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Abstract

The structure of additional electromagnetic fields to the Aharonov-Bohm field, for
which the Schrodinger, Klein-Gordon, and Dirac equations can be solved exactly are
described and the corresponding exact solutions are found. It is demonstrated that aside
from the known cases (a constant and uniform magnetic field that is parallel to the
Aharonov-Bohm solenoid, a static spherically symmetrical electric field, and the field of
a magnetic monopole), there are broad classes of additional fields. Among these new
additional fields we have physically interesting electric fields acting during a finite time,
or localized in a restricted region of space. There are additional time-dependent uniform
and isotropic electric fields that allow exact solutions of the Schrodinger equation. In the
relativistic case there are additional electric fields propagating along the Aharonov-Bohm
solenoid with arbitrary electric pulse shape.

Introduction

The Aharonov-Bohm (AB) effect plays an important role in quantum theory revealing a peculiar
status of electromagnetic potentials in the theory. This effect was discussed in [1] when studying
the scattering of a non-relativistic charged spinless particle by an infinitely long and infinitely
thin magnetic field of a solenoid (the AB field in what follows) of finite magnetic flux (a similar
effect was discussed earlier by Ehrenberg and Siday [2]). The Schrodinger equation with such a
field was exactly solved and it was found that a particle wave function vanishes on the solenoid
line. Although the particle does not penetrate the solenoid, while the magnetic field vanishes
outside of it, the partial scattering phases are proportional to the magnetic flux (modulo a flux
quantum) [3]. A nontrivial particle scattering by such a field was interpreted as a capability
of a quantum particle to "feel” an electromagnetic field vector potential because the AB field
vector potential does not vanish outside of the solenoid®. Solutions of the Dirac equations with
AB field were found and studied in detail, see e.g. [4, 5, 6, 7, 9, 10, 11].

A splitting of Landau levels in a superposition of the AB field and a parallel uniform mag-
netic field (we call such a superposition the magnetic-solenoid field-MSF) gives an example
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of the AB effect for bound states. Solutions of the non-relativistic Schrodinger equation with
MSF were first studied in [12]. Solutions of the Klein-Gordon and Dirac equations with MSF
were first obtained in [13] and then studied in detail in [14, 15, 16, 17, 18]. It is important
to stress that in contrast to the pure AB field case, where particles effectively interact with
the solenoid for a finite short time, the particles moving in MSF interact with the solenoid
permanently. This opens more possibilities to study such an interaction in a number of corre-
sponding real physical situations. For example, using these solutions the AB effect in cyclotron
and synchrotron radiations was calculated in [19, 20, 21]. Recently interest in such a super-
position has been renewed in connection with planar physics problems and the quantum Hall
effect [8, 14, 22]. The example of the MSF stresses the importance of studying quantum mo-
tion in superposition of the AB field with some additional electromagnetic fields. It should be
noted that exact solutions of the Schriodinger, Klein-Gordon and Dirac equations with the AB
field in combination with the Coulomb field and the magnetic monopole field were studied in
[23, 24, 25, 26, 27, 13]. Exact solutions of the above mentioned equations with the AB field in
combination with some other electromagnetic fields were presented in [28, 13, 29].

The aim of the present work is to find the structure of the additional electromagnetic fields,
for which the Schrodinger, Klein-Gordon, and Dirac equations can be solved exactly (in what
follows, we call such fields exactly solvable additional fields), and to describe the corresponding
exact solutions.

1 Aharonov-Bohm field and its combination with addi-
tional electromagnetic fields

In sections 1 and 2, we use Lorentz coordinates z¥ = (2° = ct,z,y, 2), and cylindrical coordi-
nates 7,  in the z, y-plane (r = rcosp, y = rsinp).

The Aharonov-Bohm field is a magnetic field B of an infinitesimally thin solenoid with
magnetic flux ®,
)
—0

wr

B,=B,=0, B,=®d(x)0(y) = (r), r* =2 +y*, ® = const. (1)

It can be described by the potentials A of the form
A0) ( AV A<o>) A ( A0) 40 A<o>> ,
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o
A(O):%ew, e, = —isinp + jcosyp.

We denote by i, j, k three unit orthogonal vectors along the Cartesian axis x,y, z, whereas e,
and e, are unit orthogonal vectors of the cylindrical coordinate ¢, r system.

An important characteristic of the AB field is the mantissa u of the magnetic flux ®, which
is defined as follows

® = —(e/le]) (lo + )0, 0<p <1, (3)

where [y is an integer, ®y = 2wch/|e| is the Dirac quantum of the magnetic flux, and e the
algebraic particle charge. Then

[
A0 = (0,-5A0) = hllp + b, A = —p2 e, @)

C T
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Consider a linear combination of electromagnetic potentials of the AB field with an addi-
tional electromagnetic field. Potentials A, of such a composite field, we represent as

A, =4, +AD = (4, -A — A©). (5)

The Schrodinger, Klein-Gordon, and Dirac equations with such a composed field have the form

P2
STs=0, S=cPy— ——; 6
S ) Crp 2m07 ( )
KV =0, K=P'P,—mic* =P —P?—mic (7)
DUy =0, D=+"P, —myc=~"Py— (vP) — myc. (8)

Here my is the particle rest mass, v are Dirac gamma matrices (we use here standard repre-

sentation for them), and covariant components of the kinetic momentum operator P, are

€ e e
b= (PO’_P):pV_E‘AV’ PO:pO_E-Am PZP_EA;

by = <p07 _p> - ihal/a Po = iha()a P = _Zhva (9)

where p, are covariant components of the generalized momentum operator.

In what follows, we consider only the nontrivial AB field with nonzero mantissa j. As follows
from (2), in such a case cylindrical and spherical coordinates are physically preferable. Namely,
in these coordinates equations (2) with the AB field and exactly solvable additional fields allow
separation of the variables and exact solutions can be obtained.

2 Structure of additional electromagnetic fields. Cylin-
drical coordinates

Let us write potentials A, of the additional field in the form

e . e« far)
EAO — fO(T7 Z, Jfo), ChA - r

e, — fi(r, z, zo)k, (10)

where fi (k= 0,1,2), some arbitrary functions of the indicated arguments. Thus, potentials of
the AB field (2) can be considered as a particular case of (10) for fo(r z,zo) = fi(r, z,20) =0,
and fo(r) = ®/2m = const.

Electric E and magnetic H fields that correspond to potentials (10) are

e
E:LE — _anO(ra 2y xO)eT + [aOfl(ra 2y SU()) - azf()(r7 Z, .CU())]k,
/
%H = 0, fi(r, z, xp)e, + fQ(T)k; e, =icosp + jsin . (11)
C T

In such fields, the Schrodinger and Klein-Gordon equations have an integral of motion

L.=[rxp|. = —ihd, (12)



and the Dirac equation has an integral of motion of the form
h h

Let us look for solutions of the Schrodinger, Klein-Gordon, and Dirac equations with the
potentials (10), solutions that are eigenfunctions of the operators (12) and (13) the eigenvalues

1

respectively.
For the Schrodinger () and Klein-Gordon (K') equations such solutions have the form

WS,K(‘T) = eXp(Z'Q)i/}&K(T, Z, Io), Q = (l - lo)@, (14)

where the functions v (7, 2, 70) obey the equations

2
{2m7rg + 2+ %ar _ LR0) T2l i wg} Wbalr, 2, m0) = 0, (15)
2
{7?3 + 92 + %@ _Lp0) T2l i s — mz} Y (r, z,20) = 0. (16)
Here moc
mo = 10y — fo(r, 2,20), 73 =10, — f1(r,z,70), m = 5 (17)

For the Dirac equation (D), such solutions have the form

e~y (r, 2, xo)

vy __ iQ Z¢2(Ta Z, ZL’())
Toale) =T ey 2w | (18)

i¢4(7’a 2 'TO)
where the functions ¥ (r, z, z9), s =1, 2, 3, 4, obey the following set of equations

y Lo

)
Pd =0, & Sl (19
)

» Lo

NN W W

Py (r,
Pol(r,
(0 (7"7
Py,

with the matrix operator D having the form

; 1 : r)—l—p+1/2
D = p3mo + 1py 233 + padia <3T + 5) +@p221f2( ) H / _

r

ml. (20)
Here p,., X, k=1, 2, 3, are Dirac matrices in the standard representation, and I a unit 4 x 4

matrix.
Exact solutions of egs. (15), (16), and (19) are known only for two types of function fo(r) :

a) fo(r) =~r; b) fo(r) = yr?, ~ = const. (21)

3 Klein-Gordon and Dirac equations

Exact solutions of egs. (16) and (19) are known in the two cases considered below.
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3.1 Casel:

In this case the functions fy and fi; depend on 7 only (fo1 = fo.1(r)) and are linearly dependent.

Let us consider solutions of egs. (16) and (19) that are eigenfunctions for both operators
i0p and 0, with the eigenvalues kg and k3 respectively. Such solutions have the form (14) and
(18) with

Q= (I—lo)p—kowo—k3zz, mo=ko— fo(r), ma="hs—fi(r); Vg =1vk(r), ¥s=1,r). (22)

Equations for the functions ¢, (r) and ¢,(r) hold the form (16) and (19) with the natural
substitution 9, — d/dr.

Let us suppose that the functions fo(r) and fi(r) are linearly dependent. In such a case,
with the help of a Lorentz transformation, which does not changes the function f5(r), one can
reduce the problem to the following non-equivalent subcases:

D) fo(r) = f(r)#0, Alr)=
2) fo(r) 0, filr) = f(r) 7&
3) folr) = efi(r) = [f(r), e=

They are considered separately below.

+1.

3.1.1 Subcase 1

This subcase is characterized by the conditions
fo(r) = f(r) #0, fi(r) =0
6 _ i — 1y
SB=f(e, SH=r"fir)k

For such fields, the Dirac equation admits a spin integral of motion [30] T} = mp33s — ksp;.
We consider solutions that are its eigenfunctions,

qulp;l(l’y) = C/\l\I’D;l<IV), C: :tl, )\1 = \/m2 + k?g (23)

It follows from (23) with account taken of (18) that

Vi(r) = apy(r), Pa(r) = =bpy(r), 3(r) =bpi(r), 4(r) = —apy(r);
a=M+m+ks+{( AN +m—ks), b= N+m—ks— (A +m+k3).

Equations for functions ¢, (1) and ¢,(r) follow from (19),

o= ) = un(r) = [ 2O L o,
U= o) - o - 700+ et 0. (24)

Then the Klein-Gordon equation (16) takes the form

R (O e G RN

dr? r




Solutions of the set (24) and eq. (25) (for nonzero f(r)) are known only for
folr) =, f(r) =5 a#£0, 5= const.
r
These solutions have the form

p1(r) = \/ ql(f)wl(C) vi(7) + Q1(+)W1(—O v2(),

Pq(1) = Q1(+)w1(C) vy () + Q1(—)W1<_C) v2(),
V(1) = vo(z), (26)

where

1 1\?
ql(i)=l+u—§i\/<l+u—§) —a? E:\/m2+k§+72—k§,

1 1\2
Wl(g)IVQ—k0<l+N—§>+O\1\/<H‘M—§) —a?, r=2rFE.

The functions vs(x), (s = 0, 1, 2) have similar structure,

vs(w) = Alp, n, () + Bly, p,(7), (27)

where A and B are arbitrary constants, and I, ,,(z) Laguerre functions, related to the confluent
hypergeometric function ®(«,~;x) by the relation (see [31], pp. 1072 -1073) as

(14 p) exp(—z/2) b L,
AT mTatp—n)’  Elmp—ntla) (28)

Ly () =

and the subscripts of the Laguerre functions ps, ns (s =0, 1, 2) have the form

R e

R RO R e e

E

For non-negative integer ng, the functions (27) are square-integrable for A # 0 and B = 0, and
the energy kg is quantized. In the case of the Dirac equation, we find

1 1 1\’
— _ 2 2 2 2 2\ _ A2 _
ko NT o2 om/(l—l—u 2)+N\/(N + a?)(m? + k3 +42) — v (l+u 2) :

1\? 1\?
N:n+\/(l+u—§) — a?; (l+,u—§) >ao% m=n—-1, no=n=0,1,2, ...,

whereas in the case of the Klein-Gordon equation we have
1

N+ a2

Nzn%—%—i— (I+p)’—a2 (I+p)?>=a? no=n.

ko = {m(lﬂb)+N\/(N2+042)(m2+k§+72)—72(l+u)2J,



3.1.2 Subcase 2

This subcase is characterized by the conditions

folr) =0, filr) = f(r) #0: B=0, —H=f(r)e,+r f(r)k

Thus, we are dealing with a pure magnetic field. In such a field, the Dirac equation admits

a spin integral of motion 75 = (XP), see [30]. Then we can impose an additional condition on
the wave function,

(ZP)‘IJD;I(.IV) = g)\Q\IJD;Z(xV), C == :l:l, )\2 == ]{?g - TTL2. (29)

Egs. (29) and (19) are consistent if we set

Pi(r) = ko +m@y(r), y(r) = ko +mpy(r),
Y3(r) = (Vho—mpi(r), ¥u(r)=C{Vko —mpy(r),

@il
n (19), where the functions @, (r) and P,(r) obey equations that are similar to that of (24),

(O + ks — Fr)J7a(r) + [M - i} ) = 0.

r dr
[fg(r) — i_ ptl + d%‘} P1(r) + [CA2 — ks + f(r)]@a(r) = 0. (30)

Now, the Klein-Gordon equation (16) takes the form

{jﬂ + 1;7« ks — frp — 20 ;l g m2} Yi(r) =0. (31)

Equations (30) and (31) have exact solutions (for nonzero f(r)) only for

«

f(r) = o fa(r) =~yr; a #0, v = const.

Such solutions have the form (they are similar to those in (26)
Swa(¢) vi(z) 2(+w2(—C) va (),
Q) va(x), Pg(r) = vo(x);

1\? 1
Px) = (l+u—§> +a2i(l+u—§), E:\/m2+k:§+72—k§,

we(C) = 2\/<l+u—%)2+a2+qk3 (l+u—%)—7a], x=2rFE. (32)

The functions vs(z), (s = 0, 1, 2) are given by expressions (27), with the following indices of
the Laguerre functions

n, = %{7|:l+,u_8(3_8):|+k30( LB Dls=2)

Hwa(Q) vi() + C4/ qaywa2(—

1 1 \/ 1
ps = %{”y{lﬂc— (34_8)]+k3a} (2_38i<8_1>+\/[l+u—8(34_5>r+042



For non-negative integer n, the functions (32) are square-integrable for A # 0 and B = 0,
and the energy ko is quantized (ny =n—1, no=ng=n=20,1,2,....)

2
Y +p—3%)+ksa

ko =m®+ k5 +7% - = : (33)
n+1*TT+\/(l+M—§) + a2
where 7 = 1 for the Dirac equation and 7 = 0 for the Klein-Gordon equation.
3.1.3 Subcase 3
This subcase is characterized by the conditions
fO(T) = f(T) 7& 07 fl(r) = 6f(7">, 62 = ]-7
SE=J(r)(ck—e), SH=cf(re,+r f(r)k.
In this subcase, the fields have the following properties
H=[nxE]+n(nH), E=—[nxH|+nnE), n=—ck. (34)
If eqs. (34) hold, then the bispinor ®(r) in eq. (19) can be represented as
_ ko — €k +m—eQ0 Vir
3=t v vo=(u).
(ko — €ks — m)os — Q} V(r) V(1)
A — - 1/2 d 1
Q- i 2 (4 1Y), (35)
r dr  2r

see [30]. The functions vy (r), ve(r) and ¥, (r) = vo(r) obey the equations

d? 1d Lfolr) =1 — p+ Ts}z fa(r) 2 2 2 _
{ﬁ‘i‘;%-Q(lﬂo—ﬁkg,)f(T)— = + 0 " +ky— ks —m }US(T)O,
s=0,1,2 7,=s5(2—2s); 5S:M. (36)

2

Equations (36) have exact solutions for the following two types of the functions f(r) and
fa(r):
a)

flr) =, f)=2+5;

x=2rE, «, B,y = const;

E:\/m2+k?2,+”y2—k§; (37)
b)
2 _ ., B
f2<7‘)*7r ) f(T’)—OéT' +ﬁ7
x=12Ey, «,f,y = const;
Ey = /72 + 2a(ko — €ks). (38)

8



As before, the functions vgs(x), (s =0, 1, 2) are given by expressions (27), where the subindices
of the Laguerre functions ng, ps have the form

a)

by 1 by 1
ps = E—§+Gs, ns:E_i_as’
b = Al =T+ )~ alky — k),
as = (I +p—75)2+28(ko — €ks); (39)
b)
l;s 1 Qg ZNJS 1  a,

Ps = qg T2t ™ Tum, 2 2

by = 2y(l+p— 7o+ 05) + k2 — k2 —m?,
as = \/(l+,u—7'5)2+26(k0—ek3). (40)

For non-negative integer ng, the functions (37) are square-integrable for A # 0 and B = 0,
and the energy ko is quantized (n; =n—1, ny=ng=n=0, 1, 2, ....). In the general case an
explicit expression for the energy kg has not been obtained previously. Such expressions can be
written for fields of the type a) as a root of an algebraic equation of power six, and for fields of
the type b) as a root of an algebraic equation of power eight.

3.2 Case Il
In this case, the functions fy and f; depend on z andxy and do not depend on r (fo1 =
f0,1(2’7 o))
As follows from (11), additional fields have the form
SE=Fk —H=Ck F=0fi(z )= dfzx), G=fr. (@)

According to a classification presented in [30], these are longitudinal electromagnetic fields,
the electric and magnetic fields are parallel to the axis z, and in addition H = H(r) and
E = E (2, x).

As was demonstrated in [30], for such fields, solutions of the Klein-Gordon equation (16)
can be found in the form

V(1 2,20) = wo(z, x0)ve(T). (42)
As to solutions of the Dirac equation (18), we represent the bispinor ®(r, z, ) in the form

m —+ mo + T3 + QO?,] w1(Z, xo)V(r)
(I)(T7 2, I(]) -

R , 43
(m—ﬂo—ﬂa)az’)—Q] wi(z, 20)V (1) 9

where
7o =100 — fo(2, @o), M3 =10, — fi(2, x0),

V(T):(vl(r)>’ nglfg(r)—l—u+1/2_ia2<d i)_

va(T) r dr + 2r




The functions vs(r), s = 0, 1, 2, and functions w,(z, x¢), v = 0,1, in egs. (42) and (43) obey
the equations

{ P 1d [fr)—l-p+s2=s) | s(5-35) A0) +ki}vs(r> o, (a)

dr? " rdr 72 2
{mt —m? — 3 — kI +iv]0.fo(z, o) — Oofi(z, o))} wu(2, o) =0, kT = const. (45)

Exact solutions of eq. (44) (for fs(r) # 0) are known in the two cases (21) and for fo(r) =
yr, (v = const) have the form (27) if we set there z = 2r\/v% — k% and

ol s(s —3) 1
S — - — (2 —
= R B R SUERCEN]

—3)7] 1
ne = #{HHS(: )]———\l+u—3(2—s)\.

ooy 2

Forv? > k*, v(I+p—7) = 0 (7 = 1/2 for the Dirac equation and 7 = 0 for the Klein-Gordon

equation) the quantity k% is quantized and the wave functions (27) are square-integrable for
A#0, B=0,

l
2],n0:n2:n20,1,2,..., nlzn—m. (46)

(I+p—1)°
(n+ 3+ |1+ ul)

kS =2 {1—

The second case fo(r) = yr? corresponds to the so-called magnetic-solenoid field (the exactly
solvable additional field is a constant uniform magnetic fields parallel to the AB solenoid)
(G =27 in eq. (41)). For such a field, exact solutions have been studied in detail in numerous
works, see e.g. [12, 16, 17, 19, 20], and we do not repeat these results here.

Let us consider exact solutions of the equation (45). A wide class of exact solutions can be
found if both functions fy 1(z, o) depend on one variable only: fo.1 = fo 1(x), where either
x = z (in such a case, without loss of generality, we can set fo(z) = f(z) # 0, fi(z) = 0); or
x = zo (and here also without loss of generality, we can set fo(xg) =0, fi(zo) = f(x) #0). If
x = z, then we can select w,(x, xy) as an eigenfunction of 0y, in this case we find

i0gw, (x, xo) = kow,(x, o) = w,(x, ) = exp(—ikoxo)w, (),

{5+ o= F@P = = v o) b (o) =, (47)

If = g, then w,(z, x) can be selected as an eigenfunction of i0,. In this case we find
10w, (z,2) = ksw,(z,x) = w,(z, x) = exp(—iksz)w,(z),

Lo+ o= S+ 12+ 0 ) o) =0 (15)

Equations (47) and (48) are one-dimensional Schrodinger equations. Their exact solutions
exist for the following functions f(z) :

f2) = az f(&)=afe; f(z)=aexp(Ba);
f@) = atan(fr); f(z) = atanh(Br); f(z) = acoth(fa), (49)

where «, 3 = const. Such solutions are well-known, see e.g. [30].
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In two cases when the function fy 1(2, o) depends essentially on both arguments z, x¢, one
can find exact solutions of eq. (45).

1) Let us set fo(z, o) = fi(z,20) = 3f(§), £ = xy — 2; in this case F' = f/(£) in eq. (41).
Then w,(z, o) can be selected as an eigenfunction of i(Jy 4+ 0,) with the eigenvalue A, which
implies

w,(z,20) = [N — f(E)]7 % exp(iS),

S = —% Mzo + 2) + (m2+ki)/)\_d—§(§)1 : (50)

2) Let us set fo(z, zo) = —2f(£), fi(z,20) = F (€); €= x5—2% in this case F = 2f'(¢) in
eq. (41). Then w,(z,xo) can be selected as an eigenfunction of the operator ¢ = i(z0y + o0,)

(this operator is an integral of motion for the Klein-Gordon and Dirac equations) with the
eigenvalue A, which implies

>

Gw, (2, 29) = Mw, (2, 1) = w, (2, 70) = (iz . j) w, (€). (51)

Substituting (51) into (45), we find an equation for the function w, (£),

A€ W) + 46w, () + { A — FOF +Elm? + 12 + 2iwf'(©)]} w,(€) = 0. (52)

Equation (52) can be solved exactly in two cases:
a) - ~
f(&) =a, a = const,
which corresponds to a constant and uniform electric field;
b)

f(€) =ar/|€], a = const.

In these cases solutions have the form (27),

w, (&) = Al, (x) + BI, ,(x), A, B = const, (53)

where one has to set respectively

a)

i(m? 4+ k) — 2a(1 +v)

, M=p—1A;
4o P

f(€) =af, a=const, *=—ia, p=

FE) = /el a=const, = 2i\/a2[| +E(m? +k2),
a(v 4+ 2iX)

= —1/24i)\, n=p—2i\, e=E/[€].
oo Y P £/[e

p

Thus, with the above consideration, all the exactly solvable additional electromagnetic fields
in the cylindric coordinates have been exhausted.
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Schrodinger equation

Let us consider the Schrodinger equation (15). Exact solutions of this equation are known also
only for two types of function fo(r).

Let us suppose that additional fields can depend on the constant m (on the particle mass).
Then:

a) For fa(r) = ~r one can find exact solutions for

a 6 2\ mA 6 2mA

fO(T) = ; + ﬁ + ﬁ <5 - T) ; fl(r) = ; - 7"—27 «, ﬁ; 57 A = const. (54)
The general solution of the Schrodinger equation (15) can be expressed via the Laguerre func-
tions and has the form

b1 b1
= AL, BI, ,(z), 2=2rVE, p=— —= Cn=—— — = — &
Ps(r) pn(T) + Bly p(x), ©=2r P="E"gt Va, n N Va

a= (14 p)?+ B3> +2md +4miks, b=~(l+p)+ ks —am, E=~*+ ks — 2mk(55)

where A and B are arbitrary constants. For a > 0 and non-negative integer n = 0, 1, 2, ..., the
functions (20) and (21) are square-integrable at B = 0, and the non-relativistic particle energy
ko is quantized,

1 4b?
05(r) = Aexplor D L), ho= o [ 4k T ] e

where L%(x) are Laguerre polynomials (see [31], eq. 8.970.1).
b) f2(r) = yr? one can find exact solutions for «, 3, v, §, A = const, and

fo(r) = ar® + B 2m (% + 527‘4) , fi(r) = —2m (7‘_)\2 + 5T2) : (57)

r2

As in the previous case, the general solution of the Schrodinger equation (15) can be ex-
pressed via the Laguerre functions and has the form

bs(r) = Al n(z) + Bln,p(2),
where A and B are arbitrary constants and

. Vi E 1 Ja E 1 Va

a
:————I——’ ’I’L:————_,
PTa T2 e who2 2
a = (I+p)*+28m+4mAks, b=~*+2am + 4mdks,
E = 2mko+2v(l + p) — k3 — 85 m?. (58)

For a > 0, b > 0 and non-negative integer n, the function ¢ ¢(r) is square-integrable and
the non-relativistic particle energy ky is quantized,

ko = % [2\/5(2n +1++va) + k2 —2y(1 4 p) + 85 m?| ,
Ys(r) = Aexp(—z/2)x% LY (x).

If additional fields do not depend on m, then one has to set A = 0 in egs. (54) and (55),
and 0 = A =0 in egs. (57) and (58).
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For the fields of case II, solutions of the Schrodinger equation (15) can be written as

Yg(r, z,20) = ws(z, o) vo(r), (59)

where the function vg(r) is a solution of eq. (44) (for s = 0). Exact solutions are known only
for the functions (21). The function wg(z, o) is a solution of the equation

{2ml[idy — fo(z,w0)] — kT — [i0. — fi(z, 30)]*} ws(z, z0) = 0. (60)

If fo(z, z0) = f(2) and fo(z, x9) = 0, the function wg(z, xo) can be selected as an eigen-
function for the operator i0y,

10vws (2, To) = kows(z, xo) = ws(z, xy) = exp(—ikoro)ws(z). (61)

Taking into account (60), we obtain for wg(z) the one-dimensional Schrodinger equation fol-

lowing equation
2

{omtta - 1 - 42+ 5 bust =0 (62)

already discussed above.

If fo(z, z0) = 0 and fi(2, o) = f(xo) (which correspond to a uniform electric field that
depends on time), the function wg(z, xy) can be selected as an eigenfunction for the operator
i,

10,wg(z, To) = ksws(z, Tg) = ws(z, x9) = exp(—iksz)ws(xo). (63)

Taking into account (60), we obtain for wg(xg) the equation
{22m00 — ]{?i — [k,’g — f($0)]2} wg(xg) =0. (64)

Its exact solution can be found for an arbitrary f(zo),

wg(xo) = exp[—iS(xg)], S(zo) = %xo + / deo. (65)

For arbitrary functions fy 1(z, o), equation (60) can be reduced to the one-dimensional
Schrodinger equation

. 1 d?
100 (2, w0) = HY (2, 29), H = 5 + V(z, x0), (66)

V(z, x0) = folz, wo) — [ [Oofi(z, z0)] dz

with the help of the substitution

ws(z, o) = exp|—iv(z, xo)|Y(z, xo), ©(z,x0) = %xo + /fl(z, xg)dz. (67)

We note that the potential in such an equation depends on time.

We believe that there exist new kinds of functions fy 1(2, x¢) for which exact solutions can
be found. The method of constructing such functions and corresponding solutions is developed
in [32, 33].

Thus, with the above consideration, all the exactly solvable additional electromagnetic fields
in the case of the Schridinger equation in the cylindric coordinates have been exhausted.
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4 Structure of additional electromagnetic fields. Spher-
ical coordinates

In the spherical coordinates r, 8, ¢,
r=rsinfcosp, y=rsinfsinp, z=rcosb (68)

potentials of the AB field (2) have the form

0 o . . .
AW = <A(0), —A(O)> , A = I g & = Tising +jcosp. (69)
Potentials A, of additional fields we write as
e e fi(cosf)
—Ap = —A="——" 70
ch’? fo(r), ch rsing ¥ (70)

where fi (k = 0,1) are arbitrary functions of their arguments. Thus, the potentials of the
AB field (2) can be considered as a particular case of the additional field (70) for fo(r) = 0
and fi(cosf) = ®/2m = const.

Electric and magnetic field that corresponds to (70) have the form

B (e, SH = _J150)

= - €, € =sinf(icosy+jsinp)+kcos.  (71)
c c r

A complete procedure of variable separation and finding complete sets of integrals of motion
for the Schrodinger, Klein-Gordon and Dirac equations with potentials (70) is presented in detail
in [30].

One can find exact solutions of the Klein-Gordon and Dirac equations for

fi(cos@) = acosO+ 3, fo(r) = %, a, 3,7y = const. (72)

In this case the complete external electromagnetic field is a combination of the AB field with
the Coulomb field and the field of a magnetic monopole. The corresponding exact solutions
were studied in the works [23, 24, 25, 26, 27, 13].

As to the Schréodinger equation, its solutions can be found for a more general potentials

o
fl(COSQ) = acosf + /67 fO(T) = z + R Oé,ﬁ,’}/? 0 = const. (73)
roor
The Schrodinger equation with potentials (73) can be trivially identified with the Klein-Gordon
equation with the potentials (72) and, therefore, does not need a separate consideration.

5 Conclusion

Exact solutions of quantum mechanical wave equations for a combination of Aharonov-Bohm
field with additional external electromagnetic fields has an undoubted physical interest. The
additional fields can emphasize or even reinforce some specific manifestations of the Aharonov—
Bohm effect. As was already said, exact solutions in the case when the additional field is a
constant and uniform magnetic field, revealed non-trivial manifestations of the Aharonov-Bohm
effect in the synchrotron radiation.
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Only some of additional fields and the corresponding exact solutions, which are considered
above, have been sufficiently studied until now. Namely, a constant and uniform magnetic field
that is parallel to the Aharonov-Bohm solenoid, a static spherically symmetrical electric field
(in particular Coulomb field), and a field of a magnetic monopole.

In this work we have demonstrated that aside from these known cases, there are broad
classes of additional external fields, for which exact solutions exist for both relativistic and non
relativistic wave equations. Among these new additional fields we have physically interesting
electric fields acting during a finite time, or localized in a finite region of space (see the potentials
in (49). The corresponding exact solutions can be used in non perturbative calculations of
different processes in QED with unstable vacuum (see. [34]) and, therefore, to study the
Aharonov-Bohm effect in such processes. There are additional time-dependent uniform and
isotropic electric fields that allow exact solutions of the Schrodinger equation. It should be
also noted that in the relativistic case these are additional electric fields propagating along the
Aharonov-Bohm solenoid with arbitrary electric pulse shape (50).

Obtained results give a possibility to investigate precisely manifestations of the Aharonov-
Bohm effect in the background of a wide class of additional electromagnetic fields.
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