z’) obey the same initial conditions. Because they obey also the same equation they

coincide. Thus, one can write, using the results obtained before (37),

3(z, ') = —e{zo — a:{,)j[.‘ (’f’ff” - m'ys) flz, 2, 8)ds : (44)

By means of the representation (15) for the function f(z,z’,s), where one can replace the
sperator [(11,7*)? — m?] by one (I1,4* — m~°)’, and introducing the operator (75,,‘?" - m’y"’)

under the sign of the matrix element, we get

-4 It . .y . ~p 2

S(z,2') = —i e(zg — a:f,)/l; < z| (l'[u'y - m‘ys) exp {z (Hy*y - m'ys) } Iz’ >ds. (45)
The operator (II,7 — m~®) can be presented via a Grassmannian integral,

(L3 —my®) =i f HIA =) gy

11

where x is a Grassmann variable, which anticommutes with 4 matrices by the definition. - -

Here and in what follow integrals over (Grassmann variables are understood as Berezin's

integrals [9]. Thus, the commutation function {45) takes the form

5= 5‘(:3,,“;,1‘.'“) = 6(32“1,1‘?“)_/[.. dsf(a:"“tie_iﬁ(s'x)lwin)d)( ) (46):. ._

where

A

H(s,x) = s (m2 -T2+ %’Fag&“’y") + (L7 —m7) x . (47)

Now one can present the matrix element entering in the expression {46) by means of a
path integral. First, we write exp —iH = (exp —i?:L/N)N , and then insert (N—i) resolutions
of identity [ |z >< zldz = I between all the operators exp —i%{/N. Besides, we introduce
N additional integrations over s and x to transform then the ordinary integrals over these

variables into the corresponding path-integrals,

§ = (20,25, Jim frdso/dx.,dxl...dzN_ldsl...dsNdx[...dxp.r

N N ‘
x T (ms|eHonxxIaT 21 38(sk ~ 56-1)8(xk — X1 , (48)
k=1

where A7 = 1/N, 2o = Zin, ¥ = Toy. DBearing in mind the limiting process, one can

calculate the matrix elements from (48) approximately,
(:::k[e‘m(‘”“x*mflmk_l) e {z) =i B (55, x8)AT|zh1)s (49).
using the resolution of identity [ |p >< p|dp, where

1 .
Plp >=pulp >, < plp/ >=8p 1), <zlp>= ™.

(2r)?
In this connection it is important to notice that the operator #(s, xx) has originally the
symmetric form in the operators # and p. Indeed, the only one term in #(s, xs), which
contains products of these operators is [Py, A%(X)]4. One can verify that this is maximal
symmetrized ekpression, which can be combined from entering operators (see remark in

[10]). Thus, one can write H(s, x) = Symyz 5 H(s, x, £, p), where H(s, x,z, p) is the Weyl

12




symbol of the operator ’ﬂ(s, x) in the sector of coordinates and momenta, H(s, x,z,p) =
5 (m2 -P* 4 %Fag:y“’yﬁ) + (P.¥ —my*) x, and P, = —p, — gA,(z). That is a general
statement [11], which can be easily checked in that concrete case by direct calculations, that
the matrix elements (49) are expressed in terms of the Wey! symbols in the middle point
Ty = (zk + 4-1)/2. Taking all that into account, one can see that in the limiting process
the matrix elements (49) can be replaced by the expressions

-

fdpk ex i[ T = Th1
(27r)4 Pt Pk A"“‘_T

which are non-commutative due to the y-matrix structure and are situated in (48) so that

- H(sk, Xk;fk,fpk)] Ar 3 (50)

the numbers % increase from the right to the left. For the two -functions, accompanying

each matrix element (49) in the expression (48), we use the integral representations
8(sk — $k-1)8(xk — Xiow1) = _2.1_[ei[ﬂk(ak"k—l)+”k(Xk—Xk—i)]dT;kdyk1
T

where vy are odd variables. Then we attribute formally to -y-matrices, entering into (50),
index k, and then we attribute to all quantities the “time” 7, according the index k they
have, . = kAr, so that » € [0,1]. Introducing the T-product, which acts on y-matrices,
it is possible to gather all the expressions, entering in (48), in one exponent and deal then

with the y-matrices like with odd variables. Thus, we get for the right side of (48)

§= e(a:gut,m?n)T] d&o[dXQ ::ut Dmep/so Ds/;co Dx[Dﬂ'fDu (51)

1
X exp {ifu [ ('Pz m? — -—F,,,g’ir“‘yﬁ) + (m'ys - 'P.,")'r") X +pz+wi+ r/x] d'r} )

where x, p, 3, 7 , are even and x, v are odd trajectories, obeying the boundary conditions
2(0) = zin, (1) = Tow, 5(0) = so, x(0) = xo. The operation of T-ordering acts on

the y-matrices, which sippose formally to depend on time 7. The expression {51) can be

reduced to:

§= e(Zous f?n)/l: dso/d)(o :m Da:/Dp[ Ds[ Dfo‘n’fDr/exp {i /1 [s (’F’2 —m?

Yo, 4 4§ & 6,
'_""'For —_ —_— n
9 ﬁépa5pg)+(m6p P x+p:c+1rs+w]d-r Texp[ pa(T)¥dT

)
=0
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where five odd sources p,(r) are introduced, which anticommute with the y-matrices by
definition. One can present the quantity T exp f! po(7)7"dr via a path integral over odd

trajectories [7],

Texp [ palr)i"dr = exp (75‘}) Loy voras 2 L[ (i = 2ipu”) dr
-1
+ Bl (O Dbomq, DY = DY [ [ Zo A wnd’“d—r}] . (s2)

where 87 are odd variables, anticommuting with y-matrices, and "(r) are odd trajectories
of integration, obeying the boundary conditions, which are pointed out below the signs
of integration. Using (52) we get the Hamiltonian path integral representation for the.

commutation function:

5'26( o“h. =n)e}q;;(ry 307 )fdéio]dxof Ds/ DY/.r Dmep]anDV
* fw(o)w(uza Diexp {z f(, [s (Pz - m’ + 2596Fa0¢'a¢ﬁ) + 2i ('F’ad:" - rm,bs) X

— it " + pi + w8 + wif dr + (D O,

Integrating over momenta in the path integral, we get

~ - E(Tout?m?n) exp (VY 69 )fdeodeoG €0y X0, T out'l ?u) L (53) C
0 0y _ Tout
G0y X0y Towts Tin) —f De ];m Dy - Dm]Dn'f f¢(o)+¢(1) i
B g T p* 5
x M(e) exp [ —_ - —m 2 — giA(z) +iegFu(z)"y" + i e —my | x
—itpap™ + mé + X drwn(nw“( M, » (54)

where M(e) is the integration measure,

M(e):poexp{—;-j: epzdf} . . (55)

The exponent in the integrand (54) can be considered as an effective and non-degenerate
Lagrangian action of a spinning particle in an external field. It consists of two princip@!

parts. The first one, which unites two summand with the derivatives of € and x, can be

14



treated as a gauge fixing term and corresponds to the gauge conditions é = ¥ = 0. The
rest parf of the effective action, in fact, coincides with the gauge invariant action [12] of a
spinning particle. One can interpret the pair e, Yo in the representation (53) as a super
proper time,

Comparing the path integral representation (53) for the commutation function with one
{7]- for the Dirac propagator {causal (Green function), one can remark that they are quite
similar, one of the differences is in the contour of integration over sg. Namely, the path

integral representation for the Dirac propagator $¢ (transformed by +7) reads

. n O
5° = exp (27 5'5{:) j;‘ det)[deG(em X0, :Bgu“:!.'?n) s (56)

where the function G{eq, xo,23,,,%5,) has the same form (54). Thus, in case of the com-
mutation function the c-number component of the super proper time is complex in contrast

with the case of the propagator.

1IV. CONCLUSION

The results obtained for the commutation function allows one to get also similar proper
time representation for some other singular functions. For example, it is easy to get for the
retarded, S"(z,z') = O(zo — 2)S(z, 2’), and advanced, $°(z, ') = —O(z} — 20}5(z, 27),

functions the following representations, in which one has to understand ©(0) = 1/2,
5z, z') = Ofzo — x}) (75,,7" + m) j;f(x,z',s)ds , (57)
5%z, 2") = Ofxh — zo) (15,,7" + m) /rf(m,:c', s)ds . (58)
Combining the Schwinger representation {14) for the causal Green function and the repre-
sentation (37) for the commutation function, one can get proper time representations for
positive and negative frequency functions S¥(x,z'). Namely, let us define them via the
Schwinger representation of the causal Green function,
SF(z,z") = 0 (£[zg — 25)) 5%z, 2"). : (59)
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Using the completeness relation
5(x, 2"} = §7(z,2") + Sz, ), (60)
we get for any z,z’
5% (z,2") = O (Flzo — xp]) Sz, 2') £ §%(z, =) (61). .

In this connection one ought to remark that there is a problem with the causal Green .
function definition in case of an arbitrary external field. From the one hand, there exists the
Feynman definition, based on the definition of the inverse operator to the Dirac equation
by means of the prescription m? — m? — ic. On the other hand, in the perturbatio:i theory

there appears a field theoretical definition of the propagator in the form
§%(2,5") = i < OIT$(a)H(a)[0 > . (62)

In the absence of the external field or in fields of special form, which do not violate the
vacuum stability (then the operators of the spinor fields in (62) have to be taken in thé
Furry representation), it is possible to verify that the Feynman causal Green function and
the propagator (14) coincide. In the same case one can establish that the former function
can be defined via the Schwinger proper time representation. In external fields, which violate |
the vacuum stability {create pairs from the vacuum}, the situation is not so clear. In this
case does not exist an unique vacuum for all the time instances. One has to distinguish
the initial |0,3n > and final |0, 0ut > vacua [2,13,3]. In virtue of that, one has also fo use
different kinds of propagators in the perturbation theory,

o < 0,0ut|T(z)ip(2')|0,in > 63)
5w, a) =1 < 0, 0ut|0,in > ’ (63)

St (2,2) = i < 0, in|T(z)d( )0, in > , (64)

and the positive and negative frequency commutation functions,

_ <0, outl()d()[0,in >
h < 0,0ut|0,in >

+ n_ < 0, out|p(z"V(z)|0,in >
§H{z,2) =i < 0,0ut|0,in > ' (65)

S (z,z)

3
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it was shown that in special cases of external fields, violating the vacuum stability, the
Teynman causal Green function, presented by means of the Schwinger proper time integral,
rives namely the propagator (63), whereas the propagator {64) demands a modification of
;he Schwinger contour in the proper time integration [14]. At the present time does not exist
1 proof of the equivalence between of the Feynman causal Green function and the propagator
'63) for any external fields. Nevertheless, there; is a strong believe that they are equivalent.
f one excepts such an equivalence, then the positive and negative frequency commutation
unctions (65) have the representation (61) in arbitrary external fields.
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