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Abstract

‘We consider the quantum-mechanical problem of a relativistic Dirac particle mov-

ing in the Coulomb field of a point charge Ze. In the literature, it is often declared
that a quantum-mechanical description of such a system does not exist for charge val-
ues exceeding the so-called critical charge with Z = o~1 = 137 based on the fact
that the standard expression for the lower bound state energy yields complex values
at overcritical charges. We show that from the mathematical standpoint, there is no
problem in defining a self-adjoint Hamiltonian for any value of charge. What is more,
the transition through the critical charge does not lead to any qualitative changes in
the mathematical description of the system. A specific feature of overcritical charges
is a non uniqueness of the self-adjoint Hamiltonian, but this non uniqueness is also
characteristic for charge values less than the critical one (and larger than the subcrit-
ical charge with Z = (v/3/2)a ! = 118). We present the spectra and (generalized)
“eigenfunctions for all self-adjoint Hamiltonians. The methods used are the methods
of the theory of self-adjoint extensions of symmetric operators and the Krein method
of guiding functionals. The relation of the constructed one-particle quantum mechan-
ics to the real physics of electrons in superstrong Coulomb fields where multiparticle
effects may be of crucial importance is an open question.

Keywords: Dirac Hamiltonian, Coulomb field, self-adjoint extensions, spectral analysis.

1 Introduction

It is common knowledge that the complete sets of solutions of relativistic wave equations
(like Klein-Gordon equation, Dirac equation, and so on) when used in quantizing the corre-
sponding (scalar, spinor, and so on) free fields allow interpreting the corresponding quantum
theories in terms of particles and antiparticles [1]. The space of quantum states of each
such a field is decomposed into sectors with a definite number of particles (the vacuum,
one-particle sector, and so on), each sector is stable under time evolution. A description of
the one-particle sector of a free QFT can be formulated as a relativistic quantum mechanics
where the corresponding relativistic wave equations play the role of the Schrodinger equation
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and their solutions are interpreted as wave functions of particles and antiparticles. In QED
(and some other models), the concept of the external electromagnetic field is widely and
fruitfully used. It can be considered an approximation in which a “very intensive” part of
the electromagnetic field is treated classically and is not subjected to any back reaction of
the rest of the system.The Dirac equation with such a field plays an important role in QED
with an external field. Of special interest are the cases where an external field allows exactly
solving the Dirac equation. There are a few of such exactly solvable cases of physically
interesting external electromagnetic fields, see, e.g., [2]. They can be clagsified into groups
such that the Dirac equations with fields of each group have a similar interpretation.

The constant uniform magnetic field, the plane-wave field, and their parallel combination
form a first group, the fields of this group do not violate the vacuum stability (do not create
particles from the vacuum}. The exact solutions of the Dirac equation with such fields
form complete systems and can be used in the quantization procedure providing a particle
interpretation for a quantum spinor field in the corresponding external background. This .
allows constructing an approximation where the interaction with the external field is taken
into account exactly, while the interaction with the quantized electromagnetic field is treated
perturbatively. Such an approach to QED with external fields of the first group is known
as the Furry picture, see, e.g., [3, 1]. In the Furry picture, the state space of the quantum
theory of the spinor field with the external fields is decomposed into sectors with a definite

-number of particles, each sector is stable under time evolution similarly to the zero external-
field case. The description of the one-particle sector also can be formulated as a relativistic
quantum mechanics {4]. We note that the solutions of the Dirac equation with an uniform
magnetic field provide a basis for the quantum synchrotron radiation theory [5], and the
solutions of the Dirac equation with the plane-wave field are widely used for calculating the
quantum effects when electrons and other particles of spin one-half move in laser beams [6].

A uniform electric field and some other electromagnetic fields violate the vacuum stability.
A literal application of the above approach to constructing the Furry picture in QED with
such fields is fails. However, it was demonstrated that existing exact solutions of the Dirac
equation with electric-type fields form complete sets and can be used for describing a vsriety
of quantum effects in such fields, in particular, the electron-positron pair production from
the vacuum [7]. Moreover, these sets of solutions form a basis for constructing a generalized
Furry picture in QED with external fields violating the vacuum stability, see [8]. It should be
noted that the one-particle sector in such external fields is unstable under time evolution, and
therefore, the corresponding quantum mechanics of a spinning particle cannot be constructed
in principle. :

A study of the Dirac equation with a singular external Aharonov-Bohm field, and with
some additional fields revealed problems of a new type. Although some sets of exact solutions
of the Dirac equation with such fields can be found, the problem of the completeness of these
sets arises. This problem is related to the fact that the Dirac Hamiltonian with the singular
external Aharonov-Bohm field should be additionally specified for it can be treated as a self-
adjoint (s.a. in what follows) quantum-mechanical operator. It can be shown (for a review,
see [9]) that in this case, there exists a family of s.a. Hamiltonians which are constructed
by methods of the theory of s.a. extensions of symmetric operators dating back to von
Neumann [10]. Each s.a. Hamiltonian yields a complete set of solutions which can be used
for constructing the Furry picture in QED with the singular external Aharonov-Bohm field



(this field does not violate the vacuum stability).

The Dirac equation with the Coulomb field, and with some additional fields, has always
been of particular interest. The Coulomb field is even referred to as a “microscopic external
field” to underline its qualitative distinction from the above-mentioned external fields which
are sometimes referred to as “macroscopic” ones. Until recently, the commonly accepted
view on the situation in the theory was the following. The Dirac equation for an electron
of charge! —e in an external Coulomb field created by a positive point-like electric charge
Ze of a nucleus of atomic number? Z < 1/a = 137 is solved exactly, has a complete
set of solutions, and allows constructing a relativistic theory of atomic spectra which is in -
agreement with experiment [11]. This field does not violate the vacuum stability, therefore,
the Furry picture can be constructed, and there exists the relativistic quantum mechanics of
the spinning particle in such a Coulomb field. As for the Dirac equation with the Coulomb
field with Z > 137, it was considered inconsistent and physically meaningless [12]-{15]. One
of the standard arguments is that the formula for the lower 1.5}, energy level,

By =mé\/1—(Za)?,

formally gives imaginary eigenvalues for the Dirac Hamiltonian with % > 137. On the
one hand, the question of the consistency of the Dirac equation with the Coulomb field
with Z > 137 has a pure theoretical (mathematical) interest, on the other hand, it is
~ concerned with the question of the electron structure of atoms of atomic numbers Z > 1/
and especially of atoms with nuclei of supercritical charge Ze > 170e . The latter question is
of fundamental importance. The formulation of QED cannot be considered really completed
until an exhaustive answer to this question is given. Although nuclei of so large electric
charges can hardly be synthesized3, the existing heavy nuclei can imitate the supercritical
Coulomb fields at collision. Nuclear forces can hold the colliding nuclei together for 10~
or more. This time is enough to reproduce effectively the experimental situation where
the electron experiences the supercritical Coulomb field {15]. Several groups of researchers
attacked the problem of the behavior of the electron in the supercritical Coulomb field,
see [15], [16]. The difficulty of the imaginary spectrum in the case of Z > 137 was attributed
to an inadmissible singularity of the supereritical Coulomb field for a relativistic electron
4. It was believed that this difficulty can be eliminated if a nucleus of some finite radius
R is considered. It was shown that with cutting off the Coulomb potential with Z < 170
at a radius R ~ 1,2 x 1072¢m, the Dirac equation has physically meaningful solutions
[17). But even in the presence of the cut off, another difficulty arises at Z ~ 170. Namely,
the lower bound state energy descends to the upper boundary E = —mc? of the lower
continuum, and it is generally agreed that in such a situation, the problem can no longer
be considered a one-particle one because of the electron-positron pair production, which
in particular results in a screening of the Coulomb potential of the nucleus. Probabilities
of the particle production in the heavy-ion collisions were calculated in the framework of

le = 4,803 x 107°CGSE is the magnitude of the electron charge.

2q = e*/he is the fine structure constant.

3At present, the maximum Z = 118.

*An equation for the radial components of wave functions has the form of the nonrelativistic Schrédinger
equation with an effective potential with the 2 singularity at the origin, which is associated with “a. fall
to the center”.




this conception [15]. Unfortunately, experimental conditions for verifying the corresponding
predictions are unavailable at present.

In this paper, we turn back to the problem of the consistency of the Dirac equation
with the Coulomb field with no cut off and with arbitrary nucleus charge values( with
arbitrary Z). Our point of view is that the above-mentioned difficulties with the spectrum for
Z > 137 do not arise if the the Dirac Hamiltonian is correctly defined as a s.a. operator. We
present a rigorous treatment of all the aspects of this problem including a complete spectral
analysis of the model based on the theory of s.a. extensions of symmetric operators and the
Krein method of guiding functionals. We show that from the mathematical standpoint, the
definition of the Dirac Iamiltonian as a s.a. operator for arbitrary Z presents no problem.
What’s more, the transition from the noncritical charge region to the critical one does not
lead to qualitative changes in the mathematical description of the system. A specific feature
of the overcritical charges is a non uniqueness of the s.a. Dirac Hamiltonian, but this non
uniqueness is characteristic even for charge values less than the critical one (and larger thay
the subcritical value with Z = (v/3/2)a™! = 118). Presenting a rigorous treatment of
the problem, we also compare it with the conventional physical approach to constructing a
quantum-mechanical description of the relativistic Coulomb system. It turns out that many
of mathematical results can be obtained from physical considerations except the important
property of completeness for the eigenfunctions of the Hamiltonian. The obtained complete
sets of solutions can be used to construct the Furry picture in QED. However, it is unclear
whether the neglect of the radiative interaction in such a Furry picture is a good zero
approximation to describing quantum effects in QED with the Coulomb field with no cut
off and with arbitrary nucleus charge values. In other words, a relevance of the constructed
quantum-mechanics with an energy spectrum unbounded from below to the real physics
of an electron in supercritical Coulomb fields where multiparticle effects may be of crucial
importance is an open question.

The paper is organized as follows. In Sec. 2, we present basic facts and formulas clar-
ifying the formulation of the problem and reduce the problem of constructing a s.a. Dirac
Hamiltonian with an external Coulomb field in the whole Hilbert space to the problem of
constructing s.a. one-dimensional radial Hamiltonians. In Sec. 3, we cite expressions for
the general solution of the radial equations and some particular solutions of these equations
used in the following. In Subsec. 4.1 and Appendix 4.5.2, we outline procedures for con-
structing s.a. extensions of symmetric differential operators and their spectral analysis. In
Subsecs. 4.2-4.5, we construct s.a. Dirac Hamiltonians in all four possible charge regions
and find their spectra and the corresponding complete sets of eigenfunctions.

2 Setting the problem

We consider the Dirac equation for a particle of charge ¢ moving in the external Coulomb
field of a point-like charge g¢; for an electron in a hydrogen-like atom, we have ¢z = —e,
g2 = Ze. We choose the electromagnetic potentials for such a field in the form

A=2 A =0
r o



The Dirac equation with this field, being written in the form of the Schrodinger equation,

ig®:

OF () &
i = HU(z), z= (:190,7:4: ) =(t,r),
where ¥ (z) = {¢,{z)} is a bispinor and the Dirac Hamiltonian H is given by
v g [ m-g/r op
H=qap+mp r_( op —m—q/fr)’ (1)
m i the fermion mass, p = ( = —zc‘i‘k) and ¢ = —q;qo; for an electron in a hydrogen-like

atom, we have ¢ = Za. For brevity, we call the coupling constant ¢ the charge. We restrict
ourselves to the case of ¢ > 0, because the results for the case of ¢ < ( can be obtained by
the charge conjugation transformation.

At this initial stage of setting the problem, the amiltonian H and other operators are
considered as formally s.a. differential operators, or s.a. differential expressions®, as we will
say [18], which is denoted by the turned hat Vv above the corresponding letter. They become
quantum-mechanical operators after a specification of their domains in the Hilbert space H
of bispinors ¥(r),

4
H=> %N,  Ho=IR?)

then the symbol V is replaced by the conventional symbol A over the same letter. In what
follows, we distinguish differential expressions f and operators f and call f the operator
associated with the differential expression f.

The purposes of this paper are constructing a s.a. IHamiltonian H associated with H,
which primarily means indicating a domain of A, and then finding its spectrum and eigen-
functions. _

We note that in the physical literature, the eigenvalue problem is conventionally con-
sidered directly in terms of the s.a. differential expression I as the eigenvalue problem for
the differential equation HU g (r) = E¥g (r), the stationary Dirac equation, without any
reference to the domain of the Hamiltonian”. It is solved by separating variables based on
the rotation symmetry of the problem. The rotation symmetry is conventionally treated in
terms of s.a. differential expressions as follows.

The Dirac Hamiltonian H formally commutes with the total angular momentum J =
L+ -;—2, where L = [r x P| is the orbital angular momentum operator and 33 is the spin
angular momentum operator, and the so-called spin operator K,

fc:ﬁ[H(m:)]_(f; 0 ) =1+ (of).

—X

5We use the bold letters for there-vectors and the standard representation for y-matrices where

{0 o o (T 0 e 0
o=(o 9)o=r=(0 1) = (5 5).
and o = (0‘1, 02,0‘3) are the Pauli matrices. We use the notation op =¢*p*, or =¢*z*, and so on. We set
B=c=1 in what follows.
83.a. by Lagrange in the mathematical terminology, or formally s.a. in the physical terminology.

TIn fact, some natural domain is implicitly implied.



The differential expressions H, J2, J;, and K are considered a complete set of commuting
operators, which allows separating the angular and radial variables and reducing the to-
tal stationary Dirac equation to the radial stationary Dirac equation with a fixed angular
momentum, its z-axis projection, and a spin operator eigenvalue.

We here present a treatment of the problem which is proper from the functional analysis
standpoint. We construct a s.a. Hamiltonian H based on the theory of s.a. extensions of
symmetric operators and on the rotation symmetry of the problem. This means that we
first define a rotationally invariant symmetric operator H© associated with s.a. differential
expression H (1), which is rather simple, and then find its rotationally invariant s.a. exten-
sions. Because the coefficient functions of H are smooth out of the origin, we choose the
space of smooth bispinors with a compact support ® for the domain Dy of H®. To avoid

troubles with the 1/7 singularity of the potential at the origin, we additionally require that

all bispinors in Dy vanish near the origin®. The operator H@is thus defined by

70 . { Dy ={¥(r) : ¢o(r) € D(R®); () = 0, r UL},
| HOU(r) = H¥(r),

where D(R?) is the space of smooth functions in R® with a compact support and U, is some

vicinity of the origin which is generally different for different bispinors. The domain Dy
is dense in H, Dy = H, and the symmetricity of HO ig easily verified by integrating by
parts.

We now take the rotational invariance into account The operator HO ev1dently COIm-
mutes with the s.a. angular momentum operator_ J= {Jk} and the s.a. operator K associ-
ated with the respective differential expressions J and K. The operators Ji aze defined as
generators of the unitary representation of the rotation group Spin(3) in the Hilbert space
‘H. The Hilbert space H is represented as a direct orthogonal sum,

H= ZGBHJ',C: Jj= 1/2?3/2:} ¢ = =1, (2)
g ,.

of subspaces H, .. The subspaces H,; ¢ reduce the operators 32, J,, and K,
@i2 s ®; 7 ® 7
Z B Jo= D" Jye, K= 7 Kje.
j’c j’c
In its turn, the subspaces H;, are finite direct sums of the subspaces

Jg—Z Himgs M= —4,—j +1,.. (3)

The subspace H, ar,¢ is the subspace of bispinors U, ¢ (r) of the form

1 Quc8,0)f ()
Yyare (r) = = ( @'Qj,ﬂniic(ﬁ’jo@g (r) ) ’ Y

8We thus avoid troubles associated with a behavior of wave functions at infinity.
9Strictly speaking, we thus leave room for §-like terms in the potential.
10This means that the operators J2, Js, and K commute with the projectors to the subspaces H; ¢, see [18].




where £ 1r,(#, p) are spherical spinors and f (r) and g (r) are radial functions (the factors
1/r and % are introduced for convenience). The subspaces H; ac are the eigenspaces of the
operators J%, J;, and K: ‘

PUjarc (1) = 50 + D)1 (0, JsWsane (£) = MUy,

KW (r) = (00 +1/2)Ujare (X)),
and evidently reduce the operators J2 jg, and K. In the physical language, decomposition
(2), (3) corresponds to the expansion of  bispinors ¥ (r) € H in terms of the eigenfunctions of
the commuting operators 32, Js, and K which allows separating variables in the equations
for eigenfunctions. A

We note that the reductions Jj ;¢ of the operators Jl,g to the subspaces H, ¢ are bounded

operators.
The following fact is basic for us. Let £2(0,00) be the Hilbert space of doublets F'(r),

wo-(50)
with the scalar product

Fu )= [ aE OR0 = [ [ATRO 5D 0)],

such that £2(0,00) = L*(0, 00)®L*(0, c0). Then formula (4) and the relation

1P = [ ¥y 0 Waas@) = [ arllfF + lot)F)
show that the Hilbert space Hjas,¢ is unitary equivalent to the Hilbert space £2(0, co0):
F=Ujncings Ciaag =UppcF

the explicit form of the unitary operator U is defined by (4).
The rotational invariance of H® is equivalent to the folloxying statement.
1) The subspaces H, ar¢ reduce this operator, such that H(® is represented as a direct

orthogonal sum of its parts H (0} and H (0) a1,c that are the reductions of HO to the respective
Hj,g and Hj,M,Ca
G0N D FO  FO_NTD F0)
AO=) S HQ, Hi=> ~ H. (5)
e M

Each part a9 ;ar¢ 18 & symmetric operator in the Hilbert space H; . Each symmetrlc

operator bigw) ;e 1 the subspace Hj e evidently induces a symmetric operator A ;¢ in the
Hilbert space £2(0, 00),

A 0 ~ 0 .
AP = Uy B Winrg,

such that hioc) =UjmcH ;501\)4% .?_MC’ and h(c} is given by

. D 0 = D (O o0),
A i 6
5¢ { h(oip(‘]”) J CF(T‘) ( )



~ where D(0,00) = D(0,00)}®D{0, 00}, D(0, oo) is the standard space of smooth functions on
(0,00) with a compact support,

D(0,00)={f{r): f{r)ye C®, suppf C [a,b], 0 < a <b<oc},

the segment [a, ] is generally different for different f, and the s.a. radial differential expres-
sion hj¢ is given by
hyc = —iazg?—; + —fal — g—i— mo?, (7)
where s = ((j +1/2)." 5
2} The differential expression h;. and consequently, with taking (6) into account, the
operator fz(o) with fixed 7 and ¢ is independent of M. This fact is equivalent to the com= .

mutativity of the operator HO (\V)lth the operators yA and Jg, or more precigely, to the

commutativity of the operator H? ;¢ With the operators Jy 24¢- In the physical terminology,

h ¢ is called the radial Hamiltonian, but strictly speaking, the radial Hamiltonian is a s.a.
operator k. associated with ;.

In what follows, by the rotational invariance of any operator f , we mean the fulfilment
of the following conditions:

1) the reducibility of this operator by the subspaces H; ¢ and therefore, by H, ¢, such
that formula similar to (5) holds for the operator fi '

2) the commutativity of its parts fJC with the bounded operators Ji 25,¢ for fixed 7, ¢.

Let h:,,c be a s.a. extension of the symmetric operator hng in £%(0,00). It evidently

induces s.a. extensions H M of the symmetric operators H © i, 10 the subspaces Hj ¢,

Hjnne = Uiy hicUsnnes (8)

~

and the operator H G = Z@M H; prc commutes with jl,Zj,C- Then the closure of the direct

orthogonal sum :
D g
A= Z Hj o= Z Hijng (9)
FMig .

is a s.a. operator in the whole Hilbert space H [19], and Hisa rotationally invariant
extension of the rotationally invariant symmetric operator H©.

Conversely, any rotationally invariant s.a. extenszon H of the initial operator H® has
structure (9), and the operator fjc = Uj o H; mcUsyg Mg in £2(0,00) is independent of M
and is a s.a. extension of the symmetric operator h(o

The problem of constructing a rotationally invariant s.a. Hamiltonian H is thus reduced
to the problem of constructing s.a. radial Hamiltonians h‘JC

In what follows, we operate with fixed 7 and ¢ and therefore omit these indices for
brevity. In fact, we consider the radial differential expressions h;, as a two-parameter

'We note that D (0,c0) is dense in £2(0,o0), because, as is known, D (0,00) is dense in L#(0, 00), and

the symmetricity of E; 1.'2{4 is easily verified by integrating by parts, which confirms the above assertion.

12Roughly speaking, this means that s.a. extensions of the parts H ( 134 ¢ with fixed jand ¢ and different
M's must be constructed “uniformly”.



differential expression f with the parameters g and s (the parameters j and ¢ enter through
one parameter s, the parameter m is considered fixed) and similarly treat the associated
radial operators A and A defined in the same Hilbert space £2(0, co).

3 (General solution of radial equations
Later on, we need some special solutions of the differential equation
hF =WF,

or, which is the same, the system of equations

(AT Qg =

{_E—E-Lf (W+m+§)g 0, (10)
dr _?g+(W_m+r)f:0’

with an arbitrary complex W; real W are denoted by E and have the conventional sense of

energy. We call Egs. (10) the radial equations. For completeness, we present the general

solution of the radial equations following the standard procedure, see, e.g., [13, 14]. We first

represent f(r) and ¢(r) as

F(r) = 2P (2) + Q(2)], 9(r) = —iAzTe [P (2) — Q(2)],

where z = —21Kr, Y, A, and K are some complex numbers that are specified below. The
radial equations then become the equations for the functions P and ¢}, Setting
gW
T2 = 3% — ¢, a:T—z%, f=1+42T,
WEtm=pe¥, 0<p, <27, (11)

A= fg//’;g = ,fz_;e%(sa_—m) K = VW2 Zm2 = Me%(w—"“’”),

we reduce (10} to the system of equations

d*Q dQ
' ZEZ-E"F()B—Z)E;—O&Q:O,
1 d

The first equation in (12) is the confluent hypergeometric equation [20, 21] for Q.
Let?® T # —n/2, n = 1,2,..., then its general solution can be represented as

QZA(I)(aaﬁ;z)'E_BlII(a:ﬁ;z)a (13)
13The parameter T is defined by (11) up to a sign. A specification of T is a matter of convenience.
In particular, for specific values of charge, we also use a specification of T where T = —n/2, this case is

considered separately below.
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where A and B are arbitrary constants, ®(a, 3;z) and ¥(a, 3; z) are the known confluent
hypergeometric functions, for their definition, see [20, 21] (the function ®(a, B; 2) is not
defined for 5 =0,-1,-2,...). It follows from egs. (12) and (13} that

. )= W . B:
P= g/ E) A®(a +1,8;2) B(T+1K)\If(a+l,ﬁ,z).

The general solution of radial equations (10) for any complex W and realm, 2, and q is
finally given by

Fr) = 2Te**{Al®(, 8 2) — a4, ®(a + 1,8 2)] + Bl¥(a, 85 2) + b¥(a + 15 8; 2)]},

o(r) = AT P AB(0, B, 2) + axBla+ 1,5, 2)] + B, 5;7) ~ b(a | 1;6; 2]},
. _ E2TK —igW b__%K+iqm ' |
T T NK —igm K ' _ _

Taking the relation
®(a+1,8;-2iKr) = e #*"®(8 — a — 1, 5; 2iKT)

into account, see [20, 21}, it is convenient to represent the general solution of radial equations
(10} in the form

F= ( g ) = AX(r,Y, W)+ Bz"e™*? [U(a, B; 2)04 —bT(a+1,52)0_], (14)

+1
()

where the doublets ¥, are

and the doublet X is

_ (mn)Y 0 m+ W
X == 1o (nT,W)+ o (nTW) | 0 Uiy
: w ) N
P, =P (’r + L7 140, —2@'K'r) + "7 (T - q—ﬂi 1+27; Qinr) : (15)
iK 1K
_ L ke qgW o iy gW o
o= [e (I)(T+Z_K,1+ZT,—-21KT)—6 & (T — 2, 1+ 205 2iKr ) |

the doublet %, is one of doublets u+ which are used below,

(=)
Ut = | 1 |-
g

We now present some particular solutions of radial equations (10) which are used in the
following.
One of the solutions given by (14) with A =1, B == 0, and a specific choice for T is

Uy W) = X(n T, Wy, » | (16)
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where

T. — V%2_q2:QS|%|7
* vV q2_ %27 q> I%L

in what follows, we set v = /22 — g% ande = +/¢? — 2. The asymptotic behavior of the
doublet Uy (r; W) at the origin is given by

Uay(r; W) = (mr) Trug + O T+, r — 0. (17)
In the case where T # n/2, n = 1,2, ..., we also use another solution
U (r; W) = X(r, T, W)lT:—T_;. (18)
with the asymptotic behavior
Uy (r; W) = (mr)" Tu_ + O™+, r — 0. (19)

For ¢ # qo = || = j+ 3, Le. for Ty # 0, the solutions Upy(r; W) and U (r; W) are
linearly independent,

27
Wi (U, Urg)) = _T+’ (20)

where Wr(Fy, Fy) = Fiio?Fy = figa— g1 f2 is the Wronskian of the doublets Fy = ( 51 )and
1

f2

= ( g2 ) . |

It follows from the standard representation for the function ® that for real T (T # —n/2),
the functions @, and ®_ in (15) are real-entire functions of W, i.e., they are entire in W and
real for real W = E. It then follows from representations (16) and (18) that the respective
doublets Uiy (r; W) and Ugy(r; W) are also real-entire functions of W for real T, = . If
T is pure imaginary, T = i, then Uy (r; W) and U (r; W) are entire in W and complex
conjugate for real W = E, Uny(r; ) = Uy (r; E).

Another useful solution nontrivial for Ty # n/2, n =1,2,..., is given by (14) with A =0
and a special choice for B: )

Voy (r; W) = BW)(mr) "+ [{a, ; 2)04 — 0T (o + 15 55 2) 9],
D(=Ty + gW/iK) _ 1

B(W) = = = e . 21
W) = R —a) = =2t B0 -
As any solution, V{yy is a special linear combination of Uiy and Uy,
Vay (r W) = Upy(r; W) + %W(W)U(z)(f; w), (22)
where |
w(W) = -Wr{Upn), Vi) =
2T PRYOD(=Ty + qW/iK)(1 — a.)(2e™™ 2K /m)~ "1+ H(W) (23)

ql'(—2Y (T + gW/iK)(1 —ay) T (2T
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We note that if SW > 0 and r — o0, the doublet Upy{r; W) increases exponentially while
Viuy{(r; W) decreases exponentially (with a polynomial accuracy).

'The doublets U and V{yy are not solutions linearly independent of Uty at the points
T, = v = n/2 where Uy, is not defined while ;) vanishes. We need their analogues
defined at these points and having all the required properties, in particular, real-entirety in
W. Unfortunately, we can construct such solutions only in some neighborhood of fixed n.
The corresponding solutions are labelled by the index n.

According to (21), the doublet V{;) tends to zero like 1/T'(—~27) as v — n/2. It then
follows from (22) that the doublet Uy has a singularity of the form I'(—2+) at the point
v =n/2 and can be represented in a neighborhood of this point as

U (rs W) = T(=27) Aa(W)U0y (r; W) + Ungz (r; W), (29 -

(W) = (—%ﬁ)mﬂ (25)

where

and Uy (r; W) has a finite limit as v — n/2 and evidently satisfies radial equations {10).
A direct calculation*® shows that A,(W) is a polynomial in W with rea} coeflicients, and
because Uy (r, W) and U (r, W) are real entire in W, the doublet Uy (r; W) is also real
entire. We thus obtain that the doublet U1 defined by

Uniz)(r; W) = Upgy (r; W) — D(=27) A (W) Uy (m; W) (26)
and satisfying the condition
Uy (ry W) = (mr) u_ + O(r~ 1Y), r — 0,

is a solution of radial equations which is well-defined in some neighborhood of the point v =
n/2, the point itself included. This solution is linear-independent of Uy, Wr (U, Uniz)} =
—27/g, and is real entire in W. According to relations (22)-(24), the doublet V{;) is repre-
sented in a neighborhood of the point ¥ = n/2 in terms of the finite doublets Uy and Uy

Viay (5 W) = [L+ 500 ) AUty r5 W) + 5 Wy 5 W),
where according to (25) and (23) the factors 1+ Lo(W)A,(W) and w(W) tend to zero like
1/T(~2v) as ¥ — n/2. This allows introducing the doublet

1
1+ (W) A (W)

Voy(r W) = Viy(rs W) = Upy(r; W) + %WH(W)Un(Z)(T; W), (27)

where

w(W) _ (W)
1+ La(W)A(W)  T(=27)[l + Za(W)A.(W)]’
which is evidently a solution of the radial equations well-defined in some neighborhood of
the point v = n/2, the point itself included, and exponentially decreasing as r -+ 00. The

wn(W) = (28)

MWith the use of the equality T'(w + 1) = wl'(w).
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function w, (W) is also well defined in some neighborhood of the point v = n/2 and at the
point itself. We point out that the useful relations

V15 W) = Voo i W), (29)
1 q 1
———-—wn(W) = 5;F(—27)AR(W) -+ m (30)

hold; strictly speaking, they are meaningful for v # n/2 and show that the r.h.s.s are
continuous in +y at the poinis v = n/2.

The doublets Upoy(r; W) and Vi qy(r; W) are the required analogues of the doublets
Uig)(r; W) and Vi3y(r; W) defined in the neighborhood of the point v = n/2 and at the point
itself.

It remains to consider the special case of ¢ = g; = 7 +1/2, or T = 0, where the doublets
Uy and Ug) coincide while Vi3y vanishes. Let Uy (r; Wy), Uy (r; Wiy), and Vigy(r; W1y)
denote Uy, Uz, and Vigy with v # 0. Differentiating radial equations (10) for Uy with
respect to v at v = 0, we can easily verify that the doublet

Wa W) _ . U Wh) = Ue (s Wi)
Oy 70 2y

T=0
is a solution of these equations with v = 0. For two linearly independent solutions of radial
equations (10) with v = 0, we choose

Uny(ry W) = Uny(r; W10),

U{l)('r; W) = Uy + O(T)? r—0, (31)
and
Uy (r; W0y ¢ .. .
UD (W) = =2 2 (e WO),
(2)( ) Dy e () |0)
U((zo)) (rW) = WOy + O(rlnr), r — 0, (32)

where uy and w©(r) are

()eo-(hmeE) e

The Wronskian of these solutions is

1
We(Uto, Ufy)) = — (34)
ej

The both doublets Uy and U(z) are real entire in W.
As an analogue of V{;) in the case of v = 0, we take the doublet

VG (rs W) = i =T(=29)Viay (r5 W) = (35)

. F(Q) iKr . : . - 3 1
= T4 [\II(cv,l,—ZzKT)—|—b‘11(a+1,1,—21K7")a] L



14

where _
W W CK +im

= b =g,
K m+ iK' %

Its representation in terms of I/;y and U((z)) is given by
VW) = U W) + 4 W)Uy (75 W),
WOW) = —We(UG) (r; W), V) (s W) = (36)

In{2e~ 2K fm) + ¥ (—igu; W/ K) -+ ((WQ— mv%/—}— K 214(1)

ch

where 1 is a symbol of the logarithmic derivative of the I"-function. We note that if %‘W >

0, the doublet V ('r W) is square integrable, V(i) (ry W) € £2(0,00), and exponentlally
decreases as r — oo

4 Self-adjoint radial Hamiltonians for different regions
of charge ¢

4.1 Generalities

In this section, we construct a s.a. radial Hamiltonian'® % in the I-Iﬂbert space £2(0,00) of
doublets as a s.a. extension of symmetric radial operator A (6) associated with the radial
differential expression A (7) and analyze its spectral properties.

The extension procedure includes the following steps [22]:

R RN
1) evaluating the adjoint operator A* = (h{o)) and estimating its asymmetricity in terms

of (asymptotic) boundary values of doublets belonging to the domain D, of Rt

2) constructing s.a. extensions h of h(®) as s.a. restrictions of the adjoint /* specified by
some (asymptotic) s.a. boundary conditions at the origin!®

It turns out'” that the result crucially depends on the value of the charge ¢: different
regions of the charge are assigned different s.a. radial Hamiltonians in the sense that they
are specified by completely different types of (asymptotic) s.a. boundary conditions. What
is more, for sufficiently large charges, a s.a. radial Hamiltonian is defined non-uniquely, such
that there is a one-parameter family of s.a. Hamiltonians for fixed 3¢ and g. Therefore, our
exposition is naturally divided into subsections related to the corresponding regions of the
charge; actually, there are four of them. _

For each region, we perform a full spectral analysis of the obtained s.a. Hamiltonians, in
particular, we find their spectra and (generalized) eigenfunctions. The analysis is based on
the Krein method of guiding functionals and includes the following steps:

i) constructing the guiding functional,

15We omit indices in the notation of &, A(®, and &, see the end of Sec. 2.

*$We note that this method of consiructing & allows avoiding an evaluation of the deficient subspaces
and deficiency indices of (9, the latters are determined by passing.”

7 Actually, this becomes clear at the first step.
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ii} evaluating the resolvent,

ili) evaluating the spectral function,’

iv) constructing the so-called inversion formulas that are mathematically rigorous formu-
las for the Fourier expansion of wave functions with respect to the (generalized) eigenfunc-
tions of the s.a. Hamiltonian.

We compare this analysis with heuristic physical considerations based, in particular, on
the rule of “normalization to é-function” for eigenfunctions of the continuous spectrum.

Our first task is constructing a s.a. radial operator h in accordance with the above
scheme, which mainly reduces to indicating its domain Dy, Dy C Dy C D,. It can happen
Ehat such a domain is non-unique, and it really is for some values of number parameters in
h.

The domain for a s.a. differential operator on an interval of the real axis is conventionally
specified by the so-called s.a. boundary conditions at the ends of the interval for the funetions
belonging to the domain. Our task is to indicate these conditions for the doublets F € Dy,
at the boundaries r = 0 and r = oo which are the so-called singular ends of the differential
expression b (7), see [18]. The singularity of the left end r = 0 is due to the nonintegrability
of the free terms (the coefficient functions without derivatives) in . In the case of singular
ends, there is no universal explicit method for formulating s.a. boundary conditions. In our
case where the coefficient function in front of the derivative d/dr is independent of r, while
the free terms are bounded as r — oc, the problem of s.a. boundary conditions is related
only to the left end r = 0. '

We begin with the adjoint h* of the initial symmetric operator RO, Using the known
distribution theory arguments {or extending the known results for scalar differential opera-
tors [18] to the matrix differential operators), we can easily verify that the adjoint operator
h* is given by

. Dh*:p*z{

F : F are absolutely continuous in (0, 00}, }
h* ’

F LF = G € £2(0,00), (37)
h*F (r) = hF (r),
i.e., the adjoint h* is associated with the same differential expression £, but defined on a
more wide domain D, Dy C D,, which is the gso-called natural domain for the differential
expression h. Because the coefficient functions of the differential expression h are real, it
follows that the deficiency indices of the initial symmetric operator 7%are equal and therefore
s.a. extensions of A do exist for any values of parameters s and g.
It is convenient to introduce a quadratic asymmetry form A, for A* by

A (F) = (RiF) - (FF) =28 (FiF) =
- fo " () (AF) () - /0 " ar (hF)T () F (). (38)

The quantity A, (F) is evidently pure imaginary'®. The form A, yields a measure of the
asymmetricity of the operator A*, it shows to what extent the operator A" is nonsymmetric.
If A, = 0, the operator h* is symmetric and therefore s.a..This also means that A is

8The quadratic asymmetry form A, is a restriction to the diagonal of the sesquilinear anti-Hermitian
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essentially s.a. and its unigue s.a. extension is its closure, h= fz(m, which coincides with the
PN T . ot

adjoint, A = h* = (h) I A, # 0, a s.a. operator h = (h) is constructed as a restriction

of the operator h* to the domain D, C D, such that the restriction of A, to Dy, vanishes

and Dy, is a maximum domain ¥ [22].
Using integrating by parts in r.h.s. in (38), it is easy to verify that A, is represented as

A, (F) = [F] (00) = [F](0) , (39)

where
1] (00) = lim [F] (r) and [F] (0) = lim [F] ()

are the corresponding boundary values of the quadratic local form [F] (r) defined by

[F] (r) = =iF*(r)o®F(r) = ={f(r)g(r) — g(r)F ()] = —2iS [ (r)g(r).

These boundary values certainly exist because of the existence of the integrals in r.hs. in
(38); for brevity, we call them the boundary forms at infinity and at the origin respectively.
The asymmetry form A, is thus simply determined by the boundary forms®* [F](50) and
[#] (0).-

We prove that for any F' € D,, we have

lim F (r)=0.

=00
We first note that F € D, implies that hF = G is square integrable together with F. It in
turn follows that
dF
—(T) = (—ﬁog +ido? 4 mal) F(r) +1i0°G(r)

dr r r

is square integrable at infinity 2. It now remains to refer to the assertion that if an absolutely
continuous F(r) is square integrable at infinity together with its derivative dF(r)/dr, then
F(r) — 0 as r — oo; this assertion is an evident generalization of a similar assertion for
scalar functions. Therefore, the boundary form at infinity is identically zero: for any F' € D,
we have '

[F] (00} = 0,

asymmetry form w, defined by
wy(F1, Fa) = (Fl,fl;Fz) - (EIF1,F2) =
e.o] O
- ] drEF () () (r) - f dr ()" () Fa (),
0 0

the forms A, and w,define each other [22].

197 e., a domain that does not allow further extending with the condition A. = 0 conserved.

2The quadratic local form [F](r) is a restriction to the diagonal of yhe sesquilinear anti-Hermitian local
form
[, B](r) = —iFo?Fa(r) = —[f1(r)g2(r) — g1(r) f2(r)]- These two forms define each other.

21 The representation (39) is a particular case of the so-called Lagrange identity in the integral form.

22A doublet F(r) is square integrable at infinity if [ drF*(r)F(r) < oo for sufficiently large R.
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and the asymmetry form A, is determlned by the boundary form at the origin: for any
F e D,, we have

A (F)y =~ [F1(0) = (fg =),y - (40)
For evaluating this boundary form, we have to find the asymptotic behavior of the doublets
F € D, at the origin. It turns out that the doublets F' can tend to zero, be finite, or infinite,
or even have no limit as » — 0 depending on the values of the parameters sc and ¢: at fixed
7, we must distinguish four regions of the charge ¢ that are defined by the two characteristic
values g,; and ¢e; (guj < ge;) of the charge,

1 —
@ =7 =7 =Vi(+1) =
: 1 —
T=fy:§ = Zy; = 1371\/5 (5 + 1),

1
=]%|=j—{-§ = T=0 << Z,;=137(j +1/2).

The evaluation of the asymptotic behavior of F € D, at the origin is based on the
following observation. According to definition (37), the doublets F' € D, can be considered
as square-integrable solutions of the inhomogeneous differential equation

hF (r) = (——icha% + gal - g + mas) F(ry=G(), (41)

with the r.h.s. G belonging to £2(0, oo} and therefore locally integrable, which allows apply-
ing the general theory of differential equations (see e.g. [18]) to equation (41). For estimating
the asymptotic behavior of F (r) at the origin, it is convenient to represent (41) as

hoF(r) =G (r), (42)
where 5 p '
he = —ic%0, + =o' — g G_(r) =G (r) — mo®F (r) € £2(0, o).
Let Uy and Uz be lincarly independent solutions of the homogeneous differential equation
h U=0,

Ur(r) = (mr)™*uy, >0,

(mr)_T+u_ y g > 01 q 7é Qe (T+ 7é 0):

Ua(r) = @ = [ 007r) = (/g (T — (43)
V) ul(r) = ¢ln(mer) g=qy (YL =0).
Any solution F'(r) of inhomogeneous differential equation {42} can be represented as
Fr) = cli(r) + ela(r) + Li(r) + Ia(r) , (44)

where ¢; and ¢y are some constants and
7 () @ Ua()IG-(y)dy, 0 < g < gy,

L(ry=< —5= [{[0:(r) @ )G-(y)dy, ¢> quy, 47
i fo [U1(r) @ (G- (y)dy , ¢ = g,
_ [ A L) @ W@IG-W)dy, 4> 0, ¢ # ¢,
L) = { qqi, Ta(r) ® Ui ()G (9)dy» 4 = a5 #)
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where ® is the symbol of tensor product, such that [[/1(r) ® Us{y)! is a 2 x 2 matrix , and
re > 0 is a constant. It turns out that the boundary form [F] (0) is determined by the two
first terms in r.h.s. in representation (44) and essentially depends on the parameter Y.

4.2 First noncritical region

The first noncritical region of the charge is defined by the condition

4.2.1 Self-adjoint radial Hamiltonians

The representation given by formulas (43} — (45) allows evaluating the asymptotic behavior

of F € D, at the origin. According to {43), the doublet Uy (r) ~ 7 is square integrable at the ’

origin, whereas the doublet Us(r) ~ r~7 is not. Using the Cauchy-Bounjakowsky inequality
for estimating the integrals I;(r) and Iy(r) (45), we find

L(r) = O3, Li(r) = 0FY?), r — 0. (46)

It follows that for F (r) to belong to the space £2(0,00), it is necessary that the coefficient
¢z in front of U () in {44) be zero, ¢y = 0, which yields

F(r) = qUi(r) + Ii(r) + L(r) = O(rY?) — 0, r — 0, (47)
whence it folows that for any F' € D,, we have
[F](0) = 0.

This means that in the first noncritical charge region, 0 < g < gy;, or v > 1/2, the operator

B* = his s.a. and it is a unique s.a. operator associated with s.a. differential expression ﬁ
(7)%, such that

o

F, hF € £2(0, 00),

D { F : F are absolutely continuous in (0, 00), }
h ==
hF (r)=hF (7).

(48)

We note that this result actually justifies the standard treatment of the Dirac Hamiltonian
with ¢ < V3/2, or Z < 118, in the physical literature where the natural domain for 4 is
implicitly assumed?*.

We now proceed to the spectral analysis of the obtained Hamiltonian in accordance with
the scheme described in Subsec 4.1. A necessary short information on each item of this
scheme is given in Appendix 4.5.2.

#We point out a particular corollary: the deﬁcienéy indices of the initial symmetric operator (") are
(0,0) in the charge region 0 < g £ gu; (v = 1/2).

24The uniqueness of the Hamiltonian also implies that the notion of § potential for a relativistic Dirac
particle cannot be introduced, which maybe manifests the nonrenormalizability of the four-fermion interac-
tion.
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4.2.2 Spectral analysis

Guiding functional In accordance with the requirements in Appendix 4.5.2, for the dou-
blet U defining guiding functional ®(#; W) (1), we choose the doublet Uyy(r; W) given
by(16) — (17},

U{r,W) = Uny(r; W),

the doublet U(r; W) is real-entire,see Sec. 3.

For D, we choose the set of doublets F(r) € Dy = D, with a compact support. It is
evident that D is dense in £*(0, co0).

The guiding functional ® with these U and D is simple, i.e., satisfies the properties 1)-3)
presented in Appendix 4.5.2. The property 1) is evident, the property 3) is easily verified
by integrating by parts, and it remains to verify the property 2): the equation

(h— Eo)¥(r) = Fo(r),

where Iy € D and satisfies the condition
(I)(FU, EQ) = / U(T; E[))F[}(T)d?ﬁ =1,
0

has a solution belonging to D.

At this point, our exposition is divided into two parts because it is convenient to con51der
the cases of v # n/2 and v = n/2, n = 1,2, ..., separately. We first consider the case of
v # n/2, after which the extension of the obtained results to the case of v = n/2 becomes
evident.

In the case of v # n/2, any solution of the inhomogeneous equation allows the represen-
tation

U(r) = qU(r; Eo) + c2Upgy(7; Bo) + %/ [U(r; Eo) @ Uy (y; Eo)| Foly)dy+

T

+2 / Uy Eo) ® Uy, Eo)| Fo(y)dy, (49)

where Ugg)(r; W) is given by (18) — (20). This representation is a copy of representation (43)
- (45) for a solution of Eq. (42), where we can take ry = oo because of the compactness
of the support of Fy. The integral terms in this representation have a compact support: if
suppFy C [a,b], 0 < o< b < oo, they vanish for r > b. Choosing ¢; = ¢ = 0, we obtain a
particular solution ¥ with a compact support that has the form

¥ = & [ Wi B 9 Vs Bl Pt
T
+ 2 [ Wers o) ® Ul Bl o)y (50
Taking the asymptotic behavior of the doublets U = Uy and Uy at the origin (see (17),
(19)}, and estimate (47) for Fp into account, we find that the asymptotic behavior of this

solution as r — 0 is of the form W(r) = O(r?), § = min(y, 3/2), whence it follows that
v eD.
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Green’s function To find Green’s function G(r, ', W), SW # 0, of the s.a. operator h
associated with the s.a differential expression h is to represent a unique solution ¥{r) € D),
of the differential equation

(h = W)®(r) = F(r) (31)
with any F(r) € £2(0,00) in the integral form

B(r) = /D " Gl WGV, (52)

For our purposes, it is sufficient to consider the case of YW > 0. As any solution, ¥ allows
the representation

U(r) = el W) + oV (r; W) + Z)"Zlﬁ / S0 W) © Vi W F(y)dy+

1 T
4 m/ﬂ V(W) ® Uly; W)F(y)dy,

where V(r; W) = Vy(r; W) and w(W) are given by the respective formulas (21), (22),
and (23). This representation is a copy of representation (49) with the change of Uy to
Vigy- It is correct because Viqy(r; W) with W > 0 decreases exponentially as » — co. The
condition ¥ € £2(0, 0o), which is sufficient for ¥ to belong to Dj, (because then automatically
AW = WW + F 2 £2(0, 00)) implies that ¢; = ¢p = 0: otherwise, ¥ is non-square-integrable
at infinity (if ¢; 5 0) or at the origin (if ¢; # 0) because U(r; W) with W > 0 exponentially
grows as r — oo and V(r; W) is non-square-integrable at the origin. We thus obtain that
the solution ¥ € Dy, of Eq. (51) with any F € D}, is represented as

¥0) = S / U W) ® V(s W F(y)dy+

1 T
b / [V(r; W) & Uly; W) F(y)dy,

which is the required representation (52) with

ﬁW)V(T; WyeU@r,w), r>7r

/. .
Gl rs W) = { AU W) @V W), r<r (53)

This expression for Green’s function allows evaluating the spectral function o(E) of the
radial Hamiltonian A and writing the inversion formulas in accordance with the instructions
in Appendix 4.5.2 (see formulas (2) - (7)).

Spectral function and inversion formulas According to (7), (53), and (22) we obtain
that

1
w(W)

- SR W) QUG W) + U6 W) @ Un (@ W),

Mg W)= UiegW)V(igW) =
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and because U(c; E) = Upy(c; E) and Ugy(c; E) are real, formulas (5) and (6) then yield

do(E) 1, _ 1
— I 4
T = A s (54)

for the spectral function ¢(E) of the radial Hamiltonian A, where lim in (54) is understood
in a distribution theoretic sense as well as do(E)/dE.
The spectral function is thus determined by the {generalized) function Sw™{E),

W (B) = i w(E +1ig)

At the points where the function w(E),
w(E) = lir%w(E + ig),

is different from zero, we have w }(E) = 1/w(F).

The explicit form of w(W) (23) shows that w(E) exists and is qualitatively different in
the two energy regions |E| > m and |E| < m. Therefore, we naturally distinguish these two
energy regions in the subsequent analysis.

We first consider the region |E| > m.

A direct verification shows that in this energy region, w(F) is continuous, different from
zero, and takes complex values. It follows that for |F| > m, the spectral function o(FE) is
absolutely continuous and

de(E) 1. 1 _
dE ;\?m =Q°(E), |Bl=z2m,
_ 29T @)D~y + al Bk [ + 7)ek + ig(B — m)(2k/m)

) = T ey + B = ek + igE—m)] )
¢ = EJ|E|, k= VE b,
We now consider the case of |E| < m.
In this energy region, we have _
_ T @2nT{(—y — ¢B/7)g(m — E) — (> + y)7](2r/m)~>
Y =TT - aB - B~ Ge D
- TR

w(E) is real, and lim, ,[1/w(E + i€)] can be complex only at the points where w(E) = 0.
Because I'(z) does not vanish for real z, w(E) can vanish only at the points satisfying one
of the two conditions:

iygim—E)—(s+vy)7r=0o0ril) y—¢E/T = —n, n=0,1,..., these are the points where
P(y— ¢E/7)| = oo.

The case i} yields £ = —ym/ 2 for ( = 1, but at this point, we also have —y —gE/7 =0,
such that the product ['(—y — gF/7)[¢{m — E) — (3¢ + v)7} # 0 and w{E) # 0.

The case ii) yields E = E, =m//1+ ¢*/(n + )2, n=0,1, ..., but for { = lat the point
E = Ey , we also have g(m — E) — (3¢ — v)7 = 0, and consequently, |I'(y — ¢&/7){g(m —
E) = (e —7)7]| < 00 |
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We thus obtain that w(F) vanishes at the discrete points

_ m _ ] L2, ¢=1,
B L = ’”_{0,1,2,...,g=ﬁ1, (57)

which form the well-known discrete spectrum of bound states. We note that the discrete
spectrum accumulates at the point £ = m, and itg asymptotic form as n — oo is

mg*

2n2’

which is the well-known nonrelativistic formula for bound state energies.
In the vicinity of these points, we have

1 @

w(B +ig) E— B, +ie

&g, =m—FE, =

E,—E _
2 e i N
+ O(1), Q""*EIE%H (B

It follows that for |E| < m, the spectral function ¢(F) is a jump function with the jumps
@2 located at the points E = E,, (the discrete energy eigenvalues(57)) and

do(E) (12, C=1

We finally obtain that the spectrum Specfl of the operator A is the union of the discrete
spectrum Un{E,} C (—m,m) and the continuous spectrum containing the positive part
{m, o0) and the negative part (—oco, m|,

Spech = (—o0, —m} U (U {E,}) U [m, o0). (59)
‘We introduce a notation

gy = | QUEBYU(r E), |E| = m,
Unorm(’l",E) == { QnU(T; En); E = Ena |E! <m, (6?)
QE)(E), |E| = m,
o8 ={ Gl B o 1 < (61)

The inversion formulas (2), (3) and Parseval equality (4) then become
w(E) = / Uorm (13 E)F(r)dr, E € (—oo, —m| U (Up{E,}) U [m, oo}, (62)
0

F0) = [ B E)o(B) + 3 V(i BB + [ B V(73 B (), (63)

[ e~ [ ipwpan+ Y leEre+ [ loE) . (64
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Inversion formulas and Parseval equality (62) — (64) are conventionally treated as the for-
mulas for the generalized Fourier expansion of doublets F' € £2(0, 00) with respect to the

complete orthonormalized set of the eigenfunctions Uy (r; E) of s.a. radial Hamiltonian A
- (48) associated with s.a.differential expression h (7).

The obtained results for the energy spectrum and (generalized) eigenfunctions coincide
with the results obtained by the standard method based on the physical arguments: the
energy eigenstates must be locally square integrable solutions of the differential equation
hE = EF, their moduli must be bounded at infinity, the eigenvalues F corresponding to
the square-integrable bound eigenstates form the discrete energy spectrum, and the non-
square-integrable eigenstates corresponding to the continuous energy spectrum must allow
a “normalization to §-function”.

As the first example, we apply these considerations to the energy region |E| < m. In
this energy region, the solutions of the differential equation AF = EF either exponentially
grow or exponentially decrease (in addition,they can be non-square-integrable at the origin).
Because the required solutions must be locally square integrable, the energy eigenstates must
belong to £2(0,00). It is convenient to first find the solutions square integrable at infinity.
They are given by (21)-(23),

F(r) = cVy(r; B) = ¢ Um(r;E)+%w(E)U@(r;E> ,

cis a constant. These functions are square integrable at the origin and therefore on the whole
semiaxis only under the condition w(E} = 0, which reproduces the above results concerning
the discrete spectrum and the corresponding eigenfunctions.

As another example of an illustration of the standard method, we show that by a direct
calculation of the corresponding integrals, we can establish the orthonormality relations for
the eigenfunctions that are conventionally represented in the physical literature as

/ Unorm (T; En)Unorm('r; En’)d'r = l511:'1’:
0 .
/ Unorm("“i En)Unorm('r; El)d'r = 0: (65)

0
UHOTHI(T; E)Unorm(r; E’)dT = 5(E - E,)’ |E|7 1Ef| 2 m.
0

The method for calculé,ting is presented in Appendix 4.5.2 where it is demonstrated by the
example of the second noncritical charge region. Unfortunately, we are unable to establish
the the completeness relation for the eigenfunctions that is conventionally written as

| VnltiB) 8 Vsl EME + 3 3 Vsoenr5 En) Ui B+

<0

+ / Unorm (73 £) ® Umm('r'; EYdE = §(r — 'r’)I,

I is the identity 2 x 2 matrix, by a direct calculation of the corresponding integrals, and we
know no heuristic physical arguments in support of the validity of this relation.
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It now remains to consider the exceptional cases of v =n/2, n =1,2,.... As follows {from
Sec. 3, in a neighborhood of each point v = n/2 and at the point itself, we can equivalently
use the doublets U,z and Vi) (28) with the change of w(W) to w,(W) ( see formulas
(26) and (28)) and obtain exactly the same conclusions about the guiding functional and
the same results for the Green’s function, spectral function and eigenfunctions as those for
the case of v % n/2. This evidently follows from relations (29), (27), and (30), where, in
particular, the term LT(—27)A,(W} in the rhs. in (30) is real for real W = F. It also
follows from these formulas that Green's function and the spectral function are continuous
in -y at each point v = n/2.

4.3 Second noncritical region

This domain is characterized by the condition

1

4.3.1 Self-adjoint radial Hamiltonians

As in the previous section, we first evaluate asymmetry form A,{F) (40) evaluating the
agymptotic behavior of the doublets F € Dys at the origin with the use of representation
(43) — (45). In the case of 0 < v < 1/2 under consideration, the both Ui{(r) ~ 7 and
Uz(r) ~ 777 are square integrable at the origin and estimates (46) hold true, such that for
any F' € Dy, we have

F(r) = co{mr)Yuy + ca(mr) Tu_ + O(r'/?), r =0,

(=)
Uz = | =ty |
q

which in turn vields
2
AL(F) = ?"’(c—g e — T ca). (66)

The asymmetry form A, (F') thus turns out to be a nontrivial anti-Hermitian quadratic form
in the asymptotic coefficients ¢; and ¢y, which means that operator 2* (37) is not symmetric
and the problem of constructing nontrivial s.a. extensions of the initial symmetric operator
hO) (6) arises.

In solving this problem, we follow a method in [22] that comprises two steps.

1. Reducing the quadratic anti-Hermitian form A, as a form in boundary values or
asymptotic coefficients ¢,, o = 1,2, ..., to a canonical diagonal form by a linear transformation
of the coefficients ¢, to coefficients e, k = 1,...,my, and ¢ 4, { = 1,...,m_, such that A,

becomes
m+ M-
B =Yl 3 e
1 1

where 1 18 some real coefficient.



25

2. Relating c. and c_; by a unitary m x m matrix U,
m
Cq= ZUMC"I"R: 3 [= 17 ey M,
1

if the inertia indices m, and m_ of the form® are equal, m, = m_ = m. Each such a
relation with a fixed U convert the form A, to zero and yields s.a. (asymptotic} boundary
conditions specifying a s.a. extension of the initial symmetric operator, different U define
different s.a.extensions. Conversely, any s.a. extension is specified by some U, and when U
runs over the group U{m}, we obtain the whole m?-parameter U(m)-family of all possible
s.a.extensions.

We apply this method to our case.

By a linear transformation

€12 — €+ = €1 £ icy,

the asymmetry form A, is reduced to a canonical diagonal form:

AL(F) = %um? —fe_?).

Its inertia indices are (1, 1}, which in particular means that the deficiency indices of h© with
0<vy<1/2are(1,1).
The relation
co=¢ePc,, 0<6<2m, 0~ 2m, (67)

‘with any fixed ¢ yields boundary conditions specifying a s.a. extension hg of the operator
R, Different §'s are assigned different s.a. extensions, except equivalent cases of # = 0 and
f = 2x. When @ runs over a circle, we obtain the whole one-parameter U(1)-family of all
s.a. extensions of the operator A

Relation (67} is equivalent to the relation

¢
ca=Ec, —c0< €= —tan§ < 400, —00 ~ 400,

the values £ = £oo are equivalent and mean that ¢; = (; we will say that £ = 0o in these
cases. A

We let he redenote the corresponding s.a. operator, ﬁg = fag, and let Dy denote its
domain. The final restilt in a more extended form is formulated as follows. In the second
noncritical region 0 <y < 1/2, we have a one-parameter U(1)-family {f.} of s.a. operators
associated with s.a. differential expression h (7). They are specified by s.a. boundary
conditions and are given by '

F(r) : F(r) is absolutely continuous in (0, 00), F, hF C £%(0,00),
;. De =23 F(r) =c[(mr)uy + Emr)Mu |+ OrY?), r — 0, —00 < € < +o0,
¢ F(r) = c(mr)yYu_ + Or?), r = 0, £ = o0,
heF' = hF,
(68)

25The inertia indices coincide with the deficiency indices of an initial symmetric operator.
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where ¢ is an arbitrary complex number.

In other words, the only s.a. differential expression A does not uniquely define a s.a.
operator in the charge region 0 < v < 1/2, and an additional specification of the domain in
terms of s.a asymptotic boundary conditions involving one real parameter £ is required.

4.3.2 Spectral analysis

The spectral analysis in this charge region is quite similar to the analysis performed in
Subsec. 4.2 related to the first noncritical region®®. We therefore only point out necessary
modifications and formulate the final results.

In the case of £ = 0, the the corresponding analysis is identical to that in the previous
Subsec. 4.2 and the results obtained there are directly extended to the vegion 0 < v < 1/2 .
and are given by the same formulas.

Until said otherwise, we assume that 0 < |£| < oo, £ is arbitrary , but fixed. The case of
¢ = oo is considered separately below.

For the doublet U (r; W) defining guiding functional (1) , we choose the doublet

Ue(r; W) = Uy (r; W) -+ EUgy (m; W) (69)

satisfying the condition

Ug(r; W) = (mr)"uy + €(mr)Yu_ + O ™), 7 — 0,

where Uy and Upyy are given by formulas (16) - (20). As before, Ug(r; W) is real-entire in
W. The corresponding guiding functional is denoted by ®.(F, W).

For D, we choose the set D, of doublets belonging to D, and having a compact support.

The guiding functional ®,; with the chosen U, and D, is simple. Indeed, the properties
1) and 3) are evident; as to the property 2), the solution ¥ of the inhomogeneous equation
(h — Eo)¥ = Fy, Fy € Dy, with the property ¥ € De is given by a copy of (50), where
the solutions U = Uy and Uy of the homogeneous equation are replaced by the respectlve
solutions Uy and Ugyy with the Wronskian Wr(Ue, Upy) = 29€/q,

q oQ
W) =52 [ 03 B0) ® Voo s Eull o)+
~5e . (s E) @ Uly: Eo)| Folw)dy.
Green’s function Ge(r,»; W) , QW > 0, of the operator fzg is defined as the kernel of the
integral representation for any W € D; in terms of the doublet F = (he — W) € L2(0, 00):

r) = fooo Ge(r, v, W)F (r')dr'.

This representation is a copy of formula (52). The natural difference is the change of U = Uiy
to U = U because the condition ¥ € D, implies that W satisfies s.a. asymptotic boundary

6 A simplifying thing is that the particular cases of 7 = 0 and v = 1/2 are excluded.
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conditions (68). The final result is

— =V (r W) @ Ue(r', W), r > 7/,
’ Y (W)
Gg(’r,'r,W) - { we(W)UE(T W ®V(T‘ W) r<r

where

VirsW) =V (rmW) =Udr, W) + —fng(W)U(g)(r ; W,
27&
q

Viyy(r; W) and w(W) are given by (21) — (23), which is a copy of representation (53) with
the natural change of U = Ujyy and w to the respective U = U and w.
It follows, see (5) ~ (7), that

70
we(W)=—-Wr(U,V) = w(W) — 7

MG W) = Ui W) © V(e W) =
(IW)UE(C W) @ Us(c; W) 1 —~U2)(c W) @ Us(c; W),

and, because the both Us(c; E) and Uy (c; E) are real, that the spectral function og(E) of
the radial Hamiltonian he, 0 < €] < o0, is given by

dog(E) 1 1

—lim &

dE  « EHOJwE(E +1g)’

a copy of expression (54) with the change of w to we. The spectral function is determined
by the (generalized) function Sw;*(E),

1
-1 E lm—-———— =1lim :
We ( ) aﬂ% U-’E(E + 35) e——>0 w(E + 35) - 2'}{/(1

At the points where the function

we(B) = limwe(E + ie) = lim{u(E + ie) — 2y&/d]

is different from zero, we have wgl(E) = 1/we(E). Because we(FE) differs from w(£) by a real
constant —2v¢ /g, the two energy regions |E| > mand |E| < m are naturally distinguished as
before, and the corresponding analysis in each region is similar to the analysis in the previous
subsection. In the energy region |E| > m, the function w¢(¥) is continuous, different from
zero, and complex as well as w(E) (55). The spectral function o¢(E) for |E| > m is therefore
absolutely continuous, and

dae(E) _ lC" 1 — M2
B roum -z - %)

which is an analogue of (55) with the change of w(F) and Q(F) to the respective we(E)} and
Qe(E).
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In the energy region |E| < m, function w(E)} (56) is real, and therefore, the function
we(E) is also real. As in the case of the first noncritical charge region, it follows that for
|E| < m, the spectral function o¢(E) is a jump function with the jumps Qf}n located at the
points F = E; ,,, the discrete energy eigenvalues, where we(Fen) = 0, and

Een — F
2 _ 4 E:n
Qf,n - EE%;n wg(E) '

As a result, we obtain that

do¢(E) .
dE ;Q&né(E — Een), |E] <m,

which is an analogue of (58) with the change of E, and @, to the respective E¢, and Q¢ -

Unfortunately, we are unable to find an explicit formula for the discrete energy eigenvalues
E¢ », with § # 0, we only note that, as in the first noneritical charge region, there are infinitely
many of such levels accumulating at the point £ = m, and their asymptotic form as n — oo
is given by the previous nonrelativistic expression independent of £:

mg>

EE,'n = m — E&-,n = 5;{5‘

The lower bound state energy essentially depends on &, and there exists a value of £
for which the lower bound state energy coincides with the boundary ¥ = —m of the lower
(positron) continnous spectrum.

The whole spectrum Specﬁg of the radial Hamiltonian fAL,E is given by a copy of (59) with
the change of 2, to Egp.

The inversion formulas and the Parseval equality

TRENES j:o Us norm (73 EYF(r)dr, B € (=00, —=m] U (Un{Eepn}) U [m, 00),

—m
F(r)= / AEU¢ norm{r; E)pe(E) + Z Ugnorea (75 Ben Ype(Ben) +

o0 n

+ f AEUg norm (13 E) o (E),

[ e = [edepas+ it [ ooy,

are written in terms of the normalized eigenfunctions Ug nerm (7; £} and the Fourier coefficients
@¢(E) that are defined by copies of formulas (60) and (61) with the addition of the subscript
£ to all the symbols @, U, Qn, E,, and ®. These relations are copies of formulas (62)-(64).

As before, the energy spectrum and (generalized) eigenfunctions of the radial Hamiltonian
ﬁg can be obtained by the standard method using the physical arguments.

As an example, we consider the energy region |E| < m where the solutions F of the
differential equation hF = EF either exponentially grow or exponentially decrease asr — oo,
all solutions being square integrable at the origin. Only exponentially decreasing solutions
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F(r) = cViy(r; E) = c[Upy(r; B) + %w(E)U(z)(?"; E)| =
= U(rs B) + 5w (B)Uea (s ),

¢ is a constant, are proper. It is remarkable that such solutions are square-integrable on
the whole semiaxis for any energy values E € (—m,m). But they satisfy s.a. asymptotic
boundary conditions (68) only if we(E) = 0, which reproduces the results for the eigenval-
ues and eigenfunctions of the discrete spectrum of the operator ’i’f- We note that the s.a.
boundary conditions have a physical meaning of the condition that probability flux density
vanigh at the boundary, the origin in our case . We did not refer to this requirement in the
first noncritical charge region because it is automatically satisfied in this regiomn.

We can also establish the orthonormality relations for the eigenfunctions Ug porm (75 F),
which are copies of relations (65), by a direct calculation of the corresponding integrals. This
calculation illustrating the general method applicable to all the charge regions is presented
in Appendix 4.5.2.

Asg before, we are unable to establish the completeness relation for the eigenfunctions by
a direct calculation or based on heuristic physical arguments.

. We now touch briefly on the case of £ = 0o where the s.a. asymptotic boundary cond1t1ons
for any F € D are
F(r) = c(mr)"u_ + O@F"?), r — 0.

For the doublets U and V, we choose the respective

Ulr; W) = Us(r; W) = Upg)(m; W),
Uno(r; W) = (mr) Yu_ + O{r' ™), r — 0,

and

Vir, W) = 2(%1/ (rs W) = Uggy(rs W) — %wm(W)U(l}(r; W),

Weol W) = —Wr(U, V) = —qzj?;,).

Performing calculations completely similarly to those in the case of |£] < oo, we find the
spectral function o.o(F),

doeo(E) 1. 1 142
— e = — = ————i E+
o5 Em(l) & (E 1) el fm \sw( 1€).

All other results concerning the structure of the spectrum and inversion formulas are
also completely similar to the results in the case of I£| < co . In particular, the bound state
spectrum is determined by the poles of the function w(E) in the energy region |E| < m; it
can be evaluated explicitly.

In conclusion, we note that the spectrum and the norma.hzed eigenfunctions Uy norm (75 F)
are continuous in £ , the points £ = 0 and £ = oo included.
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4.4 Critical charges
This region is defined by the charge values

QZQCj:|%|:j“’r1/2<=>T+:'}/:O_

‘The charge values g = ¢.; stand out because for q > gy, the standard formula (57) for the
bound state spectrum ceased to be true yielding complex energy values. But we will see
that from the mathematical standpoint, no extraordinary happens with the system for the
charge values q > q.; , at least, in comparison with the previous case of g,; < ¢ < ¢,-

4.4.1 Self-adjoint radial Hamiltonians

In constructing the s.a. Hamiltonians with critical charges, we literally follow the method”
presented in the previous Subsec. 4.3 where the second noncritical charge region was consid-
ered and therefore restrict ourselves to only key remarks.

It follows from representation (43) — (45) that the asymptotic behavior of the doublets
"€ D, in the case of ¢ = g,y is given by

F(r) = iy + e (r) + O P 1nr), r — 0, VF € Dys,

which yields the expression

| P .

A*(F) = —.(C]_Cg - 0201)

o
for A,{F'), this expression is completely similar to the previous case, see (66) with the changes
2v/q — 1/q, and ¢ 55 co.

Therefore, in the case of critical charges, l.e., for v = 0, we also have the one-parameter

U(1)-family {hge}, —o0 € § < +o0, of s.a. operators associated with s.a.differential ex-
pression A (7) and specified by s.a. asymptotic boundary conditions,

F(r) : F(r} is absolutely continuous in (0,00), F,AF < £2(0,00),

i) D=1 Fr) = cw®(r) +uy) + O nr), 7 — 0, —00 < £ < +oo, .
(0% - F(ry =cuy + OY21nr), r — 0, € = oo,
heF = hF,

\ (71)
Déo) denctes the domain of the operator fl({))g, and £ = oo corresponds to the equivalent
cases of £ = 400 and £ = —o0.

4.4.2 Spectral analysis

The spectral analysis follows the standard way presented in the previous subsections, and
therefore, we only cite the final results.

We first consider the case of £ # co. For the doublet U(r; W) defining the guiding
functional (1), we choose the doublet

UD (W) = UG (r W) + EUqy (r; W)
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with the asymptotlc behavior
LE T Z U ! Uy O(rln; y ! ? OJ

where the doublets Upyy and U are given by formulas (31) — (34); Ug(o) (r; W) is real-entire
in W.

For D, we choose the set D of doublets belonging to D ) and having a compact support.

The guiding functional cI) ) with these Ue © and ZD(O) is sunple. In particular, the solution
lIJ’DéO) of the inhomogeneous equation (A — EO)II' Fo, e ’Déo), is given by a copy of (50)
with the change of Uy, Upg), and % = —(Wr(Uqy, Uz} ! to the respective U{O), Uy, and
—leg — —(WI‘(Ug(O), U'(l))_1 .

Green’s function G(O) (r,7, W), SW > 0, of the Hamiltonian he is defined by a copy
of (53) with the change of U= Upy, V = V), and w = —Wr{Up, V) to the respectlve
U=U", V=V, aduwf = WU, V),

([,)(W)V(S)(?" W)® Ugo)('r W), r>1,

GO, v, W) =
¢ (i) TF——(W)U@(T W) @ V(' W), r <7,

see formulas (35) and (36); V((S) is conveniently represented as

V(W) = UL (1 W)+ aed® W)Uy s W), (72
where §
W (W) = —We (U, V) = O (W) — e
i

wOHW) is given in (36).
The spectral function crg})(E) of the radial Hamiltonian h)e is defined by

do O)(E) 1. 1

- Cy

I $———
TdE we—o wéo) (E +ie)
and is determined by the (generalized) function %‘wgo) B,

1

(0) B — lim — % .
O A P B e

At the points where the function
w (E) = limw{ (B + ie) = o (E) ~ £/aq

with
JO(E) = 111% WOUE + de),
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is different from zero, we have wgo)ﬁl(E) = l/wgﬂ) (E).
The two energy regions |E| > mand [E| < m are naturally distinguished as before.
In the region |E| > m, the function % (E) is given by

1 tek — (m

w(ﬂ)(E) = Tj {ln[ge—«;m/zk/m] -+ ’Qb(”%chlEl/k) + _iq—c;,f— — 2¢(1) + C/(Qch)} y

e=E/|El, k=VE?—m2.

It is continuous, different from zero, and complex, therefore, the spectral function O'éﬂ)(E)
for |E| > m is absolutely continuous, and

do(E) _
dE

1

1
O ——
T w0 (E) o

= [P (B

In the region |E| < m, the function w®(E) is given by

W) = = {inar/m) + 9(-038/7) - TG~ 2000) + ¢/ 20,

e
T=vm?—E,

it is real, and therefore, the function wgo (E) is also real. As in the previous cases, the
spectral function o )(E) for |E| < m is a jump function with the jumps

ES —E

2 _
[Q ] IIE:?(U) wf)(E)

located at the discrete energy eigenvalues Eéoj where wg’) (Eéﬂ,l) = (), such that

)7t

do.{U)
Z[Q“”Fa E-EY).

As in the previous case, we are unable to find an explicit formula for EéOT)I {except the
case of £ = 00, see below}, we only note that there exists an infinite number of of the discrete
levels which accumulate at the point F = m, and their asymptotic behavior as n — oo is
described by the same nonrelativistic formula:

2
0 — (0 _ Mg
Egn__m En—-j?"zz—

The lower bound state energy essentially depends on £, and there exists a value of &
for which the lower bound state energy coincides with the boundary E = —m of the lower
(positron) continuous spectrum.

All other results concerning the inversion formulas and Parseval equality are written in
terms of the normalized (generalized) eigenfunctions U ¢ norm (73 £2) and the Fourier coefficients



33

cpéu)(E) as copies of relations (60)-(64) with the addition of the subscript £ and superscript
(0) to all the symbols @, U, @, Fy,, and ®.

As before, the energy spectrum and eigenfunctions of the radial Hamiltonian ﬁ(o)é can
be obtained by the standard method using the physical arguments. As an example, we
again consider the energy region |E| < m where the solutions F' of the differential equation
hI = EF either exponentially grow or exponentially decrease and are square integrable at
the origin. The exponentially decreasing solutions are described by the doublets

F(r) = &V (r; B) = e[UP (r; B) + agw” (E)Upy (r; E)),

where c is a constant. They are square integrable, ' € £%(0,00), for any £ in the interval
E € (—m,m), but satisfy s.a. asymptotic boundary conditions (71) only if wéo)(E) = 0,
which reproduces the results for the eigenvalues and eigenfunctions of the discrete spectrurm.
We can also verify the orthonormality relations for the eigenfunctions UL (r; E) that are

,norm

analogues of relations {65) by a direct calculation of the corresponding integrals with the
method deseribed in Appendix 4.5.2.
We touch briefly on the case of £ = oo where the g.a asymptotic boundary conditions for
any YF € Dy, are
F(r) = cuy + O Inr), r — 0.

For the doublets U and V', we choose the respective
U(rs W) = UQ(r W) = Upy(r; W),
U W) = cu, +0(r), r — 0,
and

1

W)= ———— VO W) =UQ(r W) — g0 WUy (r; W
Vi(r; W) PRCIAMO (W) (2)("": ) = Gejwse (W)U (r; W),
1
O W) = — N
WO(W) = —Wr(Upy, V) FRCIi)

Proceeding completely similarly to the case of |£| < oo, we find the spectral function ogg)(E):

(0)
doc(B) 1 lim %——-——————1 St 2 lim Sw© (B +4¢).
dF T e—0 w(og)(E +'£5) 77 g0
The structure of the spectrum, the inversion formulas, and the orthonormality relations

are also completely similar to the corresponding results in the case of |£| < oo . In particular,
the bound state spectrum is determined by the poles of the function w(®(E) in the interval
|E| < m. It can be evaluated explicitly and is given by formula (57) with v = 0, the energy
of the lower level with ( = —1 is equal to zero, Eg?u = 0.

In conclusion, we note that the spectrum and the normalized eigenfunctions Uéﬁzorm(r; E)
are continuous in £, the point £ = oo included.
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4.5 Overcritical charges

This region is defined by the charge values

q> Gy =% =j+1/2 <= T =0, 0 =+/¢g2 — 22> 0.

In constructing s.a. Hamiltonians and analyzing their spectral properties in this charge
region, we canonically follow the methods used in the previous cases and therefore only cite
the main results.

4.5.1 Self-adjoint radial Hamiltonians

According to representation {43) — (45), the asymp’sotlc behavior of the doublets F' € D, m -y

the case of ¢ > ¢.; is given by

F(r) = ar{mr)u, 4 ca(mr) @u_+ O(r'/?), r — 0, VF € Dy,
( e )
Uty = stio s
q
2ioc

Au(F) = ——(Icli |eal”).

which yields

It follows that in the case of overcnt;cal charges, i.e., for T, = io, we have the one-
parameter U(1)-family {hg}, 0 < 6 < =, 0 ~ m, of s.a. operators assomated with s.a.
differential expression % (7) and specified by s.a. asymptotic boundary conditions 27

F(r): F(r) is absolutely continuous in (0, 00), F,hF < £2(0,00),

3 Dy = ¢ F(r) = c[e®(mr)7u, + e (mr)""u_ + Or/?), r — 0,
b - 0<8<m, 0~m,
heF = hF,

X (73)
Dy is the domain of hg. .

4.5.2 Spectral analysis
For the doublet U(r; W) defining guiding functional (1), we choose the doublet
Up(r; W) = e®Upy(r; W) + e Uy (r; W)
‘with the asymptotic behavior
Ulr; W) = e (mr)7u,. + e (mr)"u. + O(r), r — 0,

where Ugyy and Uly) are given by formulas (16) — (20) (with T = i ); Us(r; W) is real-entire
in W because U = Upy) for T =40 and real W = E.

2The relation c; = e*c;, 0 < § < 2, defining s.a. boundary conditions (compare with (67)), is equivalent
to the relations ¢; = e®c, ¢y =e ¢, 0 £ 8 < 7, with the change # — 27 — 26.



35

For D, we choose the set Dy of the doublets belonging to D)y and having a compact
support.

Using the doublets Up(r; Eo) and Upy(r; Ep) for constructing the solution ¥ € Dy of the
inhomogeneous equation (fz — Eo)V = Fy, Fy € Dy, we verify that the guiding functional ®,
is simple,

Green’s function Gy{r,v; W), SW > 0, of the Hamiltonian hg is constructed in terms of
the doublets U = Uy and V' = Vj, where

2
—39 + e ( )

T:’g('r';W) = —,[ewU(l)(r; W) — e_wU(g)('r;W)],

Vilr; W) = Viy(r; W) = Up(rs W) — %wg(wm(r; W),

dic 1 — (W )e?

w(W) = 2mw(W) we(W) = —Wr(U,V} = ““q—Wa

Viy(r; W) and w(W) are given in(21) — (23) (with T = io); Up(r; W) is real-entire in W.
As a result, we obtain that

—= Vo W) @ Up(r', W), 7 > 1/,
/. _ wg (W)
Golr, T W) = { wGE‘W)Ug(r, W)@ Ve(r', W), r < 7.

The spectral function og(E) of the radial Hamiltonian hy is defined by

doo( E) _1 lim 1
dFE w0 we(E + i€)

and is determined by the (generalized} function Qw=!(E),

SWE I ———
wo () = 0 w(E + i)

At the points where the function
we(E) = lir% wel(E + &)
e

is different from zero, we have w; (E) = 1/wy(E).

The two energy regions |E| > mand |E| < m are naturally d1st1ngu18hed as before.

In the region |E} > m, the function wy(E) is continuous, different from zero, and complex,
therefore, the spectral function og(F) for |E| > m is absolutely continuous, and

doo(B) 1. 1
= @ =

In the region |E| < m, we have

['{2ig) T'(—ic — Eq/7) 7(sc +i0) — ¢(m — F)
[{—2ic) T(ic— Eq/T) 1(x¢x —ic) —q¢(m — E)

&j( E) = (21, /m)—Qicr = e—E'iG)(E),
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therefore the function 4
wo(E) = ?" tan(O(E) — 6)

is real.
It follows that the spectral function op(F) for |E| < m is a jump function with the
jumps Q3 .

Ey,—FE
2 . 2,n

— 1 —_—
Qo BB (B

located at the discrete points Fy,, where wg(Ey,) = 0, such that

dog( L)

We failed to find an explicit formula for the discrete energy eigenvalues Ey,,. We only noté
that there is an infinite number of the discrete levels which accumulate at the point E = m.
Their asymptotic form as n — oo is given by the previous nonrelativistic formula:

mg?

€ = — Eg”,-,, = W

The lower bound state energy essentially depends on &, and there exists a value of 8 for which
the lower bound state energy coincides with the boundary £ = —m of the lower (positron)
continuous spectrum. _

The inversion formulas and Parseval equality in terms of normalized (generalized) eigen-
functions Up norm (7; £) and the Fourier coefficients ¢4(E) are copies of formulas (60), (61),
(62), (63), and (64).

As in the previous subsections, a comment on the applicability of the standard method for
finding the energy spectrum and eigenfunctions based on the physical arguments holds. As
an example, we consider the energy region |E| < m where the solutions F of the differential
equation AF = EF either exponentially grow or exponentially decrease as v — oo, any
solution being square integrable at the origin. Only exponentially decreasing solutions

e

F = CVE)(T; W) = C[Ug(’f‘; W) - %wa(W)ﬁe(T; W)]:

c is a constant, are proper. They are square integrable, F € £2(0,00), for any F in the
interval |E| < m, but satisfy s.a. asymptotic boundary conditions (73) only if we(E) = 0,
which reproduces the results for the eigenvalues and eigenfunctions of the discrete spectrum.
We can also establish the orthonormality relations for the eigenfunctions Up norm(r; &), which
are analogues of relations (65), by a direct calculation of the corresponding integrals with
the method described in Appendix 4.5.2.

In conclusion, we point out that the number of s.a. extensions of the total Dirac Hamil-
tonian (i.e., the number of independent parameters of s.a. extensions) depends on the charge
values ¢ (on the value of Z) as follows: it is easy to verify that in the interval ¢, < g < guy1,

where
0, n=0, ‘ _
T\ B4, n=12,..,

T = 2 Qad(E — Fop). L
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the number of independent pafameters of s.a. extensions is equal to 2n. This follows from
the fact that the total Dirac Hamiltonian is a direct sum of its parts unitary equivalent to
the radial Hamiltonians, see (9), (8).

Appendix A

One of the methods for finding the spectrum of a s.a. differential operator and its complete .
system of {generalized) eigenfunctions and constructing the corresponding Fourier expansion
with respect to these eigenfunctions {the so-called inversion formulas) is based on the Krein
method of guiding functionals. For ordinary scalar differential operators, this method is
described in [18], but it is directly extended to the case of ordinary matrix operators. We
here present the key points of the method as applied to our case where it suffices to consider
only one guiding functional. This implies that the operator spectrum is simple®®; we call
such a functional a simple guiding functional.

By definition, a guiding functional ®(F; W) for a s. a. operator h associated with a
differential expression 7 is a functional of the form

B(F, W) = /0 S Ul WP dr, (1)

where U(r; W) is a solution of the homogeneous equation
(h—WYU =0

which is real-entire in W and F(r) belongs to some subspace D C D N Dy, where D is a
space of doublets with a compact support such that D is dense in £2(0, co).
A guiding functional ®(F; W) is called simple if it satisfies the following conditions:
1) for a fixed F, the functional ®(F; W) is an entire function of W;
2) if '
(Fo; Lo) = 0, SEy =0, Fp €D,

then the inhomogeneous equation
(h— Eg)¥ = Fy

has a solution ¥ € D;

3) B(AF W) = WO(F;, W).

We note, that the existence of a simple guiding functional is conditioned by the existence
of appropriate U and D. A guiding principle for the choice of U{r; W) is that its behavior
ag r — 0 must conform to the asymptotic behavior admissible for the doublets belonging to
Dy, or, roughly speaking, U(r; W) at the origin must belong to ;. This corresponds to
the conventional physical requirement that the (generalized) eigenfunctions of the operator
fL, being generally non-square-integrable, but “normalizable to §-function”, satisfy the s.a.
boundary conditions specifying h. X

If a simple guiding functional exists, then the s. a. operator /i has the following spectral
properties:

Z8For a definition, see [18]. In the physical terminology, this means that the spectrum is nondegenerate.



33

1) the spectrum of % is simple, and there exists a spectral function o(E), a nondecreasing
real function continuous from the right and such that the set of spectrum points coincides
with the set of growth points® of the function ¢(E);

2) the inversion formulas

O(E) = /0 " Utrs B)F(r)dr, )
Fo) = [ Ut Bye(B)ao(E), 3)

and the Parseval equality
e = [ jom)pae) @

hold, where ®(E) € L2(—o0,00), F(r) € L£*(0,00), the function U(r; E) in the integrands
in (2) and (3) can be defined as zero outside of the spectrum points of the operator A
(outside of the growth points of o(E)), and the convergence of the integrals in (2) and (3}
in general must be understood in the sense of the convergence with respect to the metries of
the respective spaces £7(—00, 00) and £7(0, co). This means that the set of the (generalized)
eigenfunctions {U(r; E), E € Spech} of the operator A forms a complete orthogonal system.

The spectral function o(E) can be expressed via the resolvent of the operator 4. As is
known, see [18], the resolvent R(W) = (h— W)™! with SW # 0 is an integral operator with
the kernel G(r,r’; W) ( Green’s function}. The spectral function (%) is expressed in terms
of Green’s function as follows:

Ulg, EY® U(c; E)do(E) = dM(c; E), (5)
E+d
Me; E) = lim  lim E SM(e; B' + ie)dFE, (6)
§—+0e—+0 T [y
M{gW) = G(c—0,c+0; W), (7)

where c is an arbitrary internal point of the interval (0,00). We note that for any E, one
of the diagonal elements of the matrix U(c; E) @ U(c; E) is different from zero. Of course,
o(E) is independent of c.

Appendix B

In this Appendix, we describe a method for calculating the so-called overlap integrals for
the solutions of the differential equation AF = EF . It is based on the integral Lagrange
identity and on evaluating the asymptotic behavior of the solutions at the boundaries, the
origin and infinity. We apply this method to proving the orthonormality relations for the
(generalized) eigenfunctions of the radial Hamiltonian and illustrate it by the example of the
second noncritical charge region.

29The set of growth points of the function ¢(E) is the complement of the open set of constancy points of
the function «(E). A point Ep is the constancy point of the function () if there exists a vicinity of the
point Ey where #(F) is constant.
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We call the integral®
oo B
/ Flr; W)YF' (r; WHdr =, lim 0/ F(r; W) F' (r; Wdr
0 —o0,6=0 f

for two doublets F'and F'’ the overlap integral for these doublets. Let F and /' satisfy the
respective homogeneous equations

(h—W)F(r; W) = 0and (h — WHF'(r; W) = 0.

Then the equality for the overlap integral

/ F(r W)F (r Wdr = 1% — I, 0
0
where
R L GRIL; )
T oS W =W
.. Wi(r F,F)
b= B~ —w ®)

holds. The equality (1) is a special case of the integral Lagrange identity. In what follows,
we are interested in the case of real W and W/, W = E and W’ = E’. The overlap integral
is understood as a generalized function of F and £’. Evaluating the overlap integrals is thus
reduced to evaluatling the asymptotics of the Wronskian of the corresponding doublets at
the boundaries.

We begin with evaluating the asymptotics of some basic functions and doublets.

Let |E| > m, in which case we have K = |Eik/E, k = VE? —m?, and let r — oc. Using
the known asymptotics of the functions ®(«, 3; ) (see, for example, [21]), we have

(1 +27)
T+ T — #,4E /)
a2T+?’§2quk: 61 ::kln £2m:t17 ﬂ:1+2T:

®(a, B; 206 kr) — BT /2 =1 Eom B/ (2K) (Q,TW)—“I‘—%'éfrz,«E‘Q/k7

where T is any real or pure imaginary number, T # —n/2, n = 1,2,.... If T is real,
T=rvs-n/2, n=12.., then

(mr)¥ @4 (r, X, B, k) = 2A(T, E) cos (r; T, E),
(mr)*®_(r, T, E, k) — %A(T, E)sint(r; T, E),

where

T(1 + 27)(2k/m) Te maE/2k)
|T(L+ T +igE/k)i ’

Wir; T, E) = kr + g—f— In{2kr) — —TE; — (T, E),
Yp(T, E) = arg (1 + ¥ + 4gE/k),

A(Y,E) =

3¢In this Appendix, a notation like F/ denotes another function, but not a derivative.
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which yields

. H . (m-A+W){se+7)
X(r, T, E, k) — AT, E) [cost(r; T, E)u + w (—q - )] .
m —_

Let {E| < m. For our purposes, it suffices to know that the doublets U(r; E,,) and V (r; E)
decrease exponentially as r — oo.
We use the relation
B sinfyr(r X, B) £ bp(r; T, B) | Blsinf(k — K)r
|E| E—-F k k—Fk

k

which holds in a distribution-theoretic sense. We call the expressions of the form

— @W(S(k —K)=xé(E - E'), r — oo, 45 .

a’:i:(Et E’) Sin[’ubr‘('r'E T: E) + ’l,b]_-'('f'; Tl: Ef)]’
bﬂ:(E) E’) COS[,‘J‘)F(T; T: E) = ’%b[‘(,r; T’J E,)]r
where ay (E, E'), by(E, E'} are finite at £ = E’, the quickly oscillating expressions (QO);

such expressions have the zero limit in a distribution-theoretic sense as r — oo.
This allows obtaining the limits 7°° for the basic doublets. We have

Uy = Uyl v, E), Uy = Ujy(riv, EY), v >0,
(E ~ B "W (r; Uy, Ulyy) —
1 . !
— A(’Y? E) £ Slnhbl’(f}/: E) ¢r‘(%EH +QO N

| E] m(E -~ E)
- Aly, EYS(E — E"), 7 o0 (5)

Uy = Uy (ri v, B), Uy = Ugg (7, £, 0 <y < 1/2,
(E—EYV "W Ug, Ug) —
I sinfp(y, B) = 9r(=0 )] )
B(’YaE)lEl TF(E—E')
vk coslip(y, E) — ¥p{—y, E)]
+Q0 —

vk cos[tp(y, E) — p(—v, E')]
gl E| mE — E)

- B('YvE)

_>B(77E)5(E_E’)_B(7=E) » T 00, (6)

Uwgy = Upgy(r; 7, E), U('l) = U(’l)(r;'y,E’), 0<~vy<1/2,
(B — E'W(r;Ug), Uly) —

s B(y, B)S(E' — E) — B(, E) QEI COS[‘”F(’V%(EE')/ - ‘éf)(‘% Bl

vk coslie(, E) = (=, B)]
q|E| nE-£E) . 7

— B(v, E)S(E — E') + B(v, E) —oo,  {7)
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Ug) = U)(r;7, E), Upyy = Upgy(r; 1, E), 0 <y <1/2,
(E — E-’)—-IW(T'; U(g), U(Q)) —
— A(—v, E) E sinfypp(—v, E) — ¥r(—7, £)]

] ~(E— ) FRo-
- A(_’Y1 E)é(E - El)a r— oo, (8)
where
AT, B) = a¥(r, 1y 2 CD I Pl O, )
5(1.5) = DA, A, b) (10)

For the corresponding limits Iy, we respectively find (the relations are valid for any F, E')

Uny = Uy(rs v, B), Uy = Uy (v, B, v > 0,
(E - E’)_lw(f.; U(I)7 U(fl)) - 01 r— 01 (11)

Upy = Upy(r; 7, B), Ul = Uy (s 1, B), 0 <y < 1/2,
_ 2y
1 .
(E - E’) W(‘T‘, U{l): U(f2)) - _Q'(E — E,)v r—0, (12)
Ugy = Ug(r;v, E), Uy = U0 v, BN, 0 <y <1/2,
_ 2y
1 .
(E — E)T'W(r; Uy, Upy) — GE—B) " 0, (13)

Uy = U (r; v, B), Upyy = Ulyy(r; v, B'), 0 <y < 1/2,
(B — E'Y" "W (r; U, UEZ)) -0, 7 — 0. (14)

The obtained relations allow calcudating the overlap integrals and proving the orthonor-
mality relations for the eigenfunctions of the radial Hamiltonians. As an example, we con-
sider the second noncritical charge region, the other charge regions, including the critical
and overcritical régions, are considered quite similarly.

We have to calculate the integral

/ Ue(r; E)Ug(r; E)dr,
0
where Ug(r; E) is defined by Eq. (69). Using relations (1) — (3) and (5) - (14}, we find

[ U Bl BYar = CB)OE - B), 1BV B 2 m,
0
ColB) = ALy, ) + %681, B) + € A(, ),
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f Ue(r; Ee ) Ue(m ENYdr = 0, |E'| = m,
0

/ Ue(r; Ben)Ue(r; B )dr =0, n # 0.
0

The normalization factor A, for the eigenfunctions of the discrete spectrum,

Ai:[ U(r; Egn)dr,
0

can also be calculated (see, for example, [14]). It is interesting to note that we can explicitly
verify the fulfillment of the relation A,, = anl':, For this purpose, we consider the integral _

oQ W . 7 .
/ Us(rs Ben)V (r: B)dr = i Y 0oV gy ) <,
1]

r—0 R — E,g)n
where V{(r; E) is defined by (70). Using relations (11) — (14), we find

o . i w‘g(E’)
L Ug(’.’", Eggn)V(T, E’)d?" = m

We now recall that V(r; Ee ) = Ue(r; Ee ;) and finally obtain that
./0 Ug(r; Een)dr = _lim
We also note that it follows from the inversion formulas that C¢(F) = QEZ(E).
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