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Abstract

We focus our attertion, once again, on the Klein—Gordon and Dirac
equations with a plane-wave field. We recall that for the first time a set
of solutions of these equations was found by Volkov. The Volkov solu-
tions are widely used in calculations of quantum effects with electrons
and other elementary particles in laser beams. We demonstrate that one
can construct sets of solutions which differ from the Volkov solutions and
which may be useful in physical applications. For this purpose, we show
that the transversal charge motion in a plane wave can be mapped by a
special transformation to transversal free particle motion. This allows us
to find new sets of solutions where the transversal motion is character-
ized by quantum numbers different from Volkov's (in the Volkov solutions
this motion is characterized by the transversal momentum}. In particu-
lar, we construct solutions with semiclassical transversal charge motion
(transversal squeezed coherent states). In addition, we demonstrate how
the plane-wave field can be eliminated from the transversal charge motion
in a more complicated case of the so-called combined electromagnetic field
(a combination of a plane-wave field and constant colinear electric and

. magnetic fields). Thus, we find new sets of solutions of the Klein-Gordon
and Dirac equations with the combined electromagnetic field.

1 Introduction

Relativistic wave equations (Dirac and Klein—Gordon) provide a basis for rela-
tivistic quantum mechanics and QED of spinor and scalar particles. In relativis-
tic quantum mechanics, solutions of relativistic wave equations are referred to as
one-particle wave functions of fermions and bosons in external electromagnetic
fields. In QED, such solutions permit the development of the perturbation ex-
pansion known as the Furry picture, which incorporates the interaction with the
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external field exactly, while treating the interaction with the quantized electro-
magnetic field perturbatively [1, 2, 3, 4, 5]. The most important exact solutions
of the Klein-Gordon and Dirac equations are: solutions with the Coulomb field,
which allow one to construct the relativistic theory of atomic spectra [6], so-
lutions with a uniform magnetic field, which provide the basis of synchrotron
radiation theory [7], and solutions in the field of a plane wave, which are widely
used for calculations of quantum effects involving electrons and other elementary
particles in laser beams [8]. This is why any progress in studying these basic
solutions can result in new physical applications and seems to be important.
In the present article, we focus our attention, once again, on the Klein—Gordon
and Dirac equations with a plane-wave field. We recall that for the first time
a set of solutions of these equations was obtained by Volkov in [10], see Sec.
2. It is Volkov’s solutions that have been used in all of the above-mentioned
calculations. However, we demonstrate below that one can construct sets of
solutions which differ from the Volkov solutions, and which may be useful in
physical applications. It is known that the transversal charge motion in the
Volkov solutions is characterized by a definite transversal momentum. We show
that the transversal charge motion in a plane wave can be mapped by a spe-
cial transformation to transversal free particle motion. This allows us to find
sets of solutions where the transversal charge motion is characterized by dif-
ferent (from the Volkov case) quantum numbers, see Sec. 3. The importance
of constructing solutions with different quantum numbers is related to possible
different experimental conditions, e.g., special initial charge states, or specially
prepared charge states in a plane-wave. In particular, we construct solutions
with semiclassical transversal charge motion (transversal coherent states). In
Sec. 4, we demonstrate how the plane-wave field can be eliminated from the
transversal charge motion in a more complicated case of the so-called combined
electromagnetic field (a combination of a plane-wave field and colinear constant
electric and magnetic fields). One ought to say that Volkov-like solutions with
the combined field were first obtained in {11, 12]. Using the above-mentioned
transformation, we find new sets of solutions of the Klein—Gordon and Dirac
equations with the combined electromagnetic field.

2 Volkov solutions for a charge in a plane-wave

An electromagnetic field of a plane-wave propagating along a unit vector it (here
and elsewhere, we choose n = (0,0,1)) can be described by potentials A% =
A¥# (€}, where £ = 2% — 2% = nris a light-cone variable! (n* = (1,0,0,1), n? =
0). Choosing the Lorentz gauge 8,4* = 0, which implies that nA = 0, and
the gauge condition 4y = 0, we have A* = (0,A), nA = 0. The eleciric
E and magnetic H fields are expressed through the potentials as E = —A/,
H = [A’xn]. Here and elsewhere, primes stand for derivatives with respect to
£ ie, A'=dA/dE .

1 As usual, we denote the Minkowski coordinates by z = (z#) = (20, r),r = (=%, i =1,2,3).




In the case under consideration, the Lorentz equations have the form
mi’ = —e(A’1)

mi = e (A ) — eAt = { mi=—e[ad+n@an] © O

where dots stand for derivatives with respect to the proper time 7. After multi-
plying these equations by the vector n#, we obtain m& 0= m{;‘ A, where A
is an integral of motion. The classical action (a solution of the Hamilton-Jacobi
equation) that depends on the integrals of motion A and p; has the form [9]

S(z) = /\(:c +m)+p¢r—ﬁ (m®+P3) de, (2)

where

/\_znpznp, pu=—ausa P,uzp,u"eA,ua P=(—p1,—P21—P3)

P, =p1—-eA(f), pL=(p1,—p2,0), p=VS=p.+ Wn-
(3)
Considering the Klein—-Gordon and Dirac equations with a plane-wave field,
Ro(@)=0, K= B2 —m?, B, =, — e, (4)
Dy (z) =0, D=By* —m, (5)

one usually seeks for such solutions that are eigenvectors of the operators (quan-

tum integrals of motion) A and p., which commute both with £ and D and
between themselves:

A=(np) , pu=i0u, D =iV, P = —i(81,8,,0) ,
['i:f)l:l = [iﬂ]&:l = Iii1 ﬁ] = [pl)]e] [PJ_, ] 0 (6)
Such solutions where first obtained by Volkov, see [10], and are referred to as

the Volkov solutions in what follows. The Volkov solutions are subject to the
conditions

i‘49)\,1:”. (.7;) = )\‘P)\,PJ. ('73) ) f’.L‘P)\,DJ, (.’B) =PLPrpL ("B)

Mooy (@) = Map, (=), Prap, (#) =Prvsp, (@), (7)
without restrictions on A, and have the form?
Paps (3) = NexpiS (=) , (8)

Yap, () = NexpiS (z) ( (9)

where S (x) is the classical action (2), N is a normalization constant, and 9 is
an arbitrary two-component constant spinor.

The set of solutions (8) and (9) is orthonormal, with respect to the scalar
products on the null-plane £ = const, and with respect to the scalar products
on the plane #? = const.

m+At+o3(cP)) 9
(m—A)U3+O'PJ_ ’

1We denote the Pauli matrices as ¢ = (03,1 =1,2,3).




3 Non-Volkov solutions

The Volkov solutions are subject to the conditions (7), i.e., they represent quan-
tum states with the conserved integrals of motion A and p;. We present below
a different way of solving the Klein—Gordon and Dirac equations with a plane-
wave field. In such a way, we obtain a wider class of solutions. In particular,
the latter do not have to be eigenfunctions of the operators p .

3.1 Exclusion of plane-wave field from transversal motion

Consider, first of all, the Klein—Gordon equation with a plane-wave field (4).
We shall be interested in such solutions of this equation that are eigenfunctions
of the operator A = (ng),

S (@) = dpa (3) (10)
However, as was already mentioned, we do not demand that the wave functions
@ (z) be eigenfunctions of the operator p,. The general solution of equation
(10) is

ox (z) = exp (—Mw" +i%£) @5 (&ry), rL = (2%,2%,0), (11)

where @, (£, ) is an arbitrary function of the indicated arguments. This func-
tion has to obey the equation

08y - v 1 ra0 2\ P2 _ a2
365 —HQAQH—ﬁ(PL‘Fm)aPJ__pJ__eA(&) (12)

Equation (12) is a nonstationary two-dimensional Schriodinger equation with
respect to the “time” £.

We can see that there exists a transformation that eliminates the plane-wave
field A (£) from equation (12} and reduces the latter to a free two-dimensional
Schrodinger equation. The transformation consists of a change of variables
T, —+Xi,

r=xu- 5 [A©, (13)
and a function replacement, @, (&,r) = ¥, (£,r,1),
o (6,r0) = exp i O 0 (605 [ A @)
a(6) = g5 [ [#A2(© +m?] de. (14

It is a simple task to verify that the function ¥, (£,r)) is a solution of a free
two-dimensional Schrédinger equation of the form

6\11 1 & ¥ Pl A
’L%rl) = HO‘IJ/\ (57 rJ.) s Ho = E_JX' ' (15)




Finally, we have a set of solutions to the Klein-Gordon eguation with a
plane-wave field in the form .

o2 (0) = exp (-i0) 05 (€045 [ A @)
T =A - %& + % f [e*A% (¢) +m?] de, (16)

where the function ¥y (€, r, } is a solution of the free two-dimensional Schrodinger
equation (15) that does not contain the plane-wave field.

It is interesting to note that the change of variables (13) also eliminates the
plane-wave field from the classical equations of motion. Indeed, this follows
from the Lorentz equations

mi; = —eA’ (£)€. (17)

In terms of the variables x|, related to r) by (13), we have the equations of
free motion mx, = Q.

Similarly, we find that there exist solutions of the Dirac equation with a
plane-wave field in the form

02 (0) = exp (D) R (e,ratE [ A () 0, 9

where ¢ is an arbitrary two-component spinor, while the operator R is

5 m+ A+ oz0P
R_((m—/\)ag-l-af’J_)’ (19)

and the function ¥, (,r, ) is a solution of the free two-dimensional Schridinger

equation (15).

3.2 Examples of non-Volkov solutions

We now present some specific examples of non-Volkov solutions, considering
different solutions of Eq. (15).

3.2.1 First example

Let us consider Eq. (15). We now introduce the dimensionless variables 7,
s=1,2, and 7 that are related to the variables z° and £ as follows:

P —5—2efA3 (€)de, 7 =22, AL(E) = A, (8), A2 (&) = A, (€) . (20)

In terms of the new variables, we have

- A 0 2 o2
KU (m,ns,7) =0, sz'g.'i‘a—ﬁ‘i'@a
lIIA (g!r_i.) :w(nl:ﬂha‘r) . (21)




We introduce the creation and annihilation operators as

i a 1 a
Qe = —— + — a+ = — - s ’ 22
V2 (m 3m) R/ (ns 3%) 22)
{GS,G.BI] = [ + +] 0, [ ::] =0ss'y §= 1,2. (23)
In terms of these operators,
.0 Sy
K= z-a—;—sgzﬂs,ﬂ'{masa +ata, —a—a (24)

Let us construct such integrals of motion A, for equation {21) that are linear
in the creation and annihilation operators of the same kind (the same s),

A = fq (T) P (T) a;l_ ) (25)
[As,f{] =0,s=1,2. (26)

It follows from (26) that the functions f; and g, obey the equations
ifs+ fot9s=0, igs— fs — g = 0. (27)

The general solution of the set {27) has the form
fr) = +i(d?+ ) 7, g () =) —i (P + ) 7, s=1,2, (28)

where cgs) and cgs) are arbitrary complex numbers. One can easily check (tak-
ing (23) into account) that the above-introduced integrals of motion obey the
following commutation relations:

[AS, Asl] = [A;-,A:;] = 0, [AS,A:;] - Aséss’ ’

2 2
As — |fs£2 _ |98|2 — ‘CSS) _ |C‘(‘?‘S)

Since A, are integrals of motion, we can look for such solutions of equation
(21) that are eigenvectors of Ag,

AT, (7]1:"72:7') =2V, (7]1:7?217') y 85=1,2. (30)

Here, z, are arbitrary complex numbers. Such sclutions can be chosen as

‘I’z1z2 (nl: 7?2;7') = lIJ’Z]_ (771:7—) ll’zz (n217-) H (31)

where the function ¥, (n,, 7) obeys similar (for each s) equations:

,s=1,2. (29)

) _
(i - #.) 2.. (2 =0, (32)
AT, (ns,7) = 2,0, (0s,7), s =1,2. (33)
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In what follows, we analyze these equations for a fixed s (s is then omitted in
all the quantities).

- We first consider the case A = 0. In this case, the operator A can be cho-
sen, without loss of generality, as self-adjoint, At = A, Then z = 2%, g =
f*, f(r)=c+i(c+c*)7, and solutions of the set (32), (33) have the form

The functions (34) obey the following relations of orthogonality and complete-
ness:

[-m U (0,7) e (1,7) iy = 6 (= ), [_°° O (o, TV T, (g, 7) dz = S — 1) -

—00

(35)

If A > 0, then, without loss of generality, we can choose A = 1, multiplying

A by a complex number. In this case, A and AT are annihilation and creation

operators, and solutions ¥, of equation (33) are coherent states. In order to
obey equation (32), these states must take the form

T, (n,7) = (f — 9) " Uo (q) expO®,

0= [2m—Va(f - g") - V22 (f —9)| lf -,

0= {2 (fg" - o)+ 2V [ (f* — ¢") = 2 (F = 9)]
+22(f—g)’ - 2 - gV Al - gl (36)

Here, Uy (z) is the zero function from the set of Hermite functions U, (z} =
(27nly/m) "2 exp (—z2/2) H, (), where H, (z) are Hermite polynomials [13].

Finally, if A < 0, then the operator A has no eigenfunctions that can be
normalized, even as distributions. However, in this case the operator B = At is
indeed an annihilation operator, and the above consideration is applicable here.

Having the expressions for the functions ¥, {m,72,7}, We can coustruct
the corresponding solutions of the Klein—-Gordon equation (4) and of the Dirac
equation (5), with the help of formulae (16) and (18). Such solutions are eigen-
functions of the integrals of motion A, , s = 1,2, which can be constructed from
the operators A,, with allowance for the transformation {20},

A, = %)ﬂ [23\3;8 +26fA3 €)de + %a‘;]

+ %ﬁl [25\m3+2€fA3(§)d — Eliais] ,

[As,As'] = [‘A:v‘A;] =0, [AsaAj;] = Agbse ,

[Ank] = [45.6] =0, [4.8] = [ar8] =0, @m




For example, in the case A, = 1, 5 = 1,2, we obtain squeezed coherent states
describing the transversal motion of a charge in a plane-wave field (transversal
squeezed coherent states). The squeezing of the states is determined by the
variation of the constants ¢ in formulae (28). One can easily verify that in
such a case the mean values of the transversal coordinates obey the classical
equations of motion (see the following example).

3.2.2 Second example

Consider the case A = 1. Since the operator A" is an integral of motion, we can
construct solutions of equation (32) (which no longer obey Eq. (34)) as follows:

om0, 7) = (AT = 2)" ¥, (n,7) , n=0,1,2,.... (38)

For n =0, fhey coincide with the solutions considered in the first example. The
functions (38) may be called generalized squeezed coherent states. They have
the explicit form

o (1,7) = (f = 9) 772 (%}i—) * U (@ exp, (39)

‘and the following properties:
(A - z) \I’z,n = \/E'I!z,n—l 3
(A* = 2") U= v+ 1%, n41,
oo
f \Ir:,n (7]: T) W, (7?: T) dn = bpar,

-0

Z ‘D:,n (77’1 T) Von (n,7)=6(n— nl)

n=0

f Ve (0 7) T (7,7) P2 = Tbamed ( —11) - (40)

— oo

Using (39), we can now construct solutions of the Klein-Gordon and Dirac
equations by means of formulae (16} and (18) (transversal generalized squeezed
coherent states). Calculating the mean values of the operators £ and f; on
such states, we obtain (the results are the same for both the Klein-Gordon and
the Dirac solutions, and do not depend on the quantum number n)

£
(F1) =1L (0)+ A" fo Py (¢)de, (pu) =P, (41)
where r1 (0) = (#§,%4,0) , p1 = (p%,2%,0), and

-1
zg=(2v2\)  [ed"— i)z + (el — )2l
p* =iVl + ) 2L~ (e + ) 2], 5= 1,2, (42)




It is easy to see from (3) and (17) that the mean values (41) follow the classical
trajectory of transversal motion with the initial data (at £ = 0) given by r (0).
To provide such initial data, one has to select states with

= V2Xx§ (] + 5} + —= 7 (e] —c2) -

\/_)\

3.2.3 Third example

Consider the operator

i _z-( 8 _ i)__.i,?_
Z n?Bnl ?716772 8(p,
m=pcosy, m = psing, p=/nf +n3, (43)

which is an integral of motion for equation (21)
[i,z, K] =0.

- It can be interpreted as the z-projection of the angular momentum operator.
The corresponding integral of motion for the Klein—Gordon equation can be
easily recovered. It has the form

£, = ([rl+§fA(£)dg,f)J_] k) , [ﬁz,it] =0, (44)

where k is a unit vector in the z-direction. X
Let us seek for such solutions of equation (21) that are eigenvectors of L.,

L0 (1m0, 7) = 10, (1,2, 7) , L= 0,41, 42, .. (45)
The functions ¥; (m, 72, 7) have the form
Uy (m,m2,7) = xi (py7) expily , (expiv = (m +1in2) /p) , (46}
where the functions x; (2, £) obey the equation

2 2
(i3+a 18 1

o 3_p2+;%_’?) Xt (o) =0 (47)

A general solution of the latter equation, with the initial condition x; (p,0) =
x§0) {p), has the form

L(p,7) = f G (o, o5 7) % () e

41 I ’ 2 12
', (=7) pp Pt
Gy (pap !T) 27’ J ( 97 ) CXp ( 4T ) ’ (48)




where J; () are Bessel functions [13]. One can consider stationary states, choos-

ing xi (0, 7) = fip (p) exp (=ip7) . Then.fi, (p) = Ji (v/PP) -

The corresponding solutions of the Klein—-Gordon equations can be easily
found with the help of formulae (16). Switching on the plane-wave field in
these solutions, we obtain the states of a free relativistic particle with a definite
z-projection of the angular momentum.

4 Combined field

Consider now a combination of a plane-wave field and colinear constant electric
and magnetic fields. The covariant components of the corresponding electro-
magnetic potentials are chosen as

Ay=Ay=A0(6), A= P L 41(O), =50 +A2(),  (49)

~ where Ay (€), k = 1,2, are arbitrary functions of &, and H = const. The
corresponding components of the electric and magnetic fields are

Ep=H,=A, (&), By, =~H, = Ay (¢) , B, =24,(¢), H,=H.  (50)

In what follows, we call the electromagnetic field (50) the combined electromag-
netic field.

The Lorentz equations with the combined electromagnetic field can be writ-
ten as

mi® = e (A}3' + Apd® + Ape®), mil =e (A’lé + Hiz) ,
mi? = e (A — Hat) , mi® = ¢ (A{8" + 44 +245%) . (51)

Dots stand for derivatives with respect to the proper time 7. Solutions of
equations (51) are known, see [12]. We only remark here that these equations
imply the conservation of the quantity A,

A= m (&% — %) + 2edq (€) = mé + 2640 (£)
=Py+Ps+2eA0(§)=po+ps. (52)

Here, p, are components of the generalized momentum, and F, = mi, =
p, —eA, are components of the kinetic momentum. We introduce the notation

2e4p (§) = ~ag (§) , eAr (§) = ax (),
eH=79,P=P({)=A+a0() . (53)

Then (52) takes the form -
mE="P (€ =A+ao(€) . (54)
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Integrating (54), we obtain a relation between the proper time 7 and the variable

H

r@=m [ 575 (55)
The Lorentz equations for z*, k = 1,2, take the form
mi' = af (€) € +v2%, mi® = ay ()€ — " (56)
in terms of notation (53). We make the change of variables
Dd=X-q(), =Y -nE, (57)

where the real functions g (£), & = 1,2, are defined as

0O = 0@+ 0 © = o [- T8 [onp [T L0, (s

m

with a (£) = a3 (£) + iaz (€) . The complex function g (£) obeys the equation

P(E)q (€) +ivg(€) +a(§) =0. (59)
In terms of the new variables u and v, equations (56} take the form
mX —4¥ =0, mY +4X =0. (60}

The set {60} contains neither the plane-wave field nor the colinear electric field.
It describes the motion of a charged particle in a constant magnetic field in the
plane 2 = const. The above consideration indicates that the plane-wave field
and the colinear electric field can be eliminated from the quantum equations of
motion as well.

We now consider the Klein—-Gordon and Dirac equations with the combined
electromagnetic field. Exact solutions of these equations were first found in
[11, 12]. As in the case of a plane-wave, we present below new classes of solutions
of these equations. To this end, we are going to represent a transformation that
eliminates the plane-wave field and the colinear electric field from the transversal
motion. Thus, the transversal motion in the combined electromagnetic field
is mapped to the nonrelativistic transversal motion in the constant uniform
magnetic field. N

In quantum theory, the operator A corresponding to the classical quantity
(52) is an integral of motion. We seek solutions of the Klein—Gordon equation

as eigenfunctions of the operator . Such solutions have the form
1 A
wa () = —=exp (—i)\:u” + i—g) D, (f,xl,mz) ,
VP (£) 2
where the function @) (£,',2?) has to obey the equation
o,
&
P =0 —eAr (), k=1,2. (61)

2P (£) S22 = (15{z o m2) oy,

11




We now use the variables X,Y and 7(£), see (55) and (57), and a function
replacement, ®, — U, for eliminating the plane-wave field and the colinear
electric field from the equations,

@5 (¢, z',2%) = exp(—iD) ¥y (1, X,Y) ,
= [q @)@ +i?) - a() (= - ia?)]

as iy . ,
+ [ s le@P + i+ L@ © -0 @ae)} . @

The function ¥ (7, X,Y") obeys the equation
z.c’;hll,\ (r,X,Y) (#]+4#3)

. Y
or 2m T (X, Y)
ﬁlmz’(‘?x—%Y, 'Fr2=i3y+%X. (63)

This is the two-dimensional Schrédinger equation for a charged particle in a
constant uniform magnetic field. In this equation, the plane-wave field and the
colinear electric field are already eliminated.
We now pass to the Dirac equation with the combined electromagnetic field.
We shall seek solutions of the Dirac equation as eigenfunctions of the operator
- A. Such solutions have the form

43 (2) = exp (—z‘/\m‘J +z'52\—£) ( o V0 ) . (64)

Here, V = V (¢,2',3%) and U = U (£,2',2%) are two-component spinors that
have to obey the equations

2%—[; = [m+ (afn) 0’3] v,

V=P) [m— (o) 0| U, (65)

where P, = — (}3’1, 152, {)) . Obviously, it is sufficient to know the spinor U. The
latter spinor obeys the equation

2P (€) 55 = (P2 +m? =00 U (66)
We transform this equation by the spinor replacement U -+ ©,
U (¢ 2", 2%) = exp [z%} e (¢34 7% .

The new spinor © (E ,@',z%) has to obey the following equation:
- 8@ _ = 2 2
Zz’P({f)a—E—-(PL+m)@. (67)

12




We can see that the spinor © (£, z!,2?) may be chosen as
e({:}wllmz) =, (61‘171}3:2)197 : (68)

where the function @) (¢, z',2?) obeys equation (61) and ¥ is an arbitrary con-
stant two-component spinor. Then the transformation (62) allows one to reduce
the problem to the two-dimensional Schrédinger equation (63) for a charged par-
ticle in a constant uniform magnetic field. Solutions of the latter equation are
studied in detail: see, for example, [14].
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