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Abstract.

This is a didactical paper written to graduate and postgraduate
students of Physics and to researchers interested in electrical conductivity
of nanometric metallic films.

1) Introduction.

In a preceding paper" we have show how to calculate the electrical
and thermal conductivities of metallic bulks using the Boltzmann transport
equation. With a similar formalism we will calculate the resistivity of very
thin (nanometric) metallic films. Following the procedure adopted in our
didactical articles, only a few references, books and papers, will be cited in
this article.

We assume that the films are in a plane (x,y) with lengths L, and L,
along the axes x and y, respectively, and thickness d along the z-axis. The
thickness d is very small varying in the range 1 nm < d <20 nm. For these
nanometric dimensions quantum size effects (QSE) play the main role®* in
the electronic conductivity. In this way a guantum mechanical approach is
necessary to describe the conductivity.>* The coordinates (x,y,z) origin is
chosen in the middle point of the film, thatis, —L, /2 <x <L, /2, -L,/2<y
<Ly/2 and -d/2<z<d/2. Lyand L, are very large, that is, L, >>d and L,
>> d. As will be shown in what follows the electric resistivity is due to a
bulk effect and to the roughness of the film surfaces. The height
fluctuations of the film surfaces, located at the planes with z=—d/2 and
d/2, will be indicated by h(p) where p =x i +y j, where (i,j,k) are the unit
vectors along the axes (x.y,z), respectively.

Taking Ly, L, — oo and supposing that an applied electric field E is
applied along the x-axis, that is, E =E i the conducting electrons are
represented by the wavefunctions

o(x) = exp(ikx) Ly and o(y) = exp(ik,y) /L) (1.1),
respectively. These electrons have kinetic energies p?/2m = (p,” + p,’)/2m

= h?°k%/2m, where k* = k,’ + k,°. Due to the very small film thickness d the
electronic states are quantized along the z-axis and are given by

0y(2) = (2/d)**cos(vnz/d) (1.2)
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and their energies E, are given by
E, = (8%2m)(va/d)’ = ov® (1.3),

where v=1,2,..,N and a = h’*7%/(2md?). To obtain (1.1) and (1.2) it was
assumed that the electrons are confined in a very large potential well V, in
the region —d /2 < z < d/2. The maximum energy E, is Ex = (h%/2m)(Nn/d)?
= ¢ which is the Fermi energy given by & = 3%° 7 (h%/2m)(N/V)?°.
These quantum states v are known as Fermi subbands.”*

Thus, in our approach the free electrons in the film that are
represented by the wavefunction

P(XY,2) = 9(x) o(y) 0u(2) = (NVLy Ly) exp(-k-p) 0s(2)  (L1.4)

have energies Ex, = h?k?/2m + E, .Taking into account that (8%2m)(Nn/d)?
= En = & we verify that the maximum v value is

Vmax = N = (3n/m)? d (1.5).

Since the maximum value of the electronic energy is equal to the
Fermi energy &r = (h%2m)(3n/8m)??, the energies of the free electrons
inside the film obey the following condition h*k?/2m + E, = . In this way
the maximum possible value for v is given by the relation (h%/2m)(Nn/d)’=
h?N?/(2md?) = ¢¢ and, consequently, N =~ d (3n/x)">. The momentum K is
sometimes written as k, = [(2m/h?) (e — E,)]"2 The electronic mean free
path will be indicated by (.

At this point it would be interesting to present orders of magnitude of
some relevant parameters for metallic thin films (Pt, Au, Cu,...):

I nm<d<20nm,

A ~1nm,n~3-7 10%/cm?®,
ke = (3n7®)** ~ 10 nm ™,

}\'F = 27[/k|: ~0.5mMm

£~ 20 nm.

For the Fermi subbands v=1,2,..,N we verify, using (1.5), that for
n~510%/cm® and d ~1.5 nm we have 70 >N > 5.
Quantum Size Effects” (QSE) become significant for thin metallic
films conductivity when®*
£t>d
N <50 (1.6).
A > A



In the conditions (1.6) are satisfied to calculate the film conductivity it is
necessary to modify the formalism adopted in Sections 2 and 3 of our
preceding paper1 introducing quantum effects that depend on the small
thickness d and on the roughness of the film surfaces. The treatment for
bulk metals shown in Sections 2 and 3 can be applied only for d > 20 nm.
The total resistivity p(d) of a very thin film with thickness d is given

by

p(d) = ps(d) + p(0) = 1/55(d) + p(0) (1.7),

where ps(d) and o5(d) are, respectively, the surface resistivity and
conductivity of the thin film and p(e) the bulk conductor resistivity (or the
resistivity of the film for d —o0). From the resistivity measurements we can
determine the surface conductivity using (1.7):

os(d) = 1/[p(d) = p(e0)] (1.8).

2) Quantum Calculation for the Surface Electrical Conductivity.

Taking into account the roughness of the film surfaces h(p), where p
=X i + Y], the confinement potential of the electrons considered in Section
1 is now given by V =V, + U(p), where U(p) is a perturbation due to h(p).
It can be estimated”* using (1.3) taking v = 1:

U(p) = 8E =~ (8E/dd) 8d = (BE/ad) h(p) = — (h°7*/md°) h(p) (2.1).

2.a) Surface Conductivity Without the Fermi Subbands.

Let us calculate, in a first approximation, the conductivity ¢ due to
elastic electronic scattering generated by the surface roughness without
taking into account the Fermi subbands. So, following the Boltzmann
formalism developed in Section 2 of ref. 1 and that o(p"—p) = o(p—p")
we get,

2 o —p) f(p) [1- f(p)] - X 5 o(p—p’) f(p) [1-f(p")]

=2y o(p—p) [f(p") — f(p)] (2.2).
Putting,
f(p) = fo(e) + pxx(e) and f(p") =fo(e) + px'x(e) ;
we obtain
2y o(p—pP") [Px—p<Tx(e) = W pc(e) (2.3),



where W =2 o(p—p”) (1 —cosd). So, we have,
— eE(01/0py) + (p/m)(B/OT)(IT/OX) = — W py %(€) (2.4).
When there is no temperature gradient, that is, when (6T/0x) = 0 (2.4) can
be easily solved giving
v(e) = (eE/mW)(of,/0¢) (2.5).
Using (2.5) and taking into account that y(g) = eE({/p)(of,/0¢ ) we get
W =p/ml =v/L (2.6).
As (0T/0x) = 0 we get (see ref.1),
J,=e’EDYW (2.7).

Since J, = o, E, n = 2p:¥/(3n°h%) and putting (see ref.1)
DY = [16am/3(21th)*] (L0) s —F , Mo = &F, from (2.7) we obtain

ox = (€2n/M)(U/V) o= = (°n/m)t (2.8),

where 1= (£/v) ¢ ¢ IS the mean free time between collisions. As, according
to (2.6), (v/0) . = = W(eg) we verify that the surface conductivity os= oy,
given by (2.8), can be written as

os = (e°n/mW(eg )™ (2.9).

For very thin films it can be shown *° that the electrical resistivity is
created essentially to the surface roughness of the films. So, assuming that
the bulk resistivity is negligible, the elastic electronic scattering k — K™ due
the surface roughness is described by®

(k' = K) = o(k— K) =2a/h) | <k [U(p)| K> pk)  (2.10),
where the surface roughness potential U(p) is defined by (2.1), k for the
2-dim scattering is given by® k = k, i + Ky, ke = (2nn,/Ly), ky=(2mn,/L,),

p(k)dEx= (L/2m)* dk, dk, and E = (h’k*/2m), taking L,= L, = L.
In these conditions p(k) becomes

p(k) = (L/2m)* (m/h?) do (2.11).

Taking into account that U(p) = A h(p), where A = — (h°z°/md>) we
get



| <k|U(p)l K'>" = A*| <k |h(p)[k™> [* = Alhyc|*
where
I |* = (L/L)* d*p h(p) exp(iq p) (2.12),
withq=k-K and g =| k — k’| = 2 k sin(6/2), taking into account that the

resistivity effects are due essentially by elastic collisions, that is, k "= k. So,
from (2.3),(2.10)-(2.12) we obtain

W(e) = (r°h/2md®) O(q) (2.13),
where ®(q) is defined by
O(q) = Jo™™ |hie|/(1—cos0) do (2.14).
Assuming that the energy e of conducting electron is the Fermi

energy, that is, € = ¢ and g = gr the surface conductivity o5 = 6,= o
(along the E field), given by (2.9) becomes given by

os = (" n/m)W(er )" = (2ne?d®/n® h) O(qe) ™ (2.15).
For the particular case of the Gaussian model (see Appendix A)
when the function G(p) is given by G(p/€) = A exp(—p/E?), where & is the

“surface correlation distance” and A is the “average surface roughness”,
the function ®(qgg) defined by (5.14) becomes (see Appendix A)

D(q, &) =1 d’p exp(iqp) G(p/e) = A” [ d°p exp(iq-p) exp(—p/&’) =
= (EA)? m exp( —q°E2/4) (2.16).
Consequently, W(er) defined by (2.13) is written as
W(ee ) = (n'1/2md®) (EA)* Fo(Kel) (2.17),
where
Fo(ked) =J o7 exp[—ke2E” sin2(6/2)] (1—cos0) dO
=2 exp(—ke’E42) [1o(Ke2E42) — 11 (K2E12)],

l,(z) and 1,(2)] are the modified Bessel functions of order 0 and 1.’
Thus, the surface conductivity 6s = 6,= og, (2.9) becomes

os(d) = (2ne’d®/n* h £2A?) Fg(keE) ™ (2.20).
For ke& << 1, as Fg(ke&) = 2, (2.20) is given, simply, by’

os(d)= (ne’d®/n° h £°A%) (2.21).



2.b) Surface Conductivity Considering the Fermi Subbands.

Now the calculation of the conductivity o, is improved taking into
account the Fermi subbands v. So, due to the surface roughness U(p) the
electronic transitions are between the subbands | kv > — | K'u>. Since the
main contributions to the resistivity are due the elastic collisions it will
assumed that Ey, = Ex,, where Ey, = hk?/2m + E,. The momentum k, is
defined by k,? = (2m/h®)(er — E,). Rigorously, the momentum of the
electron in the subband v ought to be indicated by k,, but, sometimes, to
simplify the notation it will be indicated simply by k.

The electric current density Jg along E due to the v subbands
contributions is given by?

Je=—2e X, | d°k (L/27h)* (E-k) f,(K) (1/L7d) (2.22),
where f,(K) is the Fermi distribution for the subband v and remembering

that the film volume is L?d. It can be shown? that for elastic collisions
between the subbands we have:

—(eh/m) k°E (6f,/0¢) = (2n/h) X | <kv | U(p)| K’ > 8(Ei— Exc,)
X [fv(kv) - fu(kul)] (223)
where k,, = | k,— ki = (K. + k,”— 2 k, K, cos8)*” .
Due to the coupling between the functions f,(K) in the system of
differential equations (2.23) the exact determination of these functions is
very complicated, long and tedious.®® An approximate and simple way to

solve (2.23) decoupling these equations is assuming that f (k") = f,(k"). In
this way, we can write, similarly to in ref.1,

fu(ky) — fu(k)) = fi(k)) — fu(ky) = xu(€) [Kux — K'ix] (2.24).
Since k', = K, cos (2.24) becomes
fu(ky) — fu(k,)) = x(e) Kux (1—COS0) (2.25).

Consequently, the Boltzmann equations without coupling between
the subbands become given by, ( putting to simplify the notation, k, = k)

—e h E (0, (K)/ky) = e (kv — K'p) [£,(k) — f(K)] =

=2k o(kv — K'p) 3(e) ki (1—cos)  (2.26),



where
o(kv — K'p) = 2n/h) | < kv [U(p)| K'p>* Q(Ex,),

where Q(Ex,) is the density of final states |k > given by (see (2.11))
Q(Ey,) = (L/2m) (m/h?) d6, k=K and K’y =k’cosd =Kk, cosh. Itis
important to note that in (2.26) the reference x-axis (“internal reference
system” used to calculate the matrix element) is taken along the incident
momentum K. So, the scattering angle 0 is the angle between k and k. It
has nothing to do with the angle between k and E, that will be defined by o
given by E-k = E k cos a. In this case the E direction will be taken as
reference direction to calculate the integral (2.22) | d*k (E-K)...

From (5.26), following the same procedure adopted to get (2.3) we
obtain

1.(€) = (EE/mW,) (of,,/0¢) (2.27),
where W, is given by

W, = 2n/h) Xy | <kv | U(p)| K'n > Q(K,y) (1—cosb)
=2k o(kv — k') (1-cos0) (2.28),
where Ky, = Q= | K.~ k| = (k> + k= 2 Kk, K, cosf)"?.

Following a similar procedure used in Section (2.a) we can show that
Yra(kv — k'p) (1—cos) = (r°h/2md®) p*v? [o™ |hie|* (1—cos0) dO (2.29),
where |he|” =] d*p exp(id,.p) h(p) . Defining ®(q,) by

D) = o™ N[’ (1—cosB) db (2.30)
we see that W, given by (2.28) is written as
W, = 1/1, = (n°h/2md®) v* X, p* D(q,) (2.31).

Taking into account (2.27)-(2.30) the conductivity Je along the E
field, defined by (2.22) becomes written as:

Je = — (2e°/m?(2nh)?d) X, | dp (E-p.)Y/W,) (6f,/0¢)

= — (e’h%2m?n?d) X, | d*k (E-k,)*/W,) (6f,./3¢) (2.32).



Substituting (2.31) in (2.32) and remembering that 65 = og = Je/E we obtain
the general expression for the surface conductivity os:

os(d)= (€*hd*/mn°) Z, {] Kk Ky’ (Of,/0e)/ [VVE, 1> D(0,)] } (2.33),

taking E as a reference direction, the x-axis, for instance, we have E-k,=
Ek,x= Ek, cosa and d’k = k dk do.

3) Limiting Cases of Physical Interest.

The calculation of the surface conductivity (2.33) can be simplified
in special cases of physical interest for metals like, for instance, Pt, Au, Al
and Cu. Since for these metals the main scattering contributions are due to
electrons with k =~ k'~ kg we can put (see (2.28))

Kuw = Qe = | K K| = O = 2k sin(6/2) (3.1).

As & = h?k?/2m, k¢ = k* cos’a and taking into account that at € = er we
have (of,,/0¢)s = —6[e — (e — E,)] the current J, defined by (2.32) becomes

Je = (e’ En%2m?n?d) (2, | k® dk [, da cos®a )/W,)8[e — (er— E,)],

that is,
Je = (e°E/2nmd) X, (k,*/W,) (3.2),

where k,” = (2m/h)(e-— E,) and W, is defined by (2.28).Taking into
account that the function W, is given by (see Appendix B)

W,(0r)= (r°hv?/2d°) ©(qF) (24 12) (3.3),
where
D(qr) = foz” d6 (1- cos) |he|
and
hwe= (1/L) ] d°p h(p) exp(ide p),

where h(p) = h(x,y) are the height fluctuations of the film surfaces at the
points (x,y), according to Section 1.

Taking into account that Y5 u? = N(N+1)(2N+1)/6 and that ¢ = J/E
the electric conductivity os due to surface effects, using (3.2), is given by

os(d) = (€7/n)[d°/n" d(qe)] [6/ N(N+L)2N+1)] Z™ (kW) (3.4),



which is a result similar to that found by Fishman and Calecki®

Eq.(3.4) was used to analyze the surface resistivity of very thin
films measured'® at the Laboratory of Thin Films (LFF) of the Department
of Applied Physics (FAP) of the Institute of Physics (IFUSP) of the
University of S&o Paulo.

The function ®(qr) depends on the model assumed to explain the
surface roughness as is seen in our preceding papers.'® In Appendix A it is
shown how this function can be calculated taking into account the
“roughness correlation function”. Assuming the “Gaussian model” to
calculate ®(qr) We get (see 2.16 and 2.17) O(qr.£). = (EA)* Fo(ke&) where

Fa(ked)= 2 exp(—ke2€%12) [1o(Ke2E212) — 11(ke2E/2)]. For ke& << 1 we verify
that ®(qr,&). = (EA)’. In these conditions we verify that our prediction
(3.4) for o5(d) is exactly the same one obtained by Fishman and Calecki.’

Appendix A. Roughness Autocorrelation Function.
Let us calculate the function ®(q) defined by (2.14) using the
“surface correlation function” method:

D(q) = Jo" |he|“(1—cosh) db (A1),
where
Ihuc|* = (L/L)* | [d®p h(p) exp(iq p) I, (A.2),
andq=k-Kk".
In order to be didactical let us first calculate | <k |h(p)| k">[* for the
1-dim case
| <k [h(¥)| k">]* = (1/L?) ([ dx exp(—ikx)h(x) exp(ik X))

x (] dy exp(~iky)h(y) exp(ik’y)).
Putting y = x + A we get

| <k |h(X)| K> = (1/L)?*] dx | dA exp(—ikL) h(X)h(h+L) exp(ik L)

= (1%L { [ dr < h(x) h(x+x) > exp[i(k —k)A] },
where
< h(x) h(x+1) >= (1/L) | dx h(x) h(x+A)
is called “height correlation function”.’
Similarly, for the 2-dim case, takingp =xi+vyj,

hue= < K'[n(p)| k > = (1/L) | d°p h(p) exp(iq p),
we have
lhie [ = (/L) d®X exp(—ig X) h(X) | d%Y exp(iq Y) h(Y). (A.3).



Putting Y = X + p we get
e |? = (LIL)? Jo?p [d*X exp(iq p) h(X) h(X+p) =
= [d®p exp(iq p) < h(X) h(X+p) > (A.4),
where < h(X) h(X+p) > defined by
G(p) = < h(X) h(X+p) > = (L/L)*d®X h(X) h(X+p) (A.5),

is the “height autocorrelation function”.*

In this context |hwe|* given by (A.4) becomes written as
|hue|* = (L/L)* d®p [d*X exp(iq p) h(X) h(X+p) = [d°p exp(iq p) G(p) (A.6)

Several models have been proposed* to estimate G(p). We can
mention, for instance, two models, Gaussian and Exponential:

(1) Gaussian —  G(p/E) = A exp(—p/E?) (A.6)
(2) Exponential —  G(p/&) = A® exp(—p/&) (A7),

where & is the “surface correlation distance” and A is the “average surface
roughness .

Appendix B. Calculation of the Function W,.
Let us calculate the function W, defined by (2.28):

W, =X wo(kv — k'w) (1-cos0), (B.1),
where
(kv — k'w) =2a/h) Zye| < kv [U(p)] k' > Q(K,y),

k, and K", are written simply as k and k', respectively,
U(p) = — (8%*7°/md?) s°h(p) = — As*h(p), (s =porv),

and |k > = (1/L)exp(ik p), ky=K’, k'y = k' cosb = k, cosb.

To calculate o(kv — k') let us take the x-axis along the k direction
of the incident electron as a reference direction. So, ik = k, =k cos 6 and
d’k =k dk d6. So, the density of final states Q(Ey,) is given by (see (2.11)),

Q(E,) = (L/2m) (m/h?) d6
and
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K = Qe = | K= k| = (K2 + k=2 Kk, K, cosB)".
Assuming that, according to section 3, that k ~ k'~ kr we can put
Ky = O = | K= Ky| = q = 2k sin(6/2).

In this way (B.1) becomes

W, = (’hv’/2d°%) ©(q) (2 1?) (B.2),
where
D(q) = Jo”" e |*(1—cos6) d,
hae = (/L) d®p exp(igp) h(p) and q=k—k.
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