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ABSTRACT

We discuss the radiative corrections to the low
cnergy theorem for pseudoscalar meson + 2y in the unificd
model of electromagnetic and wecak interactions proposed
by Weinberg. We show that, to the fourth order in the

clectric charge conpling constant,there are no radiative

corrections.



1 - Introduction.

The low energy decays of the pseudoscalar mesons play
an important role among the low energy theorems as they give
indications of the properties of the hadronic constituents(l).
In particular, the experimental rate of the decay no+27, in
view of a theorem proved by Adler and Bardeengzgupports models
based on triplets of integraly charged quarks. This theorem,
proved in electrodynamics and in the g - model, states that the
amplitude M (n°+27) at ki=0'is determined, to any order in
pertubation theory, by the lowest order fermion-loop diagram.

In order to prove the theorem one has first to establish
that the anomaly in the chiral Ward identities is not modified
by the radiative corrections. Using the n-dimensional regula-
rization scheme,Bardeen(S)has given an argument that this
scheme is sufficient to guarantee that the Ward identity is,
indeed, given by the lowest order anomaly. Therefore, in the

equation for the divergence of the axial vector current:

Sa_
au Ju J°" + D (1)

where JSa corresponds to the usual divergence operator ( a

is an internal index) we assume that Da, given by the lowest
order fermion-loop contributions, is the exact expression of
the anomaious divergence. Bardeen(4) derived a minimal expres_
sion for the anomalous divergence D®, which involves only the
vector and axial vector bosons, Vﬁ and Aﬂ, and their conplings
to the fermions, A2 and Ai. In terms of the quantities Vu and

v

Au, defined as:




- = a, a a - -
Lint = IPYUU\, VU + YS AA AU) = leu (VU + YS Au) Y (2)

we can write the minimal divergence D? as follows:

where TrI stands for the trace over internal indices and

. F_V

A . )
uv and Fuv are given by:

In order to Verifybthe low energy theorem, one takes,
next, the matrix element of (1) between the vacuum and two
photons, with momenta k1 and kz at kl-kz = 0. As shown by
Sutherland and Veltman(s), the matrix element of the left-hand

side vanishes at this point, resulting that:

5alo>

<y (ky,eq)s v (kzzez)i J =- <y (kl,el);v(kz,ez)lua io> (5)




The low energy theorem is proven if we show that there are
no contributions to <Yqs vZI D? |o> of order e4 and higher(6).

liere we shall verifv the low energy theorem. to the fourth

order in e , in the renormalizable model nroposed by Weinberg.(7)
In this model, the anomalies cancel hetween the lepton and hadron

sector but, since the hadronic weak current is anomalous by

it<elf, the pseudoscalar meson can still decay in two photons.

2 - Fourth-order radiative corrections in the Weinberg model.

In this mondel, based on the group SU(2) x U(1l), there is
. a triplet of gauge vector bosons E and a singlet Bo.who counle
to the fermion doublet(s) ¥ (proton and neutron) with coupling
strength g and g9 resvectively:

i = ->
Lint = Z’gWYu(l*Ys) t.ﬁu v o+

(o)

i -
8 IPY“[ (2 ty t3) - Yg t3] BU ] (6)
where t,= % and t, are the isotopic matrices normalized to
[tl' ta 3= 1 e, t,- We have taken the charges of the p an

n quarks as 1 and o, respectively, both in order to obtain .
the WO»ZY condition and, also, to yicld the model anomaly free.

I'rom (0) we obtain for Vu and AU' defined in (2), the expressions:

ig > f ig1 ,0 7

. VU =T t. ])u + . (2 tO + ts) bll ( )
. ig o)
A= gz 2L
U 4 u 1 3 n




Inserting these relations into the expressions defining Fuvv

and FuvA' we obtain effectively (since the result is to be

multiplied by € Lvas ):

. 2
v i a . a b 0
Fuv 7-[g au Bv ta + 131 €abc Bu Bv tC + g1 au Bv (2t0+t3)}

(8)
F A =-l{ 3 B 3t + iﬁz e, B3Pt -g 3 BOt ]
T uv ZLE a abc "u v "¢ €1 "u v 3
In order to verify the low cnergy theorem, we will consider,
for simplicity, the axial vector current:
5 5,3 5,0
= '+ cos ¢ J T =
. Ju sen ¢ Ju cos ¢ y
(9)
. = Yy Vs (sin ¢ t: + cos ¢ to) /]
where ¢ is arbitrary. We remark that, as far as isospin 1is
concerned, JS;’3 and J 5,0 have the quantum numbers of the T,
and x-meson (or n-meson), respectively.
Substituting (7), (8), and (9) into (3), we obtain after
a straightforward calculation the following result:
3, o_ -1 { _ [ a a
b= D7+ D7= cos ¢\ g B "3 B +
192"2 Hvaf v oo R
3 , O 2 0 , O
* 88, Z)u B\) aa Bg + 4{,1 au 1 % I,B :\ +
| i o 3 0 2 o 0 :
. +sin o [Sggl 2, B, 3, B,%+ 3¢, %0 8% 2 By IE (10)
i 3 a ., b . c
‘ e 5 cos ¢ [ 387 eape By By 2 B~ +

2 a, b, o . a, b 0
rglpy egps (20, B, 8" 8% ¢ b %8 Mo By )]%




Note that the terms quadrilinear in the fields do not contribute
to the anomalous divergence D), because they appear in combina-
tions which are symmetric in their Lorentz indices, therefore

vanishing after the multiplication by the antisymmetric tensor

euvaB.
In the Weinberg model, after spontaneous symmetry breaking,
the physical vector bosons (of definite mass) are given as linear

combinations of the gauge fields B as follows:

1 1. 2 . 1 1l,. 2
W = B -1 B | = (1
M ﬁ‘_(u 1B R fé‘(Bu *1 87
(11)
1 3 o) 1 3 )
= —————— B - = e B + B
Z, J'z—f(g y "8 B7) A“J'z__i‘(gl“ g B,)
. g *8, g *8,
We can also express g and 81 in terms of the eletric charge,
€yt and the vector bosons masses, Mw and Mz:
M M
z z
= =mme—— e g, = — ¢ (12)
Ju Z-n 2t o Loy o
z W w
Therefore, we can exprcss the anomalous divergence D in
terms of the physical fields and parameters, obtaining:
) = ——— ¢ - \ a !
l 192"2 Cuvas{'z cos ¢ (1+r2) 8“ wv Wu VB+
»
: -~ . ]._—r
+ b(cos¢+51n¢)auAvaaAB+3(cos¢+51n¢)(? or)auAvaaZB+ (13)

+

[ cos ¢ Lvar?-1) + sin s(re-1) 8z, 0z
r2 Bv Ta B

+ ieo(1+i7)cos b 3, [ WoW (A 7}- (2-n) zu)]k




with r= z

Mw

(5)),that the lowest order contributions to the low energy

theorem for

<YyiY, | J° | o>, where J°= sin 6 I3 + cos 6 320

arc given by:
2

e
Y15 Y, | J° | o>= —g-z(cos¢+sin ¢) €
16m

k

E:10L EZBklu 2v

aBuv

Clearly, the most obvious contributions of higher
order in the electric conpling constant might arise from fi-

nal state scattering of the two photons,as shown in Fig. 1.
In this diagram, there is a photon-photon scattering between

the anomalous vertex, denoted by &, and the free photons.

3

Figure 1
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As a result of the antisymmetric tensor structure

of the anomalous divergence term, the vertex Q is proportio-

— - 1 . We see from this expression (and using

(14)

nal to kl + kZ' Also, the diagram for the scattering of photon

is, itseclf, proportional to kf kz since photon gauge invariance

implies that the external photons couple through their field
tensors. Thus the diagram is proportional to‘kl.kz(k1+k2),and
is of higher order than the terms which contribute to thc low
cnergy thecorem.

There arc esscntially two types of diagrams which

pive contributions of order 904 to <yy; yzinlo>. In the diagram



shown in Fig.2, the fieldstrength operators attach directly

onto the external lines, without photon-photon scattering.
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In the unitary gauge, the effect of the vacuum

Figure 2

polarization diagram is to change e, to e, the renormalized
charge. In the lowest order, the blob receives contributions
from the pair of vector bosons W or from a pair of charged
fermions. In the Weinberg model, there is no contribution to
this diagram, in the lowest order, from the physical(massive)
scalar meson, since there is no direct coupling between it

and A, in this gauge. Figure 3 represents possible fourth
order contributions to the low energy theorem in which charged
vector bosons cmerge from the anomalous vertex and interact

to produce a two photon final statc.
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Figure 3
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We remark that these diagransyTeceive contributions
from the anomalous divergence D3 ( see (13) ). We can understand
this by observing that, if the radiative corrcctions are to
cancel ( to the order e4), they must cancel independently for

p® and b°. Now, in the anomalous vertex corresponding to DS,

the only possible term, which has the isotopic structure



9

corresponding to the third member of an isotriplet, and which

terms

yieldsYbilinear in W and W, is: sen ¢ ¢ a

9. B

b3 Ay B0 9, BBb(see(S)).

This term is antisymmetric with respect to the transformations

ye+ro ,v o+3. Since ¢ is symmetric under these transfor-

uvaoB
mations, D3 will give a vanishing contribution to the anomalous
vertex for the diagrams of Fig.3a and 3b. Therefore, in order
that the radiative corrections to < Y15 Y, iD3i0> cancel, one

a b 0 . .
ab3 Bu Bv aa BB contributing
to the vertex of Fig.3c, which is indeed the case (see (10)).

cannot have terms like sen ¢ €

This is duec to the fact that this type of terms cancels reci-
procally between the first two and the next three terms in(3),
thereby verifying the low energy theorem for<y1;y2 jD330>.

We now turn to the calculation of vy y21D0i0>,to
the order e4, which will be done in the unitary gauge using
the n-dimensional regularization'grocedurecg). In this scheme,
the integrals are defined by continuation in a n-dimensional
space-time. In order to calculate the contributions from the
diagrams of Fig.3 to <Yy YZ|D°£0>, we need to know the ver
tices involving W W A and W W A A. These vertices can be
obtained, in the Weinberg modecl, from the interaction Lagran-
gean between the photon field A and the massive vector bosons
fields, W,W:

Ling = i€ A, (0, W W -F 3, WW, o W+

- 9. W W, ) +ie wu W, (9, A- au_Av) +

v o (15)

2= 2
* et W, (0, AT - AL A )

From (13) and (15), we obtain for the diagram shown in Fig.3a:
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where
Tag - i£%3i7§I a{ R insz ' (Q+k;2+Mw7 ’
x ( 5ua+gﬁg% ) ( 5v3+(Q+k;v§Q+k)B)-( . 8a8™ 810 8,g)
W W
with k=k1+k2.

We remark that Jag depends only on the four vector k, and,
therefore, it must vanish identically, since it is not pos-
sible to form a pseudotensor involving only a vector.
Making use of this argument, we can write the
L3

contributions resulting from the diégrams of Fig.3b and 3c

- respectively as:

' b
b_ cos ¢ 1 4
I"'=s ———_ ( 1+ Je € € J (17) -
192 "2 ;7 la "28B “aB :
where
g b . Eoyew k1w ‘I an q 1 ' 1 x
8 (2m)® et HT Tt
Q Q, Q (0-k,)_(0-k,)
x (8ot ) (8, +Pg?) (8, 2T
Mw Fu Mw

x[ﬁw (-2Q+k,) (*6,,(Q-2k,) | + Gau((2+k2)v]x

x:[dof (-2Q+k,) B+GTB(Q-2k2)o * S5 (Q*k,) ]
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and

4

C_ cos¢ 1 c
I h;;;;Z ( 1+r2 ) € €la 826 JuB (18)
where

C evuaw klw n 1 1

Jog " )} 48 - X
(2m) QUM (Q-k,) “+M
) (Q-k,) v (Q-k,)T
x (6u0+ ; y) )'(6vr+ : v 2 : ) x
Mw , ‘av

xléoT(-2Q+k2)B+GTB (Q-2k,)o + 580(Q+k2)r)

We will calculate these integrals, keeping only the leading

terms of order kl'kz‘ After a straightforward calculation.

we obtain:

2

b 1 2 n 1 2
- e kpy kpy——p 2 1 a% Lo 0?0y o)
aB aBuv “ly “2v (2m)™ n 5- Q2+Mw2 M,

c _ 1 1 2
Jag = Caguv X1y R Vpa g a0 ST [3-(1-1-‘11) ﬁ-}—z} (20)
N w W

We observe that JEB diverges quadratically, while, for n+4,

JEB diverges logarithmically. liowever, in the n-dimcnsional
regularization scheme the divergences manifést themselves
as poles of the gamma-function, I( L-g ), where £ integer
= 2, and are therefore related by the recurrence property,

I(x+1) = x_ T(x). Performing the Q integration, we obtain:
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b 1 inn/z
J , .= -¢ k k X
af oafuv 1lu 2v (Zn)n (MWZ)Z-n77
x[-lg rgz-3 ) + I¢( 1—1‘2-)]= (21)
| 1 inn/Z n-16 n
= ¢ k k F(Z-_')
aBuv "1ly T2v ¢ n , 242-n/2 2
(zmy™ (M%) n(1-1
and
c _ 1 inn/z n

We find, therefore, that in the n-dimensional regularization,

when n=4, JZB and JSB are equal and opposite, so that:

I=1%+1°+1%=09 (23)

To summarize, we have shown that in the Weinberg model,
up to fourth order in the electric cﬁarge coupling constant,
there are no radiative corrections to the low cnergy theorem
for Y1soY, 1J5(o> duec to final state scattering of the

gauge vector bosons.

ACKNOWLEDGMENT

. I would like to thank M.L.Frenkel for several

useful conversations.




&9

REFERENCES

For review see R.Jackiw in "Lectures on Current Algebra
and its Applications (Princeton U.Press,Princeton,1972)
S.L.Adler and W.A.Bardeen, Phys.Rev 182. 1517 (1969).
W.A.Bardeen, Proccedings of the XVI International Confe
rence on High Lnergy Physics (NAL, Batavia,III) vol.2
pag.295 (1972).

W.A.Bardeen, Phys.Kkev. 184,1848 (1969).

D.G.Sutherland, Nucl.Phys.B2 433 (1967) and M.Veltman,
Proc.Roy.Soc. A 301, 107 (1967).

M.S.Chanowitz, Phys.Rev. D9, 503 (1974) verified, to the
fourthorder in a non-Abelian gauge model, the absence of
the radiative corrections to the low energy-theorem for
To +2y.

S.Weinberg, Phys.Rev. DS, 1412 (1972).

In order to incorporate the strange particles one makes
n*n. = cos O n+sin 6 X, where 6_ is the Cabbibo angle.
Also, in orddr to eliminate the AS=1 neutral currents
one must incorporate another coublet (p',AC),where p'

is a new heavy quark and AC= cos 0_A- sin 6. n. (Sec
refercnce 7). We did not consider these complications,

since they are not relevant to our problem.

9 - G.'t llooft and M.Veltman,Nucl.Phys. B44, 189 (1972).

13



