Instituto de Fisica
Universidade de S3o Paulo

Spin equation and its
solutions

V.G. Bagrov, D.M. Gitman, M.C. Baldiott,
and A.D. Levin

Instituto de Fisica, Universidade de Sdo Paulo, CP 66.318
056315-970, Sdo Paulo, SP, Brasil

Publicagao IF — 1608/2005

UNIVERSIDADE DE SAQ PAULO
Instituto de Fisica
Cidade Universitéria
Caixa Postal 66,318
05315970 - Sdo Paulo - Brasil




Spin equation and its solutions
'V.G. Bagrovi D.M. Gitman! M.C. Baldiotti} and A.D. Levin}

Instituto de Fisica, Universidade de Sdo Paulo,
Caixa Postal 66318-CEP, 05315-970 Séo Paulo, 8.P., Brazil

February 3, 2005

Abstract

The aim of the present article is to study in detail the so-called spin
equation (SE) and present bath the methods of generating new solution
and a new set of exact solutions. We recall that the SE with a real
external fleld can be treated as a reduction of the Pauli equation to the
{0+ 1)-dimensicnal case. Two-level systems can be described by an SE
with a particular form of the external field. In this article, we also consider
‘associated equations that are equivalent or (in one way or another) related
to the SE. We describe the general solution of the SE and solve the inverse
problem for this equation. We construct the evolution operator for the SE
and consider methods of generating new sets of exact solutions. Finally,
we find a new set of exact solutions of the SE.

1 Introduction

We refer as the spin equation (SE) to the following set of two ordinary linear
differential equations of first order for the functions v; (¢) and vy (£):

z'V=(UF)V,V:(z;8 ),V=dV/dt. (1)

Here, o = (01,02, 03) are the Pauli matrices!, and F is a given time-dependent
(in general, complex) vector,

F=(Fk:k=15233)’Fk:Fk(t}' (3)
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In what follows, the column V and the vector F are called the spinor field and
the external field, respectively.

The SE with a real external field can be treated as a reduction of the Pauli
equation (1} to the (041)-dimensional case. Such an equation is used to describe
a (frozen in space) spin-1/2 particle of magnetic momentum p, immersed in a
magnetic field B (in this case, F = —uB), and was intensely studied in connec-
tion with the problem of magnetic resonance [2, 3]. Besides, complex quantum
systems with a discrete energy spectrum can be placed in a special dynamic
configuration in which only two stationary states are important. In those cases,
it is possible to reduce the Hilbert space of the system to a two-dimensional
space. Such two-level systems can also be described by the SE. The SE with
an external field of the form F = (F},0, F3), Fi = €, where ¢ is a constant, de-
scribes two-level systems with unperturbed energy levels &e (F3 = 0) submitted
to an external time-dependent interaction F3(¢), inducing a transition between
the unperturbed eigenstates. Two-level systems possess a wide range of appli-
cations, for example, the semi-classical theory of laser beams [4], the absorption
resonance and nuclear induction experiments [2], the behavior of a molecule in
a cavity immersed in electric or magnetic fields [5], and so on. Recently, this
subject attracts even more attention due to its relation to quantum computa-
tion {6], where the state of each bit of conventional computation is permitied
to be any guantum-mechanical state of a qubit {quantum bit), which can be
treated as a two-level system. The SE with complex external fields describes a
possible damping of two-level systems. There exist various equations that are
equivalent, or (in a sense) related, to the SE. For example, the well-known top
equation, which appears in the gyroscope theory, in the theory of precession of
a classical gyromagnet in a magnetic field {see [5]), and so on. The SE with an
external field in whick F; (t), s = 1,2 are purely imaginary and Fs is constant
is a degenerate case of the Zakharov—Shabad equation, which plays an impor-
tant role in the soliton theory [7]. It turns out that two-level systems present
a convenient object for illustrating and applying the geometrical phase method
[8]. For periodic, or quasiperiodic, external fields, the equations of a two-level
gystem have been studied by many authors using different approximation meth-
ods, e.g., perturbative expansions [9], see also [10]. When the external field F is
not periodic, or quasiperiodic, there exists no regular approach to finding exact
solutions of the SE. One ought to stress that exact solutions are very important
in view of the numerous physical application of the SE. Since in the general case
the problem of finding such solutions is sufficiently involved, it has been solved
only in a few particular cases.

The first exact solution of the SE was found by Rabi [11], for the external
* field of the form
F = (fy cos Qt, fosinlt, F3), {4)

where f1,9, ), and F3 are some constants. For an external field of the form
F = (F,0,F3), Fi = const, (5)

exact solutions for two different functions £} were found in [12}. These functions




are
_ I
Fy =cotanht +¢y, Fy coshi +ez, (6)

where cq,1 are arbitrary real constants. In the work [14], exact solutions for
three sufficiently complicated functions F3 were found. One (the simplest) of
these functions reads

Fy=c¢y+

3

2 2
2((:1 - co) Q= cycoshe, f >3
Q+co creosp, f <cf

(,o=2(t~‘/|c%-~c§|+02) : (7)

where ¢y 1,2 are arbitrary real constant.

The aim of the present article is to summarize the properties of the SE,
in order to reveal in detail its relation to other types of equations (associated
equations), and present both a new set of its exact solutions and methods of
generating new solutions.

The article is organized as follows: In sec. 2 we consider associated equations
that are equivalent or (in one way or another) related to the SE. In secs. 3 and
4 we describe the general solution of the SE and consider the inverse problem
for this equation. A particular, but very important, case of the self-adjoint SE
is considered in sec. 5. We describe here its general solution, solve the inverse
problem, and derive the associated classical Hamiltonian and Lagrangian sys-
tems. Tn sec. 6 we construct the transformation matrix that relates different
solutions of the SE, and construct the evolution operator for the SE. The trans-
formation matrix allows one to generate new sets of exact solution (and the
corresponding external fields) from already known ones. In sec. 7, we represent
a set of new exact solutions (together with the corresponding external fields)
of the SE. These solutions are obtained with the help of a relation (established
in sec. 2) between the SE and the one-dimensional Schrédinger equation. In
sec. 7, we adapt the Darboux transformation to a particular case of the SE and
thus obtain, as an example, a new exact solution. The Appendix contains some
technical details related to two-component spinors and associated vectors that
are used in the article.

2 Associated equations

Below, we present a set of various equations that are equivalent or (in one way
or another) related to the SE. In addition to the definition (1), we note the
following;:

The equation conjugate to the SE has the form

V=V (F), Vi= (@) wu@)). (8)
‘The inner product of two spinors IV and V is defined as

(U, V) = U+V == ('U;TU;[ -+ ﬂ.;’b’z) . (9)




The SE and its conjugate equation can be written in the component form
as follows:

i = Fyvy + (F1 — iFa)ve, i = —Fyvs + (Fy + iF2) vy, (10)
W = —Fyu} — (Fy +iFy) vl , 103 = Fvy — (Fy —iF3)vf. (11)
The set (11) can be written in the form of the SE for the spinor V,
7=—imv=( ), 12)
1

with an external field F*,
iV = (cF*) V. (13)
We refer to the spinor V as anti-conjugate to the spinor V.
Sometimes, we represent the external field as
F=K+iG, K=ReF, G=InF,
K= (K, G=(G), k=123, (14)

where K and G are real vectors.

2.1 Associated Schrédinger equations

1. Consider the Schrddinger equation in 0-+-1 dimensions for a time-dependent
two-component complex spinors ¥. In the general case, the equation has
the form

W= HY, (15)
where the Hamiltonian H is a 2 x 2 complex time-dependent matrix and ¥
a spinor. The matrix H can always be decomposed in the basic matrices,
H = hi + oF, where h = h(t} and F = (Fy (¢), k = 1,2,3). Making the
transformation W = U exp (-4 f hdt) , we arrive at the SE for the spinor
U,

2. The SE can be reduced to a set of two independent one-dimensional
Schrédinger equations with complex potentials in the general case. Con-
sider the set {10) for the function v, (t), s = 1,2, Squaring this set and
introducing functions w5 (),

Vg = VAS?I’)S: A =8 +(_-1)3iF21 (16)

we obtain for the latter functions an independent linear differential equa-
tion of second order:

’GB‘“Vs%bs=0;3=1=21
DN\ 2 . ;

_ 3 [ A, 14, s . s Ay
%-—Z(Z) —EZ—AlAQ—Fs—Z( 1) FgA—a—Fg . (17)
Each of equations (17) is a one-dimensional Schrédinger equation with the
complex potentials V.
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2.2 Reduction of the external field

Suppose V' (t) is a solution of the SE with an external field F/ = (FY, F}, F}).
Let us perform a transformation

V=TV, T'(t) = expia (o) . (18)

Here, 1 is an arbitrary constant complex vector, and « (¢) is an arbitrary complex
function.

If 12 5 0, then, without loss of generality, we can set 12 = 1, so that the
matrix (18) reads )
T=cosa+i{ol}sina.

One can easily verify that the spinor V () also obeys an SE with a reduced
external field ¥ of the form

F = [F' —1(F'1)] cos 2a + [F’ x ] sin 2c¢ -+ 1 (F'] - &) . (19)

Since the transformation matzix T is invertible, the SE with the external field F’
‘and that with the external field F, given by (19), are equivalent. If we subject,
for example, the function a to the relation

G&=F1=Fl=0, (20)

then the projection of F onto the direction I becomes zero, i.e., the reduced
external field F has only two nonzero {complex) components in the plane that
is orthogonal to L

One can also consider complex constant 1 with 12 = 0. Then

A

T=1+ia(sl),

and
F=F +2[F x1]+1[2a* (F') —¢] . (21)

By an appropriate choice of a complex 1, one can always reduce to zero any
component of both K = ReF and G = Im¥F. However, in this case we cannot
imagine F as a vector in a fixed plane, unlike in the case of a real 1.

Let us choose the vector 1 to be the a unit vector in the z-direction, 1 =
(0,0,1), and « to be a solution of the equation

&=Fj.
Then the reduced external field F takes the form
F=(F,FR0, {22)
where

Fy = F{ cos2a + Fysin 20, Fy = F, cos 2o — F} sin 2a,
F{ = Fycos2a — Fasin2e, F) = Fycos2a + F sin2a.




Choosing 1 = (0,0,1) and selecting & to be a solution of the equations
F} = Fycos2a, Fy = Fisin2a, Fy = Fy+ &,
we obtain
F) = F|cos2a + Fysin2a, F3=F; — &,
Fp = Fjcos2a — Fsin2a =0, (23)
so that the reduced external field F takes the form
F = (F,0,F) . (24)

In addition, one can see that if V is a solution of the SE with the external
field (24) then:

HU=(2)""? {14401}V is a solution of the SE with the external field

F = (Fy, F3,0) ; (25)

i) 7 = o1V is a solution of the SE with the external field
F = (£1,0,-F3) ; (26)

iii) I = g3V is a solution of the SE with the external field
F=(-F,0,F) ; (27)

iv) U = 09V is a solution of the SE with the external field
F=(-F,0,—F3); (28)

V) U = (2)7Y* (0, + 03) V is a solution of the SE with the external field
F=(F;,0F}. {29)

2.3 Dirac-like equation

Consider the SE with the external field F = (F,0,F3,). Let us represent the
complex spinor V' in this SE via two real spinors U and W,

V=U+iW. (30)
The SE for V implies the following equations for the real spinors U7 and W:

U=(Go)U+{Ka)W,W=(Go)W - (Ka)U. (31}
The latter set can be written as
¥=[26)+ (1K) ¥, (32)

where ¥ and v are Dirac matrices, and ¥ is a four-component spinor:

(5 8 )rm (% §)en(§):




2.4 Top equation

If V is a solution of the SE, then the vectors (138) (see Appendix) obey the
following equations:

LY = i (F* ~F) (V,V) + [(F + F*) x L],
Lﬁ‘v -9 [F v Lﬁ,u} , L'u,ﬁ =92 [F* % Lv,ﬁ] . (34)

At the same time, the following relations hold:

L' = —i(V,V)F+[FxL*], L% = L7* = [FxL%] . (35)
In addition, the vectors (140) (see Appendix) obey the following equations:

é; = 2e3 (Kn) — 2n(Kn + Ge;) ,

éz =2n (Kel — Geg) - 291 (Kn} '

0 = 2e; (Key + Gep) + 2e; (Ges — Key) , (36)
with K and G given by (14). Supposing that V obeys the SE, we can find the

equations of motion for the parameters N, a,#, and ¢ from the representation
(143). Taking into account (144) and (131), we get

2V = (2NN +ig — i c0s0) V + (é +igsing) exp (i) V. (37)

Then, with the help of (37), (147} and (14), we finally obtain

¢ = 2Ke, + 2Geg, psint = 2Gey — 2Ke,,, {38)
G =¢cosf—2Kn, N= NGn. (39)

The set (38) is autonomous (since it does not contain the functions N, a) and
can be written in the compact form

= 2[G—(Gn)n] +2[K x n] . (40)

"Thus, the time evolution of the vector n is determined by the external field only.
If the set {40) can be integrated to obtain 8 (¢) and ¢ (t) , then we can find from
(39

a=f(<,bcosﬁf2Kn)dt, N=exp/Gndt. (41)

Equation (40) for G = 0 is the well-known top equation. It appears in
the gyroscope theory, in the theory of precession of a classical gyromagnet in a
magnetic field, in the theory of electromagnetic resonance (see {5]), and so on.
For G # 0, this equation describes a possible damping of the system.




- 3 General solution of the spin equation
The general solution Yy, of the SE can always be written as
Yoon = aV + U, (42)

where e and b are arbitrary complex constants, while V () and U (t) are two
linearly-independent particular solutions of the SE. In fact, one needs to know
~only one particular solution V, since the other solution U can be constructed
from V in quadratures. Indeed, according to (131), one can always present U

in the form
U=aV +3V. (43)

where « () and 3 (t) are complex functions of time. Substituting (43) into the
SE, and taking into account (13), (14), we find

&v + BV = 280GV . (44)

" Hence, multiplying this relation by ¥+ and ¥, we obtain, with allowance for
(135} and (136},

(V,V) B =—20L""G, & =23(V,V) ' LG, (45)

Taking into account (146) and {39), one can rewrite the first of these equations
in the form ) .
N3 —=—2Ng. (46)

Equation (46) can be easily integrated:
B=BN=pV,V), (47)
where fy is an arbitrary complex constant. Then, the second equation in (45)

implies
& =20, (V,V) 2L G. (48)

Hence, o can be found by integration:
o = ap + 250 / (V, V) 2L"7Gdt, {49)

where ag is an arbitrary complex constant. Thus, the general solution Y, (£)
of the SE, with the known particular solution V of this equation, has the form

Yon = {aﬂ + 28, f (v, v)~* L""'”Gdt] V+ 8V, VYV, (50)

where o, fp are arbitrary complex constants,




4 Stationary solutions

Consider the SE with a constant external filed, F == const. In this case, we can
search for stationary solutions of the form

V() =exp{—ix) VvV, (51)
where V is a time-independent spinor subject to the equation
(eF)V = AV, ‘ (52)

"This equations is analyzed in the Appendix, see below. In particular, for F? £ 0,
we have two independent solutions Vz, A¢, { == &1,

2
S AR PR

iFy + Py
iFy— F
Voi=N_ ( ng—x/F% ) Ay = —VFZ, (53)

where N are normalization factors.

5 The inverse problem for the spin equation

The inverse problem for the SE can be formulated as follows: provided that a
solution V of the SE is known, is it possible to recover the external field F using
this solution? The answer to this question can be found in the general case.
A spinor V gives rise to a triplet of linear vectors (138). Let us decompose
" the external field in these vectors:

F =L 4 L% 4 L7, {54}

where ¢;, ¢z, and ¢ are some time-dependent coefficients. Substituting this ex-
pression into the SE and using formula (137), with allowance for (131), we find

iV =(F)V=(VV)(aV+2:V) . (55)
Multiplying this relation from the left by V1 and ¥, we obtain
i(vv) i(7,V)
61:—‘2-,02:—"“‘“2*. (56)
(V,V) 2(V\V)
Substituting (56) into (54}, we finally have
i y R 7 1, u,v U,v
=2(—V,V—)2[2(V,V)L +(V,V)L ]+cL . (57)

Here, the complex function ¢ {#) remains arbitrary. Thus, there exist an infinite
number of external fields F which admit the same solution of the SE, and the
corresponding functional arbitrariness is completely described.




One can write (57) in a different form:
_ L v T [( ) ( )] 'u,'u} T

2(V,V)2{(V’V)(L L)+ [(v,v) + (v, v)| 12w b4 enP . (58)
Here, b (£) is also an arbitrary complex function. Expression (58) can be easily
reduced to (57) with allowance for (139).

The functional arbitrariness arising in the solution of the inverse problem is
related to the fact that the spinor V is given by two complex functions, whereas
the external fleld F is defined by three complex functions.

* In this way, we have also demonstrated that any complex spinor with an ar-
bitrary time-dependence (provided that this spinor is differentiable) is a solution
of a certain family of the SE.

Taking into account the explicit form (143) of the spinor V and using for-
mulas (146) and (37), one easily deduces from (57) that

1 ; v
F= 3 [(9:': cosf — &)n — @egsind + Ge(p] + i%n-l—a (e + iey) | (59)

where @ (t) is an arbitrary complex function.

6 Self-adjoint spin equation

6.1 General solution and inverse problem

We shall refer to the SE as self-adjoint if the external field ¥ is real. In this
case, according to (14), we have

F=ReF=K, ImF=G=0. (60}
In this case, the SE has the form of a Schrodinger equation,
WV=HV,H=0F=H", (61)

with a Hermitian Hamiltonian H. Nevertheless, even for a self-adjoint SE, the
one-dimensional Hamiltonians (17) are not Hermitian in the general case.
Below, we list some properties of a self-adjoint SE, which, generally speaking,
do not take place for a generic complex external field.
The general solution Yger, of & self-adjoint SE has the form

Ygen = aV + bV (62)

where V (f) is any nonzero particular solution of the SE, and @, b are arbitrary
complex constants. This fact follows from (45).

For any solution V of a self-adjoint SE, the quantity N2 = (V, V} is conserved
in time, which is implied by (39) in case G = 0. However, the reverse is not true.
The fact that N? = const does not imply that V is a solution of a self-adjoint
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SE, since one can indicate, according to (57), a family of complex external fields
of the SE that admit solutions with N2 = const.

For an arbitrary nonzero differentiable spinor V' subject to the condition
(V,V) = const, there exists only one self-adjoint SE (only one real external
field), whose solution is given by this spinor, and whose general solution has the
form (62). Indeed, it follows from (58) that in this case a real external field is
recovered by the spinor V in a unique manner:

F=i2(V, V)" (Lo — L) . (63)

It can be easily verified that the same expression for F arises in the case when V'
is replaced by Y, from (62), which confirms the uniqueness of the external field
F. Now, presenting V in the form (143) (see Appendix), and setting N = const,
one obtains a decomposition of F in the basis vectors of a spherical coordinate
system {145):

F= % [(Ljacosﬂ—d)n—gbeg sin6+9e¢] . (64)

Hence, one can find the Cartesian components of the external field and calculate
" its square:

1, . .
F = 5(—951ng0—dsinﬂcosga, 8 cosp — dsin @ sin o, Y- cos )},
1/,
F?=F' = (92 P67 — 2d¢cose) . (65)

The possibility of an unambiguous recovery of the real external field F by a
given arbitrary spinor V (¢} with a constant norm also signifies the possibility
* of generating exactly solvable self-adjoint SE.

For equations that are assoclated with a self-adjoint SE, one can state some
- additional properties. For instance, the evolution equations (34) for the linearly-
independent vectors (138) become coincident, so that the vectors (138) have to
be distinguished by an appropriate choice of initial conditions.

6.2 Hamiltonian and Lagrangian forms of self-adjoint spin
equation

Consider the set of equations (38} for real external fields. In this case, the set
can be written as

0=2(Fscosp— Fysing) , ¢sinf = 2F;sing — 2({Ficosp + Faysing) cosé.
(66)
Without loss of generality, one can always choose

Fi =g(t)cos2a(t) , Fo = g(t)sin2a(t), (67)

where g (#} and a (t) are some real functions of time. Let us replace ¢ (¢) in
equation (66) by a new function ® (¢), introduced as

) =B (1) +2(t) . (68)

11




It is easy to see that the set (67) transforms to
f=-2gsin®, Ssind = 2fsinf — 29 cos cosh, (69)

where
F=F(t)-a. (70)

Notice that the replacement (68) is equivalent to the transformation (18}, if one
chooses e = (0,0, 1} and selects « {t) such that the external field takes the form
(24).

If one introduces the coordinate ¢, the conjugate momentum p and the
Hamiltonian H as follows

g=cosf, p=—0, H=29/1—g2cosp+2qf, (71)
then the set (69} takes the form of one-dimensional Hamilton equations [5, 12],
8H aH

ja= = P = e, 72

Making canonical transformations, we can obtain different forms of the Hamilton
equations that are associated with the self-adjoint SE.
It is straightforward to check that (69) are the Euler-Lagrange equations for
the Lagrange function
L= {(1—7)9@—29(:05@] sin6+[’y<i>—2f}c039, (73)

where 7y is an arbitrary real number.
Finally, the set (69) leads to & second-order equation for the function & (¢):

wg - . 9
9729+2f\/4927627(4g2792) :?§9=0. (74)

This equation is also the Euler-Lagrange equation for the Lagrange function
L = fsin arcsin (6‘/29) + 1/4g% — 6%sinf + 2f cosf. (75)

7 More about solutions of the spin equation

7.1 The transformation matrix

Suppose that we know a solution Vi of the SE with an external fleld ¥y,
iV = (eF1) Vi,

and wish to find such a nonsingular time-dependent matrix 72! (in what follows,
it is called the transformation matrix) that a spinor V5,

@) =T"mne), (76)

12




is a solution of the SE with an external field Fs,
’L% = (O'Fg) Vz . (77)
It is easy to obtain an equation for the transformation matrix:

d

7:%1“"21 = (o Fy) T? — 7?1 (oF,) . (78)

Like any 2 x 2 matrix, the matrix 72" can be written in the form

g2l ag —ira, a= (a1,az,@3) 1 (79)

where o, (), s =0,1,2,3 are some complex functions of ¢. Substituting (79}
into (78), and using elementary properties of the Pauli matrices, one obtains
the following set of equations for the functions a,:

a9 +aFy =0, Fy =F; —Fp,
é.-|—2[a>< F1}+ [aXin]—aonl =0. (80)

It is easy to find that A = det T2 = 42 + a? is an integral of motion. Since the
matrix 7% is determined by (78) only with accuracy up to a constant complex

-multiplier, we choose, without loss of generality,

A=al+a®=1. (81)

f =1
For the inverse matrix (Tzl) , we obtain

R
(Tzl) = A7 (ap +ioa) = ap +ioa. (82)

Given Fy and Fy, equations (80) are a linear homogenous (complek) set of
four ordinary differential equations of first order. Solving this set is completely
analogous to solving the SE with the external field ¥5, so that we do not achieve
any simplification. However, assuming that the external field F; and the matrix
12! are known, we can obtain from (80) the external field Fy. It turns out that
this problem can be easily solved. To this end, we need to consider two cases:

1. Let ap # 0. We introduce a complex vector q =g (¢),
a=a/a, (83)
such that q #£ —1. Then (81) implies

a=(1+a%) 2. (84)
From (80}, one obtains the equation
4 alaFy) +[g x Fyul+2(gx F{] - Fn =0. (85)

13




Thiz equation allows one to find a unique representation for the external

field Fs,
. . 9 _ 2
F, = dtlaxd +2[gx F 4;201((11“1) 29°F1 B (86)
1+q
In this case, the transformation matrix reads
. 1—ioq =0\ IH4ioq
- , T21 — . a7
T () == (&)

2. Let ap = 0. We introduce a vector q = q{t),
g=a.

In this case, the condition (81) implies g = 1, and we obtain from (80)

4+ g x Fyl+2fqx Fy] =0, gFy =0. (88)
- From (88), we uniquely recover Fy in the form
Fy=[qx &) +2q(aF,) —F1, ¢° = 1. (89)
The transformation matrix now reads
P = (B " = 0q. (90)

Consequently, having an exact solution Vj that corresponds to the external
field ¥y, we can construct a family of external fields F» and the correspond-
ing exact solutions (76), parametrized by an arbitrary complex time-dependent
vector q.

I the particular case of a self-adjoint SE, the above statement remains valid
if one assumes g to be a real vector. In this case, the transformation matrix is
unitary.

7.2 Evolution operator for the spin equation

In the above consideration, let us choose F; = 0 and denote Fy = F, 721 = 1",
Then one can select V) as an arbitrary constant spinor: Vi = V; = const. For
Fy = 0, one deduces from (78) that the transformation matrix T obeys the
equation

AT _ iV 91

i = (oF)1T. (91)
I the transformation matrix 7" is known, the evolution operator B, being a.
solution of equation (91) with the initial condition & (() = I, can be constructed
as follows:

Rpy=T@®T ). (92)

Using the above expressions for the transformation matrix, we can construct
the evolution operator for the SE with any external field F according to (92).
The answer reads:
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1. Let us select an arbitrary complex time-dependent vector q {t) (g {0) = gq)
. such that q* # —1. Then the SE with the external field

_qt+flaxq
F= Tro (93)

has the evolution operator of the form

B (1—ioq){l+ioqy) _ 1+qqy—iop (94)
Vi+a)(1+a}) O+a)(1+4qd)
" where p=q — q; + [g¢ % 4.

2. Let us select an arbitrary complex unit time-dependent vector q (2) (q(0) =
do), 9 = 1. Then the SE with the external field

F=[gxd, (95)
has the evolution operator of the form
R = (0q) (7q0) = aqy + 0 [a X qp] - (96)

In the case of a self-adjoint SE (real external fields), q is selected as a real
vector, and the operator R is unitary.

8 Exact solutions of the spin equation

The first remark: Let ¥ (£) be a solution of the SE with a given external field
F. In this equation, we make the following change of the variable:

t=T(), (97)

where ¢’ is the new real variable (T is a real invertible function). Then the SE
takes the form

U SOLAOR (98
where .
F () =F(T@)T, V' (5) = V(T () . (99)

Consequently, if one knows a solution of the SE with an external field F, then
one knows a solution of the SE with external fields ¥/, parametrized by an
arbitrary function T. In this sense, all solutions are divided into equivalence
classes. Below, we are going to list only those solutions of the SE that belong
to different classes.

The second remark: We have demonstrated that the SE with an arbitrary
external field can be reduced to an equivalent SE with the external field (24)
which has only two nonzero components:

F = (F.,0,F) . (100)
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Below, we are going to list only solutions for such external fields.
The third remark: Tet the components F| and Fy of the external field be
linearly dependent. Then, without loss of the generality, we can write

Fy=gsinh, Fy=qcos], (101)

where ¢ (t) is an arbitrary function of time, and A is a complex constant. Let
us define the function w (t) by the relations

w=¢, w(0)=0. (102)
Then, the evolution operator for the SE with such an external field has the form
R = cosw — i (o1 sin A + o3 cos A) sinwt (103)

Especially interesting are solutions of the SE that can be written via the
known special functions.

Below, we consider external fields with such nonzero components Fi and F3
that obey the following properties: if solutions of the SE are known for such
external fields, then one can construct solutions for the external fields

FE(O{Fl(Sﬁ),O,,@Fs(QD}),§0=w‘t+g00, (104)

where @, 3, and g are arbitrary real constants. We have succeeded in finding 26
pairs of linearly independent, functions F; and F3 that conform to this condition.
" Below, we list such pairs and present the spinor 4 being the corresponding exact
solution of the SE. We use the following notation [13):

F (o, 3,7, z) is the Gauss hypergeometric function;

® (o, v, z) is the degenerate hypergeometric function;

Dy (z) are the parabolic cylinder functions;

w=wt+eg;

w and g are real constants;

a,b,c and a, 3,7, A, i1, v are complex constants.

8.1 List of exact solutions
1. A=at, F3 :bt+6/t!

v — at*2e=22% (o + 1,7y + 2; 2)
S\ 25—y te" 20 (o, 15 2) ’

. b .
z=at2\/a2—|—b2, CMI%(].-FW),’Y:ZC.

2. Fy =a/t, Fs=bjt+ct

A ik 1CE))
T\ (VEFR ) e 2 (0t Lyz) )

2 =ict?, 2a:i(\/a2+b2+b) vy =14iva? 12,

16




3 Fi=aqft, F3=bt+c:

—at=D/26=2/2§ (g, ; )
=\ it o (14 4 yi2) )

z = Zict, a=¢(\/a2+b2+b),ry=1+2z'\/a2+b2.

4. Fy = qa/sin2yp, F3 = (bcos2¢ + ¢) /sin2p:

o —azF(1—=2)"F(a+1,587:2)
CE (dwp bt U~ 2) Flo, B+ 1m2) )0

; )
z=sin?p, M=E\/a2+(b+c)2, V=ZZ-; a? + (b—¢)%,

a=p+v-ib2w, B=p+v+ib/2w, y=1-+2u.

8. F1 = atany, F3 =btanp +ceot e :

_{ 2(c+iw)z* (1 - 2)" Fa, B;2u; 2)
“= ezt (1 - 2)" Fla+1,8+1;2u+2;2) /)’

z=sin2(,o,/,1,=_£ V=i“"‘&2+b2,

P 2w
/\:52;\/@2-5—(6—6)2, a=v+p+d, f=v+p—A.

6. Fy = a/sing, Fy = btany + ceot ¢

w = ﬁaz“(l—z)"+1/2F(a+1,6;2u+1;z)
(VaZ+cZ +c)2# (1 —2)" F (e, B; 2 + 1;2) )
=“z'_1/ 2 2 :_ﬂ = gin?
] 55 a“+c, v 2£U,z sin“ ¢,
ic 1 ic
- f= 9w+ 2.
“=a 2w”6 2+,u+ y+2w

7. Fil=a/cosip, F3=btanp | ¢ :

o (w+2c—2ib) z# (1 — 2)” F o, B;7; 2)
YN 2iart 2 (12 Fa, 8+ 17+ 12) )

z=—e’2“‘=",p=w——ckzb,v:—z—\/a2+b2,
i w
1 ¢ ib 1
= — — = —_—— = — 2 .
o 2+w+v,ﬁ Vo Y=gt 2
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8. Fy = a/sinh, F3 =btanhp + ccothy :

ue [ T (=2 F(a.872)
T\ (Fiwpa+ )2 (1= 2P F (0, 8+ Lim2) )
3 i (b+ c)
— tanh? _ Lt Sara o et
z=tanh” @, u 2w a+c<, v 2w
1 b ic
-+ 2= =t —, y=2u+1.
a=g+—+0, f=pto—, =2+
9. Fy =a/coshy, Fy=btanhy + ccothy :

- (2e+ iw)z* (1 — 2)" F (a, 3;%; 2)
T\ a2 (1P P (a4 LB+ v+ 18) )

. , i
z:tanhz(p, #:_E:yzz(b-i_(:) ,\:—\/0‘2_52,

2w 2w 2w
b ib I 3
ﬂi—%+h,,@——ﬁ—A,’Yw§—;.

10. Fy = a/sinh2p, Fy = (beosh2p +¢) /sinh 2 :

_ [ —az* (1 - 2)" F(a,B;7; 2)
‘T ( (~diwp+b+c)z* (1-2) T Fla+1,8+1;72) )

2 Lt 9 2 5. b 24 {b—q)?
z=tanh“yp, u 4w\/a +(b+0e)*, A Ve {(b-c)°,
ib
y_;_,a—'u+y+)\,ﬁ=‘u,+yfA,7_1+2[.L.

11. Fy = a/coshy, F3 = (bsinhy +c) fcoshy :

ezt (1—-2)"F(a, 87 2)
CElup et 2T R LA+ 1iyez) )

e? +i\? 17 2
zm(e‘f’i) ,M—2w\,’a +{e-ib)*, a=p+v+A,
)\—i a2 + (e -+ ib)? u—?E B=pt+v—X, y=1+2
=55V == B yy=1+2.
12. I} = atanh g, F3 = btanhy + ccothe

~ 2e+iw)z* (1 —2)" F e, 87 2)
T\ et (1 =2 Fla+ LB+ v+ 22) )

:t nllz =—E- =-—z— 2 2
z=tanh®p, u 50V zw\/a +{b+c)”,

)\=—2}J\/a2+b2, a=p+v+A, f=ptv-A, vy=2p.
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13. F1 = acothy, F3 = btanhp + ccothy :

" —az* (1 - 2)" Fla+1,8;v; %)
N\ (Ropte)a (1-2)"Fla,+Lm2) )0

; .
z=tanh’p, p= %Vaz-l-cz, V= %\/a2+(b+c)2,

b b
a=ptvto-, ﬁmu+v—-2--w~, y==142u.

14, Fy =a/coshe, F; =btanhe +c :

" {26+ 2c —iw)z* (1 — 2)" F (o, B;7; 2)
20242 (1 - )" Y2 P (a+ 1,8+ 1,y+ 1;2) J’

1
z=~2~(1mtanh¢p),a=u+y+)\’ﬁ:,u+y_)\,

(b i
M=i—+—c),v=z(b C),'Y=1/2+2u,)\=£v“2_b2‘

_ 2w 2w
15. Fy = a/sinhg, F3 =beothp +c :
( —az" (1 - 2)" F (e, B;7v; 2)
U= . v41/2 e ’
(miwp +8) 2 (1= 2" 2 F (0, 8+ 137 2)
z=1_ew2w,”xi,/a2+szy=w}
w 2w
1 ic ib
a—§+,u+;,ﬁ—~,u+a,'y=l~f~2,u‘
16 F1=G,,F3:bt+(32
= 2‘/EDM(7~')
(1+9)aDues (2) )
1+3 ia?
s E)t = m——,
z \/E( ), =

17. Fi=a, Fy=b/t+c:

ue | (1—2ib) te= 2B (v, 2; 2)
—iat" e 220 (@ + 1,2y 4+ 2,2) )

z=2va? + 2, y= —ib, o= (1——6—).
K 7 Vva? + c?
18. F1=Cb, ngb/t+ct: *

[ @b+ V2728 (a, v 2)
T atvH 2 2B (o + 1,7+ 1;2) )
ia* 1 |

z:ict2,0=4—c,’y:§—?lb.
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19. Fl=a, Fy=(bcos2¢ +¢) /sin2e :

. (b+c+iw)zh (1 —2)" F (o, Byy; 2)

- az”+1/2(1—z)"+1/2F{05+1,ﬁ+1;’Y+1§z) ’
% i

E(b-l—c),f/:E(c_b);’Y_

1
2
o= (Va2 -8 —ib), fu o (v B +ib) .

z=sin2<p, ho= =

20. Fy=a, Fg=btany + ccoty :

- (2¢ + iw)z* (1 — 2} F (o, B;7; 2)

il Gy 1 hz)y+1/2F(a+1,ﬁ+l§7+ 1;2) }’
— oin2 _ e 8 L 2
z=gin" @, u= Zw’y_2w’)\_-2w a2~ (b—¢)°,

1
a=ptrtd, f=ptv-A, y=5+2u.

2l. By =a, Fy=btanyp+c:

_ @ (1-2)"F(o, 87 2)
‘= ( (Qup —e+ib) 24 (1— 2" Fo+ 1,8+ 17 2) )’

z=—g 2%, ,u=% o+ (c—ib)Y, a=p+v+X,

_zb — _ _ 1 9 : g2
=, B=utv A,fy—1+2,u,)\—2w\/a + (c+ib)".

22. By =a, F3=btanhp+ ccothy :

_ { @etiw)z (1-2)" Flo, ;% 2)
T\ @R Fla S+ Ly +12) )

z=tanh®p, u=~%, V=~%\/@2+(b+c)2,

1

2
'y=2+2u,a~—_fy+v+%(b+c),ﬂ (b+c) .

_,_
- 2w
23. Fi=a, F3=(bcosh2yp +¢) /sinh2p :
w (b+ec+iw)zh (1—2)" F(a, B;v;2)
T\ a2 (1 -2 Fla,f+ Ly +1;2) )

z = tanh? @ p=~z(b+c), v= ; Va2 + b2,

w

4w
1 ic ib 1
VP J S Y
A=y TV Bmv g y=g
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24, Fy =a, Fy = (bsinhp + ¢} /coshyp ¢

_ @b+ e+ iw)z* (1 - 2)" F o, B;7;2)
T\ 2021 - 2)" F o, B+ Liy+52) )7

y e? +i\’ _c—ib u-—l r———z_t_bz
FT e i) T T YT

1 ib 1
a=gtvt- ,ﬁ—um?m 'ym§+2u.

25. F1 =a, F3=>btanhyp +¢ :

ezt (1 —2)" Fla+1,58;7;2)
(z2w,u,-|—b+c}z“(l-z) F(a ,8+1 vz
1
2

(1 —tanh¢) , a—u+v+ \/a2+(b—c

ib 2
- _w - 2 )
B=u+v yv=142u, p 2w a +(b+c)

6. Fi=a, Fs =beothp+c:

_{ 2@b+iw) 2* (1 — 2)" Fla, 87 2)
T laert I (1-2)' Fla+ 1,8+ 17+ 2;2)

- ib i ib
z=1—¢ 2,10’#:-—;’”:2“) az+(b+c)2,ﬂﬁ—-b’——+A

ib ; ,
= —_—— == —— _ — 2 —
A=v - A,y w,)\ 50 a2+ (b—c)°.

9 Darboux transformation for the spin equation

Consider the SE with the external field

F.=(F,0,F;), Fy =¢=const, Fy = F3(¢) . {105)
¥xact solutions for such external fields are presented in items 16-26 of the
previous section. The SE with external fields of this form appears in various
physical problems [14, 9, 10]. We consider here the Darboux transformation
[15] for the SE with the potentials (105). Such a transformation allows one to
generate new exact solution from the known ones.

For the external field (105), the SE for the spinor V. can be written as the
eigenvalue problem

V. = £V, h—wl d ~E~A A =iy Fy, (106)

The idea of the Darboux transformation in thls case can be formulated as follows:
Suppose that the spinor V¢ is known for a given function F3 with any complex
e. If an operator L {called the intertwining operator), that obeys the equation

Lh =L} = z'm% + A, A =iy F (107}
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for a function Fj (£) is known, then the eigenvalue problem

RV = V! (108)
can be solved as .
V! =LV.. (109)
If the intertwining operator L is chosen as
=244 (110)
Cdt

where A (t} is a time-dependent n xn mairix, then the transformation from V; to
V! is called the Darboux transformation [16]. There exists a general method of
constructing the intertwining operators I, {see, for example, [17]| and references
therein) for the given eigenvalue problem (106). However, for our purposes the
direct application of the general method cannot be useful. The point is that
applying this method one may violate the specific structure of the initial matrix
A, so that the final matrix A’ will not have the specific structure (107) with a
real function F3, whereas we wish to maintain the structure (107) of the matrix
A, Le., the structure (105) of the external field. Thus, the peculiarity of our
problem is that the matrices A and A’ must have the same block structure and
the Darboux transformation must respect these restrictions. The existence of
such transformations is a nontrivial fact, which we are going to verify below.

The intertwining relation (107) with the operator L in the form (110) and
the matrix A’ in the form (107) leads to the following relations:

F1A — Aoy + o9 (Fé—Fg)ZO, (111)
014 + 09 AF} — 09 Fy — AgyF3 = 0. (112)
Let us choose

A=a+i(B—f)os, (113)
where o () and 3 () are certain functions. Then we obtain for the function Fj
Fi=28-F4 (114)

and the equations
6= 28(Fs— ) =0, f+20(F—8) =0 (115)

for the functions o and #. It is easy to see that there exists a first integral of
equation {115):
o® 4+ 3% = R*, R = counst, (116)

where E is a complex constant in the general case. Note that (116) is satisfied
if we choose
a=Reosp, B=Rsinp, {117}
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with g () being a real function. Substituting (117} into (115), we obtain for the
function p a nonlinear differential equation:

f=2{Rsiny~ Fy) . (118)

The time derivative in (110} can be taken from equation (106). Then we obtain,
with allowance for (113) and (114},

V! = o —i{eoy + Bo3)| Ve (119)

Thus, we can see that for the SE with the external field (105} there exists
a Darboux transformation that does not violate the structure of the external
field. It has the algebraic form (119} and is determined by solutions of equations
(115), or by equations (118). To complete the construction, one has to represent
solutions of the set (115), or (118), with the help of the initial solutions. Such
a possibility does exist and is described below.

Let us fix £ = gy and construct the vector

L=(V,,0Vy,), (120)

see {135) from the Appendix. According to equation (34), this vector obeys the
equation

L=2[F,, xL], Fe, = (c0,0,F3) . (121)
In addition, equations (136) and {130) from Appendix imply that
=0, (122)

We construct solutions o and £ of the set (115), via the Cartesian components
Ly, 1=1,2,3, of L, as follows:

Ly I
Oé——*EoL—S, 8= 80L3- (123)
Equation (122) implies
o+ = . (124

Thus, we have expressed solutions of the set (115) via solutions of the initial
equations {106) at g = iR. Substituting (123} into (119), one can find the final
form of the Darboux transformation:

V! = Nosy [(UL) Lyt + 5303] Ve, (125)
]

where N is an arbitrary complex number. Using equation (147}, (159) from the
Appendix, we can transform (125) to a different form:

Vi=N {2 (Ve Ve) Ls toa Ve +z‘jmvs] . (126)
0

For the constructed Darboux transformation, one can check the following
properties:
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1. If F3 is real, then the function Fj is also real in case one chooses the
functions & and 5 to be real. This choice is always possible, according to
equations (115).

2. If' Fy is imaginary, then the function Fj is also imaginary in case one
chooses a to be real and 3 to be imaginary. This choice is always possible,
according to equations (115},

Consider, finally, a simple example of Darboux transformation. Let F3y = f
be a constant. Then the general solution of the SE can be obtained from (101)-
{103). It has the form

A ( e (n) - saoxb -l ) W= e, (127)

where p and ¢ are arbitrary complex constants. The functions o and G can be
easily found:

. Q _ f?_R2
“=T3o-p Pt
Q= Rcoshy, ¢ =2(wet+ o) , wg = R? - %, (128)

where R and @p are arbitrary complex constants. Then the function F¥ can be
found from {114}): ‘
y .f2 — R2 . L
By f+2Q_f . (129)
If f is real, then Fj is also real in case we choose a real R and a real ¢ for
R? > fZ. For R? < f?, replacing g by 4o, we also obtain a real F, which is
determined by (129) with @ = Rcosy and wg = +/|R2 — f2|. If f is imaginary,
then Fj is also imaginary in case we choose an imaginary R .
New solutions V! of the SE can be easily constructed according to formula
{119). We do not present here their explicit form, which is quite cambersome.
Note that for any f 0 such solutions do not coincide with the new solutions

-presented in the previous section.

10 Appendix

10.1 Spinors and related vectors

The following relations hold for any spinor V and its anticonjugate spinor V'
(12):
(V)=-V, (V,V)=(V,V), (V,V) = (V,V}=0. (130)

Since V # 0 and V are orthogonal, they are linearly independent. Therefore,
any spinor U can be represented as

U=WV,v) [((V, )V +(V,U)V]. (131)

24




In fact, this means that the completeness relation

VvVt + VvVt =(V,V)I (132)
. takes place. We note that
VUt = ( Uity Uit ) , det VUt =0. (133)
'szul U2u2

For any two spinors U and V, the following relations hold:

(U: V) = _(V: U), ([77 V) = _(I}a U)a (ﬁz V) = (V:- U) ;
(U: 17)(17, U) = (Ua U)(Va V) - (Ua V)(V1 U) = (UT? V) (V, I_]) > 0. (134)

For any two spinors U and V, we define a complex vector L as follows:
LY = (U,oV) = (ujvs + ujvn, tudvy — tuive, wivy —ujvg) . (135)
The following properties hold:
i) (Lu,v)* = L'u,u’ Lﬁ,ﬁ — _Lv,u,
i) L2VL* Y = 2 (U, V) (U, V) — (U, V) (U, V'),
111) Lv,'uLv,v — (I/, V)2 , L‘z‘J,’uLﬁ,u = L‘U,ELU,’E — 0,
iV} LEVLY T — 9 (V, V)2 \ LYLE? o= LYV LY7 = 0,
V) [L”"‘j X Lﬁ’”] =2{(V,V)L"", [L’j’” X L”’”] =i (V,V)L%",
[Lv,v % Lv,ﬁ] — Z(V, V) L'u,t“; ,
Vi) LY = (V, V)7 [(U, V)L + (U, V) L*7] . (136)
For any vector p and any spinor V, we derive, with the help of (131),
(op)V = (V,V) 7' [(L""p) V + (L**p) V] . (137)

Relations {136) imply that any spinor V produces three linearly independent
vectors:

L»v, L%, LYY, (138)
Any complex vector a can be decomposed in these vectors:
a=a;L"" 4+ aal’? + asL¥7,
aLv,v aL'v,ﬁ aLﬁ,v

=, az = , a3 = .
W T 20 T 2(v,0)

a1 (139)

It is useful to define three real orthogonal unit vectors e;, i = 1,2, 3, with
the help of the vectors (138),

o _Lv,ﬁ +Lﬁ,v o —iL'u,TJ_Lﬁ,U . L'u,'v
A R IUA I UA N

(140)
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The latter vectors obey the relations
e;e; =0, [ X e;] = e per, €3 =1, (141)

where ¢ is the Levi-Civita symbol (135 = 1), The inverse relations have the
form

Lo = (V,V)n, L7 = (V,V) (1 +ies) , 197 = (V,V) (o1 —ies) . (142)

Any spinor V can always be represented as
o [ e "% cos
V=N625( - 62 ),N2=(V:V), (143)
[ Slna
where N, o, 8, and  are real numbers. The anticonjugate spinor reads
_ o/ —e—¥sin® \
V = Ne~i% ( Co S0 ) . (144)

p L
€'z cos g

Considering 6 and  to be the angles of a spherical reference frame, we define
the corresponding unit orthogonal vectors ey, eg, and n,

eg = (cosf cosp, cosfsin, —sind) = [e, x n] ,
e, = (sinp,cosyp, 0) = [n x e ,
n = (sinfcosy,sinfsing, cosd) = [eg X e,] . (145)

In terms of these vectors, the vectors (138) and (140) can be written as
L = N’n, L™ = N? (eg + ie,) €', L*7 = N (e5 — ie,,) e 7%,
ey =egcosa—e,sine, ey =epsina + e, cos . {1486)
In addition, it follows from (137) and (146) that

oFV = nFV + (Feg + iFe,)exp (ia) V. (147)

10.1.1 Eigenvalue problem

Let us consider the general eigenvalue problem in the space of two-dimensional
spinors:
AV = AV, (148)

Here, A is a given complex 2 x 2 matrix and A is an eigenvalue. For nontrivial
solutions, the condition
det(A— AN =0 (149)

must hold. One can easily see that

det{A—AT) =A% — AtrA+detA. (150)
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With allowance for (150}, equation (149) implies that two nonzero eigenvalues
are possible:

Ay = % [trA + ¢4/ (trA)* — 4 det A] , (= +1. (151)
On the other hand, any 2 x 2 matrix A can be written as
A=qpl + (oa) = %trA + (ca). (152)

Then the eigenvalue problem (148) can be written in the form
(ca)V = AV, (153)

“where A=A — %trA.
For a® # 0, there exist two nontrivial solutions (since det{ca) = —a2).
Multiplying (153) by (oa) from the left, and taking into account that (ca)(sa) =
a?, we obtain

a?V = A’V = A = (Va?, ( =41, a’ £0. (154)

The corresponding eigenvectors ¥z can be written as

_ a3 + va? _ tog —a;
mm(al%a?),v_l—N_l(aﬁ\/;), (155)

where N, are normalization factors.
For a? = 0, the matrix (oa) is singular, and there exists a nontrivial solution
Vo of equation (153) for A = 0. Such a solution reads

%:N(w?a;“l),J:o. (156)

In a sense, the inverse eigenvalue problem can be formulated as follows: For
any two linearly independent spinors I/ and V, there exists a vector a such that
the eigenvalue problem (153) with this vector admits solutions V¢, ¢ = +1, of
the form

i=U,V_1=V. (157)

The vector a is determined by the spinors U and V with accuracy up to a
multiplier N, _
a= NL*Y, (158)

where the vector L™ is defined by (135). To prove the above statement, we
consider the matrix A%,

AYY = g% = 2VUT — (U, V) I

_ [ wivi—ugve 2udin (159)
2ujuo Uy — wIT]
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This matrix has the following properties:

AW = (AP det A% = — (U, V)E,
AWV = (U, V)V, AT = - (U, V)T,
UTA™ = (U, V)U*, V74 = — (U, V) V*. (160)

Then the proof of the statement follows from (159) and (160).
If we take the spinors U/ and V' to be orthogonal,

(U, V) =0 4= U =aV, a = const, (161)
then (158) is reduced to
a=N'L"", N'=—-o*N, (162)

see (130). Note that the vector L¥V ig real.

In particular, the above consideration allows us to conclude that the eigen-~
vectors U and V' of equation (153) are orthogonal iff the vector a is a product
of & complex factor and a real vector. In such a case, the spinors V and V obey
the completeness relation (132).
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