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ABSTR,ACT
The ultrasonic attenuation in the mixed state of Nb-26 at. % Hf was
" measured at T=4. 14K, using shear and longitudinal waves with frequencies
5-140 MHz. The experimental data are incompatible with the microscopic
theories of Houghton and M;aki, and of Cerdeira and Houghton. On the other hand,
the mé‘gnetic-ﬁeld and frequency dependence of the attenuation agree well with
a phenomenological model of Shapira and Neuringér in which magnetohydro-
. dynamié effects are included. We have also modified the original model of
Shapira and Neurlnger, using Thompson's result for the flux-flow resistivity .
as an effective resistivity in the Alpher-Rubin theory. We thus obtained an ex-
pxiession for the mixed-state attenuation, valid for H ~- ch and for high fre-
quencies sucvh that the pinning forcés may be neglected. This modification im-

proves the agreement with experimental data for the magnetic-field dependence

of the attenuation,
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- 1. IN‘TRODUCTION
Ultrasomc attenuauon has proved to be valuable in elucidating the
properties of superconductors. Histoa'lcally, measurements of the ultrasonic
attenuation in type-I superconductors provlded< one of the initial confirmations
of the BCS theory and were also used to measure the energy gap Later,
attenuation was focused on the attenuatlon in the mixed state of type-II super-
. conductors. 2 More recently, | Houghton and Maki (HM) and Cerdeira and |
Houghton(CH)‘i made predictions concerning the dependence of the mixed-state
_attenuation on maé;netic field, temperature.and purity of the sample. These

: predxctlons have been substantially verified for Nbs V6 and other materials. 7,8

These superconductors had relatively low upper critical fields H The attenua-

c2’
tion in snperconductots with much higher upper critical fields was. studied by
Shapira and Neuringer (SN) who emphasized the importance of magnetohydro-

dynamic effects at high fields. 9,10

In a recent article11 we compared .the measnred attenuation of trans-
verse ultrasonic waves in the mixed state of Nb-26 at. % Hf with theoretical
calculations by HM and CH. We showed that our experimental data could not
be interpreted in terms of these theories. Accordmg to HM and CH the
. Quantity AOI/OI = (0! -a )/0' (where @ is the electronic contribution to the
attenuation in the mixed state and Otn is the normal attenuation) is positive for
H S"ch. Furthermore, these theories predlct that ACI'/GZn is independent of the
ultrasonic frequency, provided that q4 < 1, 'whege q is the wave vector of the
sound wave and £ is the electronic mean free path. In contrast with those

predictions, our experiments in Nb-26 at. % Hf showed that Aa/dn is in many cases
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negative for large portions of the mixed state and is strongly dependent upon
frequency, especially for lower frequencies. In the present work, we show thgt
the same inconsistencies exist between the theories of HM and CH and the mixed-
state attenuation of longitudinal waves. That is, ﬁsing longitudinal waves, we
find that Ad/ﬂ’n may be negative for large portions of the mixed state and is
strongly dependent upon fr,equency.‘

. In Ref. 11 we also compared our experimental results with a phenom-
enological model for the attenuation in the mixed state which was proposed by SN.
These authors used a simplified form for the ac resistivity associated with flux-
line motion in the mixed statelz’ 13 as an effective resistivity in the Alpher-Rubin
(AR) theoryl4 to obtain an expression for the attenuation in the mixed state. In
the AR‘theory, which describes the influence of a magnetic field on sound propaga-
tion in a normal metal, the change in the attenuation due to an external ma gnetic
field H is given in terms of a parameter B = 2112(5/>\)2, where & is the
classical skin depth and A is the ultrasonic wavelength. In the model of SN, the
effective skin depth depends upon the motion of flux lines in the mixed state and
is, therefore, a function of both the magnetic field H and the strength of the
- pinning forces. The latter strength is characterized by .a characteristic fre-
quency w , which depends on thé metallurgical properties of the material.,

Previously we showed that the frequency dependence of shear-wave
attenuation was in good agreement with the model of SN, In the present work,
we make more extenslve comparisons of our experimental data to the predictlons
of this model and show that it is in good qualitative agreement with the magnetic

field and frequency dependences of the attenuation. This work is the first
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quantitative study of the frequency dependence of the attenuation in the mixed state,
and it strongly supports the SN model for the a_ttenuation in the mixed state of high
field superconductors. In additlon we find that a single qharacteristic frequency or

9,10

"depinning frequency" w, is adequate to descrxbe the attenuation measurements
with both shear and longitudinal waves. Finally,k the magriitude of the characteristic

'frequency «, Is in good agreement with the value predicted by this model.

‘The model of SN gives a good dcscription of the mixed-state attenua-

tion, especiallir for frequencies in the vicinitj of the characteristic frequency

_(f = W /211 ~10-15 MHz in our Nb-26 at.% Hffor T=4.14K). It is well known,
however, that for much higher frequencies, the effects of pinning forces can be
‘neglected. 12 ‘For this case of no pinning the flux-flow resistivity just below the
upper critical field HC2 has been calculated by ’Ihompson; 15 who correctcd the
earlier calculations of Caroli and Maki. 16,17 The necessity of Thdmpson's
corrections to the Caroli-Maki theories has subsequently been verified by
Takayama and Ebisawa. 18 Thompson's theory for the. flux-flow resistivity in
the absence of pinning forces is expected to give more éccurate rés_ults than the
phenomenological mocielslz’ 19 available when the SN theory for the miied-state
attenuation was formulated. We have, therefore, modified 'che original model of
SN, using Thompson's result for the flux-.fiow resistivity as an effective
resistivity in the AR theory. Our result for the mixea-state attenuation should
be valid for magnétic fields H s ch.,and for Ahigh frequencies such that the effects
of cinning may be neglected. Our modification improves the agreement with ex-
peri_mex;tal'data for the mag_neti_c-fieig dependence of the attenuation, eliminating

the discontinuity in 01'8/0'n at ch predicted by the model of SN. Furthermore,

our model correctly predicts the linear dependence of @s/@ on H for fields



just below Hc when B >> 1.

2
The success of these models in desciil?ing the mixed-state attenua-

_ tion is consistent with fecent experiments involving the electronmagnetic genera-
tiqxi_and detection of ultrasonic 'waves in superconductors. For example,
Vienneau and Ma:xﬁeldzo explained their observations of electromagnetic detec-
tion in terms of a local model based upon the Lorentz force acting upon currents
induced within the electromagnetic skin depth. With decreasing magnetic field,
the electromagnetic écreening in the mixed state becomes more effective, i.e.,
the skin depth decreases from its normal-state value (above ch) to the London

| penetration depth at zero field. In the case of the ultrasonic attenuation, the
situation is analogous. The effective skin depth is essentially magnetic-field

" depéndent and this H-dependence has importance consequences for the ultra-

sonic attenuation in terms of the AR theory.

II. THEORY
A. Model of Shapira and Neuringer

In this section we wish to recall certain results, obtained previously

by sN, %+ 10

which will be useful in later discussions. We first note that the AR
theory, 14 which is appropriate for normal metals, gives only the H-induced

change 1n the ultrésonic attenuation, i.e., the zero-field attenuation is ignored.
Later, we will estimate the electronic contribution to the zero-field attenuation

for Nb-26 at. % Hf and show that it is much smaller than the H-induced change in

the attenuation for H ~ ch. Thexefore it is a good approximation to neglect
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the electronic attenuation in the absence o.f a field. We do this in what follows
and denote the H-induced change in the normal .a'ttenuation by a .

For H> Hcé’ the superconductor'is in the normal state and the AR
theory is expected to be valid. For shear waves with a i H and for longitudirial

waves witha L fi; this theoxy gi_ves_,g’ 10

2
wi’p \(_8 ) .
o =f ; - (Np/cm) (1)
" (8ndV3)(l+ﬁ2

“where d is the density of the sample, V is the zero-field sound velocity (VL for

longitudinal waves and VS for shear waves), w is the angular frequency of the

sound wave, and i is the permeability. The parameter B is given by
R = czwpn/4vuV2 = 2,172 (é')/)\)2 | (2)

where P, is the normal-state resistivity. In the normal‘ state, KU is very nearly
equal to unity. and we make this approximatidn in'what follows.

It is intei:est'mg to note that otn depeﬁds upon the normal resistivity

through the factor 8/(1 +62), since B is proportional to pn. 'ﬁlus, for a fixed

w', the normal attenuation has a maximum with respect to P, when the normal
resistivity is such that B = 1. Physically this means that the norfnal attenua-
tion is maximum when the ;:1assica1'skin depth 6 is comparablé with the ultra-
sonic wavelength A,

The main assun?pfion of the SN model is tﬁat the attenuation in the
mixed state an be obtained from the AR theory by replacing the normal electrical

resistivity by the mixed-state resisﬂt:ivity for a frequency wequal to that of the .
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sound frequency. In typical horxﬁai mefa.ls, where the electron mean free path
is very small, the normal resistivity for freqﬁéncies up to ~100 MHz is essentially
a real quantity. In cdnt,rast, in the mixed state of a type-II superconductor, the
ac reslstivit_y is, in general, a complex quantity anq it is necessary to generélize
Eq. (1) in the approbriate manner. If one assumes that p = pl+ ipz, then for
shear waves with c? il H anci longimdmal waves with c-f LHone ol;tams

w H2 @ L 1

a = (Np/cm) 3)
8nd v a +,82)2 + 312

where
B, = clwo /amuV?, 8, = Cwp,/ampv? @)

To obtain an expression for the mixed-state attenuation, SN employed
in Eq. (3) an effective ac resistivity for the mixed state, derived from a
phenomenological model due to Gittleman and Rosenblﬁm. 12 For

Hcl << H< ch, the complex resistivity is given by

P = py+ip, = Pl +in)/(L+1D) (5)
where P; is the dc flow resistivity19 and r = wo/w . For Hcl << H< .ch the
phenomenological theories for the flow resistivity grive19

= * !

+Here H:Z(O) is the upper critical field at T = 0 K which would have been present
in the absenc. of Pauli paramagnetism. When the upper critical field is not

limited by Pauli paramagnetism, HZZ(O) in Eq. (6) can be replaced by ch(O),
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the actual upper critical field at T=0K. The characteristic frequency W, can

be estimated from the critical current density It

w, = 21) g, cHY /M ()¢ M2 ™

’ 1
where ¢o is the flux quantum hc/2e.9’ 10,12

Using these results SN obtained an expression for the mixed-state

attenuation:
2
2 B.(1+1r)
wH “f :
o = |5 55 ®p/cm), (8)
8mdVv°/ [+ +rBf) +ﬁf]
whére
B, = c’wp/ampV ©)

p
Equation (8) should be valid for Hc1 <<H< ch. In this region the magnetic

induction B is nearly equal to H, so that to a good approximation g = 1. In
comparing our experimental results to this model, it is convenient to consider
the quantity 0£s/0£n , obtained by dividing Eq. (8) by Eq. (1):

B+ (1467)

o /o

. (10

B +x” + 28)° + B2

Note that all quaptities appearing in Eq.(10)can be determined experimentally

and, therefore, this model involves no adjustable parameters.
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" B. Extension of the Model

The work of Kim et al, 19 éuggests that Eq. (6) for the flux flow
resistivity shc;ulci be valid only for 10\; reduced temperatures t = T/Tc and for
magnetic fields not too close to ch. In fact, a humber of authors have studied
the devlations from .Eq.‘ (6) In the vicinity of H 02" 21,22 In the case of ultra-
Bohic attenuation, the apparent discontinuity in p at ch, suggested by Eq. (6),

" would lead to a discontinuity in the attenuation at ch. As we will demonstrate
later, this beha‘vic.;r'is not observed.

A talculation of the flux flow resistivity p f(w) for magnetic fields
in the vicinity of ch has been carried out by Thompson, 15 starting from the
tn;ne-dependent Ginz‘burg-l;andau equation. Neglecting effects due to the pinning
of flux lines, Thompson related the currenf-J' in the superconductor to the vector

potential A (t) = A we"i

wt by means of a responsé function Q, such that'f = - QX.
In this ¢dse, the conductivity of the medium is given by O(wi = «Q/iw,. He then
talculated the most fmportant correction Q' to the response function of the normal
étate Qn for magn¢t.ic fields in the vicinity of H o2 To improve on the SN model,
we use Thompson's result for 0(w) as an effective conductivity in the AR theory
and thus obtain an expression for the.mixed-state attenuation. This expression
18 valid only for frei;uencies such that pinning effects‘ may be neglected (i. e. ,

w >> wo) and for H S H 2" In this work we are concernad only with shear
waves with ‘cin H and l;)ngitudinal waves with E-Lﬁ: It therefore seems appropriate
to consider fhe result for Q' obtained by Thompson for the external field H
normal to the sample surface and perpendicular to the xf electric field. In the

de limit, this result gives the dc flux~flow resistivity. For the temperatures
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and frequencies of our experiments, the condition hw << k (Tc - T) for the dc
limif:, is easily satisfied. In this case, the appropriate expressions for Q' are

- given by Egs. (7a) and (7b) of Pedersen et al?3

(ReQ')/w =0 (11a)

and

(ImQ')/w= ecMLD(t)/Z 7kTn (11b)

In these equations, M is the magnetization, which, for H < ch, is given by24

.
-4TM = (ch - H)/[1.16 (2K, -1) + N] (12)

where N is the demagnetization.factor and K 2 is the second Ginzburg-Landau

_parameter. Also in Eq. (11b) we have

_"7 = eDch(t)/Zﬂcka | (13)
where D = %VFL is the diffusion constant: The difference befween Thompson's
result and that of the second calcqlation of Caroli and Makil7 lies in the factor
LD(t) which is given by

LD“) PO L))

+1) (1)

where !b' and 4)’ are the first and second derivatives of the di-gamma function
Y. This factor Lﬁ(t) varies continuously between T = 0K, where LD(t) =1,
and T = Tc, where LD(t) =2,

Combining these results, one obtains the resistivity for H < ch :

P =p /Il +Y(1-H/BH) = p /g s)
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' where

2' .

c p L_(t)
y = 22 , e
471 DJ[1. ._16(2'(2 - 1) + N]

We define also the quantity g by

g = 1+yY(1-H/H ) (17)

* At this point we use p, given by Eq. (15), as an effective resistivity in Eq. (3)

-and, with Eq. (1), obtain

a /= g +8%y @ + B 18)

In- the limit.of high' fl;'equencies where w >> w, and B>>1, Eq.(18) simplifies to
@ /e =g = 1 +7[1.-(I+I§/ch)] ‘ (19)
for H jus:t below ch. This result says that the quantity as/an depends linearly
upon the difference (ch - H) for magnetic ﬁelds in the vicinity of ch.
A»s we mentioned earlier, the difference between Thompson's result
and that of the second calculation of Caroli and Makil’ lies in the facto.r LD.(t)’
However, 'we must recall the ranges' of validity of these two theories., As
. Thompson pointed ;)ut, 15 the Caroli-Maki result, which includes products of
only advanced or of only retarded‘Green's functions, is valid for magnetic fields
such that 1 - H/ch(f)'<< 1. Thompson's result, which also includes products
of advanced and retarded Green's functions, has a somewhat narrower range of
validity: 1- H/ch(t) << ch(t)/ch(O). Thus, in comparing Eq. (18) with our

experimental results, we must consider magnetic fields very close to ch(t).
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III. EXPERIMENTAL TECHNIQUE AND PHYSICAL PROPERTIES OF Nb-26 at. % Hf

Tﬁe polycrystalline sample used in tﬁe present work was cut from é

speéiman of Nb-26 at. % Hf, kindly provided by Dr. L.J. Neuringer. The original
speciman had been prepared by .combining the constituents in an electric arc
furnéce, after which the alloy was vacuum-annealed at 1800 C for 16 hours.

o Ultrasonic attenuation measurements were made using conventional
pulse-echo techniques. We estimate that'the H-ir.l'duced attenuation changes
were measured With.an accuracy of 10%. Transit times, to determine the sound velocity,
wére obtained using the pulse-echo overlap method.25 For T=4.14X,the velocity of shear
waves_i_'b: VS = (?. 006 + 0. OQ?) X 10S cm/sec and for longitudiqal waves V_ =

L

(4.56 £.02)x 105 cm/sec. The experimental uncertainties associated with the vélo_cities

-

accurate determination of the sample's length. (We should mention that the se values for VS
and V L differ siightly {rom previously quoted results26 because of erro rs inthe previous mea-
surements. i—lowevgr, the conclusions of Ref. 26 are not aﬂected'by these dif-
ferences.) Using tﬁe velocities VS and VL'and ‘the density o% the sample,
d = (10.1 + 0.1)gm/cm® for T = 4. 14K, we have determined for Nb-26 at. % Hf,
Young's modulus Y = (1.12 £ 0.01) x lolzdyne/cmz, the Poisson ratio
v = 0.380 £ 0.001, and th_e adiabatic compressibility K g =
(6.43+ 0.08) x 10713 cmz/dyne. From Anderson's equation for the Debye
temperature GD' of an isotropic material, 2? we ga,lculated 6D = (254 + 2)K.

The phase diagram (chx T) of Nb- 26 at. % Hf was determined from
resistivity nicagsurements carrie;l out using standard four-wire techniques. The

criterion for Hc 2 Was chosen to be the zero voltage intercept of the linear portion

i
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o.f the.tran‘sition oﬁ a; voltageWeréué-fleld curve. Since the width of the

resistive transition was small (~ 1.5 kOe) and did not vary appreciably with
temperéture, it seems reasonable that the use of_another criterion

would have ied to essentially the same results. In Figure 1 we present the

phase diagram determinéd from our resistive measurements. An extrapolation

of the ekpérimental points to ch = 0 gives the critical tempefature Tc =(9.3+£0.1)K

.

2
which agrees with Hulm and Blaugher. 8

Using the relation of Maki, 29
L d Hc2
* = A _
| ch(o) = -0.69 T, 3T - (20)
. T=T,

‘we obtained the upper critical field in the absence of paramagnetic limiting:
HZZ(O; = (68.6t 2)kOe," Fo; low values of the reduced temperaﬁlre t=T/T,,
the ‘dei)e,ndence of the obseived critical field on t is parabolic. The empirical

- relation, determined from a fit to the gxperimental pdint;s for t‘ =< 0.26, is
H(':Z(t) = H_,(0) (1 - 1.89t%) with Ho,© = 74, 5kOe. We note that. the extrapolated
value H_,(0) is somewhat larger than the value H:Z(O), obtai;1¢d from Maki's

_ relation. 29 This cannot be explained in terms of the‘ theories ‘of Maki and of

Werthamer gia_l_.so However, the recent work of Somekhgl has shown that

effects related to the anisotropy of the Fermi surface may be important in

"dirty" superconductors.

Attempts were made to measure the magnetization of the sample

"using a vibrating sample magnetometer. However, the experimental curves

were highly 1.reversible and it was not possible to determine the area under the

magnetization curve. On the other hand, a sharp maximum was observed in the
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curve of -4mM versus.appiied field, and this maximum was identified with Hc 1 .

='0.9 kOe. Using this value for Hcl’ and ther --

= 7,4 for Nb -26 ar ,, Hf for

For T = 4. 14K, we found Hcl

for T = 4. 14K, we estixriated32 K

Q

sured value of Hc

2 2

T =4,14K.
To characterize superconductivity in the alloy Nb. - 26 at. % Hf, we
estimated the value of 24/kT, whére 2A is the energy gap at T = 0K, Using the
| empirical relation of Laibowitz et al. ,33 ‘we related T /8p to 2A/ch, obtaining
28 /kT. =3.7. Thisl is slightly larger than the BCS prédiction for the same
quantity. Our experimental value for 'rc/eD also.allowed us to estimate the
value of A, the parameter which characte:.;izes the electron-phonon coupling.
An e_xplicit expression for /\ is given in Eq. (30) of MCMillan34 in terms of
TC{/’BD and €, the Coulomb pseudopotential: Using the value { = 0. 13, which is
appropriate for transition metals, 34 we obtai-ned‘ A= 0.86, which corresponds
to an intermediate electron-phonon coupling. ' *
In_ order to make a quantitative comparisoﬁ between our measurements
of the mixed-stéte attenuation and the model of SN, it is necessary to measure
the critiégl current density J. so that the characteriétic frquency W, may be
estimated using Eq. (7). The critic;u current density was determined for T=4, 14K,
as a function of the-applled magnetic field, in the us-ual geometry with the current
perpendicular to the applied field. The results of these measurements are shown
in Fig. 2. There is a noticeable peak in ]q for H~Hc2. This so-called "peak
“effect" has been observed in other supercor_lductors'; 35

We note that the geometry f.l. I:fis also the geometry appropriate for

measurements of the dc flux-flow resistivity. However, because thermal '
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instabllltiés occur're.d when using currents well above Jc’ we were unable to
determine the flux-flow resistivity experimentally., |
The normal resistivity of Nb—- 26 at. % Hf was measured for T = 4. 14K
and H > ch, and was F"n = (34 + 2)ull-cm. This. resistivity may be used to .
estima};e ceJ:'tain quantities of interest, such as the élect:;onic mean free path,
To do this, however, calculations must be performed within the context of the
frée electron model, since there aré no band calculations for Nb - 26 at, % Hf
In order to estimate the eleétronic density n, we make the usual approximation7
.. and assume that each atom éontributes a number of electrons‘ edual to the number
- of valence electrons. For Nb this number is 5 and for Hf itis 4.} With these
approximations (and taking “the electron mass equal to the mass of the free
electrqn) one obtains n=2, Sx 10 /cm3 and, for the Fermi velocxty,

F = 2, 3x108 cm/sec. For the sake of comparlson we did a similar calculation
for Nb, obtaining n = 2, 7x 10 /c;m and Vg = 2.3x 108 gm/sec. We note, however,
| that Matthias, 36 starting from his band calculations for Nb, calculated an average
Féﬁni velocity of e S5.1x 107 cm/sec. Matfhias pointed out, ’furthe_rmore, that
his value for Vg was in good agreement with experimental detgrmination of this
' qu;mtity. 36 If we suppose, theréfore, that the band structure of Nb-26 at. % Hf
is similar to that of Nb, our free-electron calculation for Nb suggests that we
are actually overestimating the Ferm1 velocity for Nb-26 at. % Hf.

Wlth these limitations in mind, we may use the ;;revious values of n
axid Vi and the measured value of % , to estimate the electronic. rela?cation
time T and mean free pa;h £. We thus obtain 7> 4x 10°15 sec, L =~ 9x 10'7 cm

and a BCS coherence length § = 3x 105 em
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IV, -RESULTS AND DISCUSSION
A. Comparison with Microscopic Theories

‘Previouslyu we encountered certain difﬁculties in comparing
Nb-26 at. %'Hf to the works of HM and CH. We encounter the same difficulties
in comparing the attenuation of longitudinal waves (with a L ﬁ) with these
fheories. The problem is related to the proper lfjenti,fication of an, i.e.,
should we include the magnetic field dependence of the normal attenuation in
o or should we take o =0 (H=0). For longitudinal waves with f = 20 MHz,
an estimate based upon the free electron model1 gives @ (H=0) = 9x 10'4dB/cm.
However, as we mentioned previously, our method of estimating n and Ve almost
certai\_nly overestimates these quantities. It would, therefore, not be surprising
if ozn (H=0) were actually an order of magnitude smaller than our free-electron
lestimate. In any case, this value of an is much smaller than the observed
H-induced changes in the attenuation for H ? HeZ’ and ;s also smaller than the
attenuation change between Hc J‘.and ch. Thug the choice fxn = Ot-n (H=0) leads
to the conclusion that as >> an for H = H;:Z’ in gross disagreement with the
- theories of HM and CH. |

We believe thﬁt it is more reasonable to take into account the
H-dependence of the normal attenuation in th;' definition of o We therefore
assume that ozn is the attenuation \;vhiCﬁ wéuid have existe(d at temperature T
and field H, héd the material been normal. To obtain this an, ‘we note that the
attenuation above ch is in good agreement with the AR theory.'M Ac.:cording to
this théory, an is propértional to HZ, for ﬁe’lid”s_.where an(H) >> an (H=0), which

i’

is the case in our experiments for fields com'p.;rable to I-Ic We therefore

2!
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calculate @ at fields 0. 5. ch <HK< ch by extrapolating the attenuation mea-
sured at H. > ch to lower fields. In Fig. 3 we show this extrapolation for
shear waves. The extrapolation is c&fried out making a least squares fit to the
equation &= m Hz, where m is a constant. The measured attenuation in the mixed
state is identified with as. We thus compute Ao /Otn = (an"as)/an and compare
to the theories of HM and CH. |

In the upper part of Fig. 4 we show values of A /ozn determined in
this fashion for lopgitudinal waves of varlous frequencies. The structure near
ch is felated to the peak effect in the critical current. Note that for the ex-
perimental curves of lower frequencies, Aa /ozn is always positive as predicted
by. HM and CH. However, for the highest frequency (f = 45. 3 MHz), bo /an is
negative for any value H < ch, in contradic.tion with these microscopic theories.
Not;e also in Fig. 4 that the quantity Ao [gtn is st;ongly dependent upon the ultra-
sonic fréquency, and that this too is inconsistent with theory. We thus conclude
that our expefimental data cannot be interpreted in te?ms of the theories of HM
and CH whicﬁ neglect magnetohydrodynamic effects, We reached these same

.

conclusions for shear waves11 with c-f i I-I: based on the lower half of Fig. 4

wh;ch show‘s the quantity Aoz/ozn for ;hear waves.

At this point it is perhaps worthwhile to asl; for the rational behind
comparing our data to these theories. This question arises because the micro-
scopic theories of HM Qnd CH were constructed for clean materials where
£.>>§ . and not for "dirty" materials like Np-26 at. % Hf. In answering this
question we note that.Tlttman.’ has shown that the theories of HM and CH give

a good qualitative understanding of the attenuation in materials of intermediate
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‘purity (V-5.6 at. % Ta, where 4~ 50) and of low purity (Mo - 25 at. % Re, where
1< 50). It therefore s;emed at least plausible that attenuation measurements in
Nb-26 at. % Hf, a superconductor of low purity, might be explained in terms of
these theories. The discrepancies which were observed between theory and ex-
periment, however, 'are of a serious nature and cannot be explained simply by
turning to a theory such as that of McClean and !-Ioug,rhton37 which was constructed
“for véry impure superconductors. We note that the "clean" theories of HM and
CH and the "dirty" theory of McClean and Houghton differ with respect to.the
. dependence of the ;.ttenuation on magretic field, temperature and mean free path.
These theories agr'eg, however, on the point that the normal attenuation is always
larger than the mixed-state attenuation. Thus the fact that Ax /ozn is often
negative for any H < ch contradicts all these theories. To explain this aspect
of our experimental curves it is necessary to consider magnetohydrodynamic
effects, as SN did in th;s:ir phenomenological model. The theories of HM, CH

and McClean and Houghton fail because they neglect magnetohydrodynamic effects.

B. Comparison with the Model of SN

1. Magnetic Field Dependence

We now ct;mpare our experimental data with the model of SN. It will
be convenient to consider the quantity aS/an where ozn is the H-induced change
in the nonnal attenuation determined as in Fig. 3. In Fig. 5 we show o:s/czn
for 5.8 MHz shear waves propagating along the magnetic field. .The theoretical
curve denoted by Ldo was calculated from Eg. (10), using the experimentally

determined values of wo calculated from Jc using Eq. (7). We see that the
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theofetlcal curve shows a minimum in th-e attenuation for fields slightly below
H_,. This minimum is related to the peak in the critical current for fields‘ just
below ch (see Fig. ﬁ). On the other hand, the curve denoted W, differs con-
'atdirnbly in magnitqde from the experimental value for ozs/o¢n for magnetic'
fl_eflﬂs in the interval 25-50 kOe. In Fig. 5 we have also plotted a theoretical
curve denoted by w°/2 wﬁich was éalculated using the experimentally-determined
va_lues wo(H), reduced by a factor of 2. This theoretical curve w0/2 i; in
reasonably good agreement with the experimental values for‘,a's/cxn.

In Fig. 5 we also show 'Jts/Otn for shear waves with f=25.1MHz. In
this case as well, we obtained somewhat better agreement between our experi-

mental results and Eq. (10) by reducing the value wo used to calculate as /ozn by

a factor of 2. It is interesting to note also that the theoretical curve denoted w,

3

still shows a slight minimum associated with the peak in ]c. For the curve wo/z,

the effect of the peak in JC is much reduced. For shear-waves with frequencies
greater than 25.1 MHz, the theoretical and éxpe;:iment;al curves are very similar
to those of Fig. 5. We will consider high freqliency results further in a later
sgction. | .

In. Fig. 6 we show ozs/Otn for longltudinal vwaves with =15, 6 MHz.
Here al.so reasonable agreement between the experimental data and Eq. (10) is
obtained when we calculaté f!s/ozn using the experimental values wo_(H), reduced
by a factor of 2..

In conclusion, tfzére is a good quantati§e agree;ment between our

experiment2" data and Eq. (10). The observed minimum in the attenuation for

magnétic fields just below ch, and which was attributed to the peak effect by
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" Shapira and Neuringer, is predicted by Eq. (19Q) using experimentally determined

values of wo. The magnitude of as/an, determined experimentally, agrees
reasonably well with that calculated using Eq. (30), if-we use values for w o
which are somewhat smaller than those determmined experimentally. Generally

speaking, a calculation of as/an made using We/2 agrees with the data for both

$
shear and longitudinal waves.

2, Fréquency Dependence

We now consider the frequency dependence of the mixed-state attenua-
tion, comparing the experimental determinations of bzs/an with the predictions
of Eq. (10). We note that for high frequencies, where both r - 0 and B >> 1, this

equation results in .

as/an = _B/ﬁf = HQZ(O)/H (Hc2>H>> HC;) (21)

where the second equality is the result of using Eq. (6) for ;of « Equation (21) says
that, for high frequencies, Ots/c:zn is determined only by the ratio 'between H
and H:Z(O) and that it does not depend upon wo. For low frequencies, h'bwever
as~ /ozn should depend upon wo and alsp upon 8. |

In Fig. 7_we compare as/an, determined .experimentally for a field
H=45kOe, with the same quantity calculated using Eq. (10). The curve designated
as wo was calculated using the experimental value of w and the curve w /2 was
calculated with W, reduced by a factor of 2. For high frequenmes the two curves
are identical, as expected from Eq. (21). In calculating these curves we used
the value H 2(0) 68.6 kOe, determined from the slope dH /dT near T,. This

value results in an excellent agreement between | expenment and the model of SN
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for high frequencies.

| We should note, however, that the secpnd equality of Eq. (21) results
from using Eq. (6) for the flux flow resistivity and that the latter equation was
obtained supposing the upper cﬁﬁml field to be limited by paramégnetic effects,
i. e.', ch(O) < i-i:Z(O). In the absence of paramagnetic effects, Eq. (6) should
‘be written P, = pn H/ch(o) and we have ﬁ/Bf = HCZ(O)/H (for H>> Hcl)’ In the
case of Nb-26 at. % Hf, we have a situat_ioh where HZZ(O), calculated from the
slope dch/dT near Tc’ is smaller than HCZ(O) (‘= 74.5 kOe). This result seems
" to suggest that the flow 1:esistivity should be Writtén using HCZ(O)' On the other
hand we obtaip better agreement between theory and experiment uging H:Z(O)
in the calculation of Ozs/ocn; The use of HcZ(O) = 74. 5 kOe would increase the
. calculatgd ozs/ozn by ~10% for high frequencies and leaq to a slight discrepancy
between theory and experiment. We add, finally, that we obtain similar good
agreemént between the calculated and me‘asured values for « S/Otn not only at
H=43kO0e but for all values of H above 25 kOe (below .25 kQe the uncertainty in
the measured value of Qg is too iarge for a meaningful comparison). -

For lower frequencies we note that ozs/ozn is so.mewhat more sensitive
to the value of wo used to calculate this quantity. However; the scatter in the
experimental points of Fig, 7 makes it difficult to décide whether w, or wo/z
is more suitable in the calculation of Ots/an.

In Fig. 8 we show Ot;/an obtained using longitudinal waves. The agree-
ment between the experimental points and the theoretical curve calculated with
wo/z is somewhat better than that calculated with wo.

Generally speaking we have observed an excellent qualitative
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' agreement betwen our‘dat.a and the model of SN. Although the theoretical ¢
curves for cts/OLn are rather insensitive to the exact yalues g_f wo (especially
compared with the uncertainties in th; experimental determination of as/an),
the best quantitaﬁvg fit to our data is obtained using wo/2, where Wwy(H) is the
set of values determined from Jc using Eq. (7). In any case, our data are not
inconsistent with a single choice of wo(H) for both longitudinal and shear waves.
A careful examination of Eq. (10) shows that, fora fixed frequency,
‘the quantity (st/ctn depends only weakly upon r = wo/w when B Is very lérge.
Since 8 ~ 1/V2, (where V is the zero-field sound, velocity) the value of B8 (in
Nb-26 at. % Hf) for shear waves is aBout S times larger than that for longitudinal

waves of the same frequency. It is natural to expect, therefore, that o /a

’

-

for shear waves, depends more weakly upon r (and therefore, upon w ) thah
foxr longltudmal waves of the same frequency. This explams for example, why
the minimum in the attenuation associated with the peak effect is still visible for
longitudinai waves with f = 45,3 MHz and, on the oth;'—:r hand, is not observed
using shear waves with f=34. 6 MHz (see Rgf. 26). Previously, SN had suggested
the existence of twﬁ characteristic frequencie's wo’ oné for shear waves and the
other for lc'mgitudir;al waves. We see;, however, that this is unnecessary in the

' present case and that a single characteristic frequenc;y is probably sufficient to

explain all data for both shear and longitudinal waves.

C. Comparison with the Modified Model

In this section we wish to compare our data with a modification of the

model of SN which gives a better description of cts/otn for high frequencies and




-23 -

* for magnetic fields close to ch. The necessity of this modification is clear
once we note that the model of SN predicts a discontinuity in the attentuation for
* Q
H < H __, which is, in turn, the result of an apparent.discontinuity in the
c2

resistivity of the material for fields in the vicinity of I-Ic As we mentioned

19,21, 22
2.

Therefore, the use of Eq. (6) for the flux-flow resistivity in the model of SN

2'
previously, however, Eq. (6) is not valid for fields in the vicinity of HC

" may lead to inaccurate results near ch. '

A more rigorous expression for the flux-flow resistivity was obtained
by Thompson. 15 Thompson's result, which should be valid for fields in the
vfcinity of Hc2 and for freqﬁenc_ies such that the pinning forces may be neglected,
was used in section IIB as an effective resistivity in the AR theory. There, we
obt.ained an expression fo.r Ots/an given by Eq. (18). Since the frequencies
fo(H) characteristic of the pinning forces are in the range ld - 15 MHz for our
Nb-26 at. % Hf sample at T=4.14K, it seems reasonai)le that, for higher fre-
quencies, such as 60 - 140 MHz, the pinning forces will not be- important and
Eq. (18) should gi\}e a good description of the miked-state attenuation.

— 'In orde; to compare our e).cperimental determinations of as /czn with
Eq. (18), it is necessary to determine the parametef ‘)/ given by Eq. (16). To
calculate ¥ we took N =1/3 fof our approximately cubical sample and used our
preAviou_s estimate K 2 =7.4. Since LD(t) vari'es smoothly between the values 1
and 2, we made the approximation LD(t) = '1. 5 for T=4.‘14 K. Then using the
values of pn, 4 and vF of section III, we obtained ¥ = 0.5. Sinc.e

D=% Ve L~n 173 S 1/ ?, it is probable that ¥ should be somewhat smaller

than this estimate.
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Finally, in Fig. 9, we compare as/ozn, determined experimentally
for shear waves with f = 100 MHz, with the same _quantity calculated using Eq. (10)
(curve designated SN) and also using Eq. (18) (curve designated Revised Theory).
As we note in Fig. 9, the mode} of SN[Eq. (10)] fails near ch since this equation
predicts a diséontinuity in ozs/an for H=ch which is not observed experimentally.
This prediction cannot be modified by varying wo since for high frequencies,
as/an, calcula}ted from Eq. (10) is independent of w . As we mentioned pre-
viously, this disconf‘muity is connected with the apparent discontinuity in pf
suggested by Eq. (6).
Al'go in Fig., 9, we have‘ calculated o:s/ozn using Eq. (18) with ¥ = 3.2
and ch =51.90e. This vélue of ¥ reproduces tﬁe slope of the experimental curve
- but is larger than our previous a priori estimate of this quantity. Concerning
this discrepancy in the value of v, it should be noted that there are difficulties
involved in estimating the mean free patI; and the Fermi velocity, which enter
into our estimate of ¥. Thus,it is not surprising that a;greement of this estimate
with that obtained experimentally. is 6n1y an order of magnitude agr'e‘emgnt.
. We notice also that plotting the theoretical curve with
H<;2 (T=4.14K) = 51.9kOe res;xlts in its being offset slightlly from the experi-
mental cuxve. On the other hand, using H-cz (4. 14K) = 53. 4 kOe, the theoretical
and experimental curve coincide. The value 51.9 kOe was determined experi-
mentally from our resistivity naeasurements using a somewhat arbitrary
criteriqgn for ch. Since 1;he width of the resistive transition at 4.14K is about

1.5 kOe, a value of 53. 4 kOe for ch‘ is also consistent with our experimental

determination of Hc

2.
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We note also that our experimental curves of as/ozn, obtained with
shear waves with f = 61 MHz and f = 140 MHz, are also in good agreement with
Eq. (19) when we use the same value for ¥, nameiy Y= 3.2 and ch =51.9 kOe.
Thus the slope of ozs/an seems to be independent of the ultrasonic frequency,
as Eqs. (19) a.lnd' (16) suggest. 'I"o see to what extént our modification of the
SN theory is useful we have compaied Eq. (19) to a curve of as/an obtained
with shear waves with f = 25,1 MHz. Although pinning forces are clearly im-
portant in this éreque'ncy range, ‘a reasonable agreement was obtained between

- ekperiment and theory uéing Y = 2.6. Thus it appéars that the revised theory
can give a reasonable account of the data into the frequency range where w
is co.mparablel to w.. The modified theory was not compared with longitudinal -
. Wave attenuation because the effects of pinning forces were always present for

the frequencics studied and B was always small.

V. CONCLUSIONS

We have compared our‘atténuation data with the microscopic theories
of HM and CH for the mixed-state\attenuation. These theories predict that
Ao /(Jtn is always positive and is independent of frequency fc;r g1 <1, Our data
contradict these theories in these two resbects and would also be in contradiction
to other theories, such as that of McClean and Houghton which was constructed
for very impure superconducto'rs but which neglected magnetohydrodynamic
effe;cts. ‘FThe necessity otg considering these effects is one of the important results

- of this work.

On the other hand, our data are in good agreement with the
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phenomenological model of SN where mégnetohydrodynamic effects are taken
inf:o account. We have studied the predictions of this model with respect to the
dependence of the attenuation on magnetic field and frequency. In qualitative
terms, the agr'een.lent.between the model and our data is excellent, with the
model pred‘ict'mg.all of the characteristics of the experimental curves. Our
measuremehts are consistent with an interpretation in terms of a single
characteristic frequency wo for both longit.:udinal and shear waves. In fact, a
careful examination of Eqg. (10) shows that the dependence of the attenuation on
wQ is different for shear gnd longitudinal wav 2s of the same frequency. It is not,
therefore, necessary to have recourse to two ¢haracteristic frequencies w,, one
for shear waves and the other for longitudinal -waves, as previously suggested by
SN.
Our modification of the model of SN consists in using Thompson's

expression for the flux-flow resistivityls’fm as an effective resistivity in the AR
theory. Our modification which should be valid for H'; Hc2 and for high frequen-
cies such that the pinning forces may be neglected, eliminates the discontinuity
in ozs/cxn at ch which was predicted by the model of SN. Also, the observed
linear behavior of OLS/otn with (ch ~ H) near HcZ is a natural consequence of
our modification. Our a priori estimate of the slope 7 is lower than the value
‘necessary to fit our experimental data. However, this difficulty seems under-
standable, given the difficulties m estimating Vi 1, and K2 for Nb-26 at. % Hf.
We note that ¥ should depend rather sfrongly upon temperature. This is es-
pecially frug if we are correct in assuming that Thompson's expression for the

flux-flow resistivity may be used in the AR theory. Work is currently under way

to test this aspect of the model.
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Figure Captions

Fig. 1. Temperature aependehce of _ch for Nb-26 at. % Hf as determined from
resistive measurements. The solid line was drawn through the experimental

points. T, was obtained by extrapolating this line to ch = 0.

Fig. 2. Critical current ] c (open Qircles) vs. Hat T=4.14K. The peak in J c at
H/ch > 0.9 is the "peak effect.” The characteristic frequency fo(H) = wo(H)/Zn

(dashed curve) was calculated from Jc using Eq. (7).

Fig. 3. Attenuatioxi of 61 MHz shear waves vs. H (solid curve). The normal
attenuation o for H < ch (dashed curve) was obtained by extrapolating the
attenuation measured above ch using the relation o= mH2 . It was assumed that

the zero-field attenuation o (H.= 0) was negligible.

Fig. 4. Magnetic field dependence of the quantity Aa /ozn = (an - tJtS)/Otn for
several frequencies. The upper half of the figure is for longitudinal waves with

EIL.L H and the lower half, for shear waves with a Sll H.

Fig. 5. Comparison of measured ozs/t)tn vs. H,for 5.8 and 25.1 MHz shear
waves,with theoretical curves obtained fromr Eq. (10). Theoretical curves
denoted by W were obtained by using the experimental values fO(H)=wo(H)/21r

of Fig. 2 in Eq. (10). The curves denoted by w0/2 were obtained by dividing

fo(H) by 2.

Fig. 6. Comparison of the measured H depehdence of ozs/txn for 15.6 MHz
_longitudinal waves with theoretical curves bbtained from Eq. (10). The theoretical
curve denoted by wo was obtained by using the experimental vah'les fo(H) = Wy (H)/2m

of Fig. 2. The curve denoted by ®,/2 was obtained by dividing f,(H) by 2.
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"Fig. 7. Comparison of the frequency dependence of Ots/ozn for shear waves
(full circles are experimental points) with the predictions of Eq. (10). The solid
curve (denoted by wo) was obtained using the value f,(H= 45k0e) from Fig. 2.

.

The dashed curve (denoted by w°/2) was obtained by dividing this fo(H= 45kO0e) by 2

Fig. 8. Comparison of the frequency dependence of o Wi q for longitudinal waves
(full circles are experimental points) with the predictions of Eq. (10). The solid

curve (denoted by w,) was obtained by using the value fo(H=45 kOe) from Fig. 2

The dashed curve {(denoted by W/2) was obtained by dividing f_(H=45kOe) by 2.

~ Fig. 9. Comparison of the measured H-dependence of nts/ozn for 100 MHz shear

waves with theory of SN [Eq. (10)] and revised theory [Eq. (18)].
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