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Abstract

Non-Abelian gauge theories with composite fields are examined in the background field
method. Generating functionals of Green’s functions for a Yang—Mills theory with composite
and background fields are introduced, including the generating functional of vertex Green’s func-
tions (effective action). The corresponding Ward identities are obtained, and the issue of gauge
dependence is investigated. A gauge variation of the effective action is found in terms of a nilpo-
tent operator depending on the composite and background fields. On-shell independence from
the choice of gauge fixing for the effective action is established. In the study of the Ward iden-
tities and gauge dependence, finite field-dependent BRST transformations with a background
field are introduced and employed on a systematic basis. On the one hand, this involves the
consideration of (modified) Ward identities with a field-dependent anticommuting parameter,
also depending on a non-trivial background. On the other hand, the issue of gauge dependence
is studied with reference to a finite variation of the gauge Fermion. The concept of a joint intro-
duction of composite and background fields to non-Abelian gauge theories is exemplified by the
Gribov—Zwanziger theory, including the case of a local BRST-invariant horizon, and also by the
Volovich-Katanaev model of two-dimensional gravity with dynamical torsion.

1 Introduction

The use of background [11, 2, 3] and composite [5], 14] fields has gained considerable attention in quantum
field theory. The background field method [I], 2, 3] reformulates the quantization of Yang-Mills theories
under a background gauge condition [3, 6] [7], in a manner which provides an effective action invariant
under the gauge transformations of background fields and reproduces physical results with considerable
simplifications in calculating the Feynman diagrams, which allows one to study a wide range of
quantum properties in gauge theories [8, 9, 10 [1T], 12, [13], 14}, 15, [16} 17]; see also [I8] 19} 20, 21, 22]
for recent developments. The interest in composite fields is due to the fact that the effective action
for composite fields (see [4] for a review) introduced in [5] has found diverse applications to quantum
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field models such as [23] 24], including the early Universe, the inflationary Universe, the Standard
Model and SUSY theories [25], 26], 27, 2§]. It seems to be of particular interest in this regard to study
the problem of BRST-invariant renormalizability in Yang—Mills theories, which includes the N = 1
SUSY formulations [29 B0, 1], the functional renormalization group [32, [33, B4, B35, [36], and the
Gribov horizon [37, 38], by using the concept of soft BRST symmetry [39] [40] [41], 50} 52] and the local
composite operator technique [57, [58] in arbitrary backgrounds [59).

In this paper, we address the issue of quantum non-Abelian gauge theories including both composite
and background fields, with a systematic treatment based on Yang—Mills theories quantized using the
Faddeev—Popov method [60] in the presence of both composite and background fields. A combined
treatment of Yang-Mills fields A, with composite and background ones calls for a joint introduction
of these ingredients on a systematic basis. We suggest to use the symmetry principle as such a
systematic guideline. Thus, suppose that a generating functional Z (J, L) of Green’s functions with
composite fields is given, depending on sources J, for the usual fields ¢, and also on sources L,
for the composite fields 6™ (¢). One may ask how some background fields B,, can be introduced in
such a way as to produce an extended functional Z (B, J, L) which reflects the symmetries inherent
in Z (J,L). Suppose, on the other hand, that a generating functional Z (B, J) of Green’s functions
in the background field method is given, also featuring some symmetries, and then one may ask how
composite fields o™ (¢, B) with sources L,, can be introduced for the resulting Z (B, J, L) to inherit
the original symmetries. These two approaches prove to be equivalent in the sense outlined in the
following preliminary exposition.

In the first approach, one is given a generating functional Z (J, L),

Z(J,L) = /dqﬁexp {% [Sep (¢) + Jad™ + Lyo™ (qﬁ)}} : (1.1)

corresponding to the Faddeev-Popov action Spp (¢) of a Yang-Mills theory with composite fields
o™ (¢). Then a background field B, can be introduced by localizing the inherent global symmetry
of Z(J,L) under SU(N) transformations (“rotations” for J4 and tensor transformations for L,,) in
such a way that Z (B, J, L) defined ad]]

Z(B,J,L)= Z(J, L)|8H—>DH(B) (1.2)

turns out to be invariant under local SU(N) transformations of the sources Jy4, L,,, accompanied by
gauge transformations of the field B, with an associated covariant derivative D, (B). Besides, the
original Sgp (¢) becomes modified to the Faddeev—Popov action Sgp (¢, B) of the background field
method and related to Sgp (¢) by so-called background and quantum transformations of this method
(see Section [2).

In the second approach, one is given a generating functional Z (B, J) constructed using the back-
ground field method for Yang—Mills theories,

2(5.9) = [ dsesp {5 [5ew 6.5+ 116}, (1)
which implies that Sgp (¢, B) is given by

Spp (¢a B) = Srp (¢)|8M—>DM(B) :

More specifically, the replacement 8, — D,, (B) is described by the relations 1) 1) of Section [2l This rule
is unambiguous for local fields o™ without higher derivatives, ¢ = ¢™ (¢, O¢). For more details, see Section
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One can then introduce some composite fields o™ (¢, B) on condition that the resulting generating
functional

Z(B,J,L) = /d¢> exp {% [Sep (¢, B) + Ja¢™ + Lyo™ (¢, B)] } (1.4)

inherit the symmetry of Z (B, J) under local SU(N) rotations of the sources .J4 accompanied by gauge
transformations of the background field B, with the covariant derivative D, (B). This symmetry
condition for Z (B, J, L) is met by a local SU(N) tensor transformation law imposed on o™ (¢, B),
which is provided by B, entering into the composite fields 0™ (¢, B) via the covariant derivatives
D, (B) and implies

o™ (¢,B) = o™ (¢)’8u—>D“(B) (1.5)

for certain o™ (¢), which brings us back to the first approach.

In the main part of the present work, we choose the first approach as a starting point of our
systematic treatment assuming the composite fields to be local, and then, in the remaining part,
we show how the first and second approaches can be extended beyond the given assumptions by
considering some examples. The principal research issues to be addressed are as follows:

1. Introduction of generating functionals of Green’s functions with composite and background fields
in Yang—Mills theories; investigation of the related symmetry properties;

2. Extension of finite field-dependent BRST (FD BRST) transformations [42] [40] to the case of
background field dependence;

3. Investigation of the Ward identities and gauge dependence for the above generating functionals
on a basis of finite FD BRST transformations;

4. Introduction of background and composite fields field into the Gribov—Zwanziger theory [38];

5. Introduction of composite fields into a quantized Volovich—Katanaev model [61].

The paper is organized as follows. In Section [2] we introduce a generating functional of Green’s
functions with composite and background fields in Yang-Mills theories. Section |3| is devoted to
the corresponding Ward identities and the properties of the generating functional of vertex Green’s
functions (effective action). Thus, the effective action Teg (B, X), depending on the background field
B, and a set of tensor auxiliary fields ™ associated with ¢™, is found to exhibit a gauge symmetry
under the gauge transformations of B, along with the local SU(N) transformations of ¥™. The
study of the Ward identities systematically utilizes the concept of finite FD BRST transformations
[42], [40], first suggestedﬂ in [43] 44] and now depending also on the background field B,. In Section
[ we use the finite FD BRST transformations and the related (modified) Ward identities to analyze
the dependence of the generating functionals of Green’s functions upon a choice of gauge-fixing. In
doing so, we evaluate a finite gauge variation of the effective action in terms of a nilpotent operator
depending on the composite and background fields, and also determine the conditions of on-shell
gauge-independence. Loop expansion properties and a one-loop effective action with composite and
background fields are examined in Section [5} In Section [6 we consider an example of the Gribov—
Zwanziger theory [38], which is a quantum Yang—Mills theory including the Gribov horizon [37], using
a local and a non-local BRST-invariant representations, in terms of composite fields. The quantum
theory [38] is then extended by introducing a background field, which modifies our first approach

2See [51] for a field-antifield BV formalism and [45, 46, (47, 48], [49] for extended N > 2 BRST symmetries.



, beyond the case of local composite fields, along with a study of the gauge-independence
problem. In Section [7] we consider an example of the two-dimensional gravity with dynamical torsion
by Volovich and Katanaev [62], quantized according to the background field method in [6I] and
featuring a gauge-invariant background effective action. As a modification of our second approach
, , , when extended beyond the Yang—Mills case, the quantized two-dimensional gravity
[61] is generalized to the presence of composite fields, and the corresponding effective action with
composite and background fields is found to be gauge-invariant, in a way similar to the Yang—Mills
case. Section [§ presents a summary of our results. Appendices [A] [B] [C] support the consideration of
the respective Yang—Mills, Gribov-Zwanziger and Volovich-Katanaev models.

We use DeWitt’s condensed notation [63]. The Grassmann parity and ghost number of a quantity
F are denoted by €(F), gh(F), respectively, and [F,G} stands for the supercommutator of any
quantities F', G with a definite Grassmann parity, [F,G} = FG — (—1)6(F)6(G) GF'. Unless specifically
indicated by an arrow, derivatives with respect to fields and sources are understood as left-hand ones.

2 Generating Functional of Green’s Functions

Consider a generating functional Z (J, L) corresponding to the Faddeev—Popov action Sgp (¢) of a
Yang—Mills theory with local composite fields,

i
Z(J,L) = /qu exp {ﬁ [Sep (¢) + Jad™ + L™ ()] } : (2.1)
where L, are sources to the composite fields o™ (¢),
1
" (0) =D a0t 0N (22)
n=2

and J4 are sources to the fields ¢ = (A%, b, &, ¢*) composed by gauge fields A?, (anti)ghost fields &,
¢®, and Nakanishi-Lautrup fields ¢, with the following distribution of Grassmann parity and ghost
number:

o Ja o Lo,

e | (0,0,1,1) e (¢) e(o™) e(a™)
gh | (0,0,-1,1) | —gh (¢") [ gh(0™) | —gh(c™)
The Faddeev—Popov action Sgp (¢),

Srp (¢) = So (A) + ¥ (¢) 5,

is given in terms of a gauge-invariant classical action Sy (A), invariant, 0.5y (4) = 0, under infinitesimal
gauge transformations A’ = R’ (A) £* with a closed algebra of gauge generators R’, (A),

%
i i i 0
(A)=F ;R (A), FJ;=const, R, ;= Ram ,

R (A) B (A) = Ry (A) R,
and a nilpotent Slavnov variation ‘s~ applied to a gauge Fermion ¥ (¢), € (¥) = —gh (¥) = 1,
SFP (Qb) = SO (A) + v (¢> ?7 v (¢) = EaXa (¢) ’ ? 2= 07 (23)

where 4
o5 = (R (A) ¢*,0,0%,1/2F5 " c?).
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For the explicit field content

(S (xapalu)v Oé:(l’,p), M:O,...,D—l, p:1>"'7N2_17
¢t = (A @ ), (AP b e ) = TP (AR, P), [T, TY) = [P

the field variations ¢A<§ have the form

(Au,b,6,0)5 = (D, (A),c],0,b,9/2]c,c],),
(A2, 0P, )5 = (DPI(A)c, 0,0, g/2f" "), (2.4)

where

Dy (A) =0, +gA, , DM (A) =5, +gf AL,

The classical action Sy (A) has the form (in the adjoint representation with Hermitian 77),

— L D pv _1 D P pluy P _1 Pq
So(4) = 2 d”z Tr (F,,F") = 1 /d x FIFPRY T (TPT) = 25 : (2.5)
Fu = [Du(A).D,(A)], FI, =8,AL —0,AL + gf" AL A; .

and the gauge Fermion ¥ (¢) = é*x,, (¢) with gauge-fixing functions y, (¢) = x? (¢ (z)) reads

W (9) = / PPz @y (9) = 2 / Pr Telex (9], x(8) =TPx (). (2.6)

The Faddeev-Popov action Sgp (¢) is invariant under two kinds of global transformations: BRST
transformations [64, 65], 6,0 = ¢\, with an anticommuting parameter \, ¢ (A) =gh(\) =1, and

SU(N) rotations (finite ¢** % ¢ and infinitesimal 5.¢™) with even parameters ¢?,

(A, b, ¢ c) LN (A, b,e,c) = U(A,bec)U, U=exp(—gT?s®), <" =const, (2.7)
5§ (Afubp7épacp) = gfp’rq (Azybr7é7"’c7‘> gqy

or, in a tensor form, via the adjoint representation with a matrix M?9 (),

(AP b7 e, cp)’ = MY (q) (A%,0%, ¢, c%), M (c) ="+ gf*"< + O (%)
The classical action Sy (A) in Sgp (¢) = So (A) + ¥ (¢) 5 is invariant under A, LN Al as a particular
case (£”(z) = const) of invariance under the finite form A, 1A A}, of gauge transformations

A =VAV 497V (0.V "), Du(A)=VD,(AV™, V=exp(—gT?¢"), &=¢"(x), (2.8)

whereas the invariance of W (¢) s under ¢* LA ¢’ is implied by the explicit form of s and the fact
that the gauge functions x? (¢) are local and constructe from the fields ¢, structure constants fP4"
and derivatives d,, for instance, in Landau and Feynman gauges,

XL (@) = 0"AY , Xp (@) =07 + 0" Aj . (2.9)

SNote that FP4 — frrifr, frar pagr — [F,GYF, 9,FP = [0, F|’, FPGP ~ Tr(FG), FI/P'FPP2 ... FLn2P —
Tr(F;---F,) for any quantities FP? and GP carrying the index p, with I/ = UFU~!, G’ = UGU~'. Given this,
the explicit form 1D of the field variations ¢*%s” implies the property (X?)/ =U (X?) UL
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so that, in particular, x? (¢) transform as SU(N) vectors, with W (¢) being invariant under ¢* Y ¢4

X(¢)=Ux(e)U™, ox" () = gf"" X" (¢)<".

By similar reasonings, one can see that local composite fields o™ (¢), also constructed from the
fields ¢, structure constants fP7" and derivatives Oy,

o™ (¢) = gPL Pkl (d(2)), m=(z,p1 Dr>fby " 1y)

in the path integral {D for Z (J, L) transform under ot LA ¢ as tensors with respect to the indices
b1y Pk namGIY7

o ProPklaim o reian L Pk 91 dkl e
Y
5§0p1~~pk|m~~m = g § fPsquo-Pl"'TS"'Pk|N1"'ngq Egf{p}v“qam~~-7“~~~pk\ul-~mgq7 (2.10)
rs€{r1,.Tk}

which generalizes the transformation of a vector in the index p. As a consequence, the exponential in

the path integral 1) for Z (J, L) is invariant under ot LA ¢, accompanied by global transformations
of the sources Jyu, L,,,

(Jas Lon) & (Tas L)' s Ta= (T Ty T JE)), L = LIV (2.11)
in a tensor and infinitesimal form:
(J 3 /; ,Jp Jp )/ _ Mpq(Jqlu Jq qu Jq ) L p1-l-t-p¢ — MPiar. ..Mpiqiqu---in ’ (2.12)
5 (T Pk g) JP ) =g fri(J) 7"|“ ‘]b)7‘](c Jr ), G Lpr _gf{p}qum 7 P, '

which provides the invariance of the source term Ja¢® 4 L,o™ ().
Let us introduce an additional gauge field B, = BFTP which transforms as in (2.8),

B, % B, =VBV ' +g 'V (9,V), (2.13)
with the inherent property
D,(B)=VD,(B)V', D,(B)=08,+gB,, (2.14)

and subject the exponential in the path integral (2.1)) to the following modification:

exp {;L [Sep (6) + 6 + Lo <¢>]} =ew {ﬁ [Ser (6.B) + Jo + Lo (6, B)]} @)

0,—D,(B
where the replacement 9, — D,, (B) is understood as
9,—D,(B): [0ye = [D,(B),e]=[D,(A),e] = [D,(A+ B),e], (2.16)

in particular,

Fu (A) — [Dy(A+ B), D, (A+ B)| = F., (A+ B). (2.17)

The quantum action Sgp (¢) in (2.15]) is then replaced by the background action Sgp (¢, B) of the form
(2.22), (2.23]), while as regards the replacement ¢ (¢) — o™ (¢, B) one should notice the following.
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Namely, in the case of local composite fields without higher derivatives, o™ = o™ (¢, 0¢), where
0, enter only via the structures [0,,¢] and [D, (A),¢] in a matrix form, the introduction of B,
according to is unambiguous. In the case of higher derivatives, o™ = o™ (¢, ¢, ...,0 - 0P),
the introduction of B, is not unique, since, prior to including the background field to 9, --- 9, ¢,
these structures can be modified by adding terms with a difference of cross derivatives. Such extra
terms are zero in the absence of a background; however, they are non-vanishing (and arbitrary) in the

presence of a background:
[0, 0] = 0, [Dyu(B), Dy(B)] # 0.

At the same time, the general considerations below remain valid irrespective of a particular represen-
tation of o™ (¢, B) according to ([2.16)).

Due to the transformation property (2.14)) of the derivative D, (B), the generating functional
Z (B, J, L) modified by the field B, according to (2.15)), (2.16)),

l

Z(B,J,L) = /d¢ exp {h [Sep (6, B) + Jad™ + Lno™ (6, B)] } , (2.18)

is invariant under a set of local transformations,

0B = Dt (B)¢,

55(‘]6[4/;7 J&)? J(p%)a JEDC)) = gfprq(JE”X;’ ‘](Tb)a ‘](TE)? J(Tc))gqv (219)
deLi iy = gf WL,

given by the gauge transformations (2.13)) of the field B, combined with a localized form U (¢) — V (§)
of the transformations (2.11)), (2.12)) for the sources Ja, L,, with infinitesimal parameters £”,

(BIM JA7 Lm) K> (BIM JA’ Lm)/ :

The invariance property Z (B, J', L") = Z (B, J, L) can be established by applying to the transformed
path integral Z (B’, J', L’) a compensating change of the integration variables:

55 (Aﬁ7 bpa Epa Cp) - gfprq (A;a bra ET7 Cr) é'q’ (A,LM b7 Ea C) X> (A;u b7 67 C)/ )

whose Jacobian equals to unity in view of the antisymmetry of the structure constants. The invariance
of Z (B, J,L) can be recast in the form

D ? P LeeePeepg ?
/ a7 {[Dﬁ" (B)E] g + 08 L S e

T 7| ? T ? T ? T ? _
+ gé'pr q (J(A)—(S(]pl.u + J(b) 6Jp + J(E) 5Jp + J(C)_(SJP A (B, J, L) = 0. (220)
) (b) @ (©)
To interpret the generating functional Z (B, J, L) in (2.18]), notice that the modified Faddeev—
Popov action Sgp (¢, B) constructed by the rule (2.15)), (2.16]), (2.17) is invariant under the finite

local transformations

(Au,b,e,¢) BV (A b e )V, B, S VBV ' +g Vo, V! (2.21)

and takes the form
Sep (¢, B) = S (A+ B) + ¥ (¢, B) 5 , (2.22)
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where

So(A+B) = So(Dlp, om0 = %0 (Dlp,a)-p,am) -
— —
V(6 B) = YOl eomume  $a= 3 a-puars (2.23)
namely,
(Anbe0)5q = ([Du(A+B),d,0,0,9/2[c.cl,)

(A2, 7, &, ") 54 = (DM (A+B)c,0,bP,g/2f""cic") . (2.24)
For instance, the Landau and Feynman gauges (2.9)) are modified to the background gauges

Xi (6, B) = Dift (B) AT X} (¢, B) = V¥ + Dyt (B) AUl (2.25)

In the background field method, a quantum action Sgp (¢, B) constructed according to ([2.22)),
(2.24) is known as the Faddeev-Popov action with a background field B,. The quantum action

Srp (¢, B) is invariant under global transformations of ¢?, with a nilpotent generator §q and an
anticommuting parameter \:
0Spp (¢, B) =0, 0ot =5\, §,5,=0, e(\)=gh(\) =1 (2.26)

At the infinitesimal level, the local transformations (2.21]) for the fields A,,, B, are known as background
transformations, and the transformations of A,,, B, corresponding to the modified Slavnov variation
5 in ([2.22), [@2.24), [2.26) are known as quantum transformations,

background : 0pA, = g[A,, TPEP], B, =D, (B),T?EP],
quantum : 6qA, = [D, (A+ B),T?¢"], §,B, =0,

whereas the classical action Sy (A + B) is left invariant by both of these types of transformations. In
this connection, the family of background gauges x? (¢, B) = X? (A, B) + («/2) 0P, parameterized by
a # 0 and defined according to (2.23)),

X’ <A7 B) = X" (AM[BH,o]H[DH(B),O] d

with the Nakanishi-Lautrup fields b” integrated out of (2.18) by the shift o — o + o~y at the
vanishing sources, J = L = 0, reduces the vacuum functional Z (B) to the form (for future convenience,
we denote A = @),

28) = [aQdede {5 @+ B) + 50(@. B) + 5(Q. Biv )},

1 pe -
50(Q.8) = —5- [P 0% S0 QB = [ s, | (227)

where the gauge-fixing term Syt = Sgr (Q, B) is invariant under the background transformations,
dpSer = 0, due to dpX? = gfP7x"¢?, which may be employed to define the quantum action in back-
ground gauges Y? (@, B) depending on the quantum ) and background B fields with the associated
background and quantum transformations (see also [3]),

opBl, = DIt (B) &7, 0uQp, = gf"@Q8",

2.28
64 B8 =0, 5,Q0, = DI (Q + B)€". (2:28)

8



By construction, the quantum action and the integrand of Z(B) in ([2.27)) are invariant under the
residual local transformations (2.21]), namely,

(Qu.0) 5V (Que )V, B, SVBV ' +g VoV, (2.29)

which translates infinitesimally, 0 (B, @, ¢, c), to the background transformations d;, accompanied
by some compensating transformations of the ghost fields:

5<B§7 fm Ep7 Cp) - <5bB£7 5bQ,€7 gfp’l‘qé’ffq’ gfp’/‘qc""fq)‘

Given this, we interpret Z (B, J, L) defined according to (2.1), (2.17)), ([2.16), (2.18) as a generating
functional of Green’s functions for Yang—Mills theories with composite fields in the background field
method, or as a generating functional of Green’s functions with composite and background fields for
such theories. As we shall see below, this interpretation provides the existence of a corresponding
gauge-invariant effective action with composite and background fields.

3 Ward Identities, Effective Action

Let us now present the corresponding generating functionals of connected and vertex Green’s functions
with composite and background fields and examine their properties. To this end, we first introduce
an extended generating functional Z (B, J, L, ¢"),

7

28,906 = [doexp {3t (5 (6,67 B) 410" + Lo (6.8)] )

1
/ Iy pexp | 7 [Jad" + Lino™ (¢, B)] } : (3.1)
with an extended quantum action Sey (¢, ¢*, B) given by

Sext (6, ¢*, B) = Sgp (¢, B) + ¢ (6" ),
0h(0" ) = /de (A;pr‘”“ (A+ B)c? + %P0 + (9/2) fP7 P

_ 2/de Tr (A5 D" (A+ B) ,d + &b+ (g/2) ¢ [e.d],)

where ¢, € (¢%) = € (¢) + 1, gh (¢%) = —gh (¢"), is a set of antifields introduced as sources to the
variations ¢A<?q,

6= (A HP,07, M), (A1) = 7 (A7, 7).
Due to the invariance property (2.26) of Sgp (¢, B), the extended quantum action Sey (¢, ¢*, B)

satisfies the identity
Sext (¢7 ¢*7 B) <§q = 07

which can be recast in the form of a master equation,

— —
56 5 8
Sexts Sext) = 0, (F,G) = F—5—+G — (-1 OO g — g
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or, equivalently,

(—1)(**) A
5™ 00
which holds due to the complete antisymmetry of the structure constants fP".

Let us make in the integrand (3.1)) a finite FD BRST transformation (see Appendix[A.1]for details)
with a generator ﬁq given by (2.24) and a Grassmann-odd functional parameter (¢, B),

¢ — ¢ = ¢ + 05 N, B), (3.2)

where A(¢, B) is related to a finite change [40, 42] of the gauge fermion AV (¢, B) depending also on
the background field. For a finite constant A, the following invariance property holds true:

exp [(i/h) Sexs] =

5 %

\\
I¢>+¢‘_qA o8 = Lo - >\5¢ = /\@ =0, (3.3)

whereas the FD parameter A(¢, B) in the Jacobian Sdet ||d¢'/d¢| = [1+ X(¢, B)S )" of . for
the change of variables (3.2)), given the choice of A(¢, B) = A(¢, B|AV) in the form

N6.BIAY) = A6 B) (800, B)] 5 (e {4 180655, | 1)

_ _%Mf@, B) + o(AD), (3.4)

implies the independence of the extended vacuum functional, Zy (B, ¢*) = Z (B, 0,0, ¢*), from a finite
variation of an admissible gauge condition, W(¢, B) — W(¢, B) + AV(¢, B), namely,

Zy (B,¢") = Zuyraw (B, ¢") <= TJ, s s o5 = Lonin - (3.5)

The latter property, once finite FD BRST transformations are applied to the integrand of the gen-
erating functional , leads to a modified Ward identity, suggested for the first time within the
BV formalism in [51], now with respect to a functional Z (B, J, L, ¢*) extended by antifields and a
background field:

< [1 + %JA (65 4) Mo, B)} [1+ (o, B)?Q]1> =1. (3.6)

V,B,J,L,¢"

Here, the notation (D)y g1, With a certain functional D (¢, ¢*, B), implies a source-dependent
expectation value corresponding to a gauge-fixing functional V(¢, B),

D)o =2 (BILS) [d6D 0,67 B exp {4 [Sus (0,67 B) + 146" + L™ (6.5)] |

(3.7)
with the normalization (1) == 1, where the dots stand for ¥, B, J, L, ¢* as in (3.6). Using the familiar

rules (¢?).. = Z‘l%?/(SJAZ and (¢*%5 ). = Z7'25/5¢% Z, one presents the modified identity 1)

in the form
D (=)t (AS " (hg > 1+ oA <hg )

[(550) 5

} Z =0, (3.8)
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with a nilpotent Grassmann-odd operator @,

ho K
Ja+ Lo <ZE,B>] R w* = 0. (3.9)

In deriving the A-dependent identity . we have used the expansion (1+z)™' =1+3% _ (=1)"z"
withz = A5 0 Notice that, instead of the monomial (A5 )", we can equivalently apply [(7i/i)A 4 6 /3¢%]"

with A 4 = A (5 / 8¢ under the sign of functional integral, which leads to another representation of
the identity (3.8 .

h? (e[ o . o | - h?
s T ST VA BT A
For an infinitesimal FD parameter A, the identity (3.10]) acquires the form

(5 G

For a constant A\, namely, )\<?q = 0, the relation (3.8 contains the usual Ward identity [66], depending
parametrically on a background field:

} Z=0. (3.10)

&Z (B, J,L,¢") = 0. (3.12)

The generating functional W (B, J, L, ¢*) of connected Green’s functions, W = (h/i)In Z, satisfies a
related modified Ward identity,

QBN + [ D(=1)"((AB) T )" | |1+ (B)| W =0, (3.13)
Q= |Jat Lno™ (hg+i—3v B)] %, (A(B)) = (?E i?f B), (3.14)

deduced by a unitary transformation of the operator w in ([3.9)),
Q=U"'0U, U =-exp(i/hW). (3.15)

Once again, an infinitesimal FD X reduces the identity (3.13)), or, equivalently, (3.10)), to the form

i h ki
ONB)) - LBl == | W =0, (3.16)
L5 004
In turn, for a constant A the relation (3.13]) contains the usual Ward identity [60]
. B ?W Kl
QW = | Ja+ Ly,0™) B | —W =0. 3.17
at "vA< 57 s )] 50, (3.17)

As we introduce a generating functional I' (B, ¢, %, ¢") of vertex Green’s functions with composite
fields (on a background) by using a double Legendre transformation [66],

I'(B,¢,%,¢") =W (B, J,L,¢*) — Jad™ — Ly, [0™ (¢, B) + X™] , (3.18)

11



where

§ ? ~ —
W W 5 W 5 5
4 = <7 m — 5 —_— — — JRE— m _ —

" = 5T by ST o™ ( 57 ,B), Ja F5¢A+Lma’A(¢,B), Ly, F_ézjm’

the modified Ward identity (3.13) acquires the form (see Appendix for details)

wr((A(B))I + {2(—1)” [(</\(B)<?q>>]n} [1+ar{(A(B)]T =0, (3.19)
or = (D 0) + [o73(6.B) ~ o74(9, B)| ;f;r 7
([ (eomit) o) s e (romir) om ) o2
+%(_1)e(a")+e<¢fa)g%(¢7 B) r@im " (o, B)%) 7¢D} gﬂ
(e [a%w B).T g W@ >} (ol (g f;ﬁ) gm? (3:20)
where ((A(B))) = A(é, B), and the following notation is used:
= G (G 50, (G, = 0 /007 (3.21)

= (619", Fo=(T4—T,0"(6.B).T,), T.=I5 /60"

For a constant infinitesimal parameter A, the modified Ward identity (3.19)) is reduced to the usual
one [66], however, now with a background included,

S 5

(0,1) = -2 [ ™ (¢, B) — o™ (6, B)} sl

oxm
The extended generating functional Z (B, J, L, ¢*) of Green’s functions @ and the related func-
tional W (B, J, L, ¢*) exhibit an invariance under the local transformations (2.19)) accompanied by the
following transformations of the antifields:

% (3.22)

b (AP, 7, &P, ) = g f7 e (A7, b, &, ) €1 (3.23)
Then the effective action Teg (B, X) with composite and background fields defined as
Tet (B, %) = I'(B, 6, %, 0")| -y —0 (3.24)
satisfies an identity (see Appendix related to ([2.20)),

/de { [Dﬁq (B) gﬂ 5§p + gf{P}rqE ...r--.pkéq 625 7 } L (B,X) =0, (3.25)

and is thereby invariant under the local transformations

5§B£ = Dﬁq (B) gq’ 552101 Pk — gf{p}rqul“'r“ﬁkgq (326)

12



which consist of the initial gauge transformations for the background field B, and of the local SU(N)
transformations for the fields XP1Pk.

Returning once again to the modified Ward identities, we point out that, once the composite fields
o™ (¢, B) are absent, the formulas , , are reduced to those involving the respective
functionals Z|;—o, W0, I'|s=s—0, which presents a new form of A-dependent Ward identities, addi-
tional to the usual Ward identities (A = const) for these functionals. The deduction of the modified
Ward identities , , for the generating functionals Z, W, I' of Green’s functions with
composite and background fields, implying the respective usual Ward identities (3.12), (3.17)), (3.22))
by means of finite FD BRST transformations, comprises the results of this section that have a generic
character. Finally, it should be noted that we have assumed the existence of a “deep” gauge-invariant
regularization preserving the Ward identities (see, e.g., [29]), as we expect the corresponding renor-
malized generating functionals to obey the same properties as the unrenormalized ones.

4 Gauge Dependence Problem

Let us study the gauge dependence of the generating functionals Z (B, J, L, ¢"), W (B, J, L, ¢"),
['(B, ¢, %, ¢") of Green’s functions with composite and background fields. In this regard, the represen-
tations and also provide a relation which describes the gauge dependence of Z (B, J, L, ¢*) =
Zy for a finite change ¥ — ¥ + AWV:

ho

i0J’

h
AZ\D = Z\p+A\p — Z\p = WA z, B |—A\I/ Z\p = —wA\If
10J h

B) Zy + o(AD). (4.1)

The corresponding finite change AWy = AW (B, J, L, ¢*) can be presented as followsﬁ with account
taken of (3.15)) and of the usual Ward identity (3.17)) for Wy, namely,

e ?WB|_A\D) QA\p(h? W

AWy = —m ( w7 T 5T ioJ | 6J

B) +o(AD), (4.2)

where Q, given by 1) is nilpotent, 02 = 0, as a consequence of &? = 0.
To obtain a finite change AT (B, ¢, %, ¢*), we note that

F(B7¢a27¢*) = AW(B7 J7L7¢*),

as a general property of the Legendre transformation in the case of its dependence on an external
parameter 7, namely, Al' (n) = AW (). Then AT (B, ¢, %, ¢*) admits the representation

AT = Bor((0 (Bl - AW)) = T + o ({(A))), (4.3)

(IN(B] = AD))) = X, B — AU), 60 = op((AT)),

where &5‘4 is given by l’ while the operator wr is a Legendre transform of Qin 1) and thereby
inherits the property of nilpotency: w3 = 0.

YFrom AZ = AZ, with a certain operator A, it follows that AW = % <AW> = %Awl, with Ay given by Ay =
o~ i/PW Aei/hW

13



From (4.3)), it follows, according to [66] 67], that the generating functional I' (B, ¢, 3, ¢*) of vertex
Green’s functions is gauge-independent, 0I' = 0, on the extremals

or or
/= = 4.4
5¢A iom 0’ ( )

so that the effective action ey = Lo (B, %) with composite and background fields (3.24)) is gauge-
independent, dleg = 0, on the extremals (4.4]), which is the principal result of this section.

5 Loop Expansion

Now we examine the procedure of a loop expansion for the effective action (EA) with composite and
background fields. The initial relation

exp {%F (B.%.9. ¢*>} = oxp {%szm} [ ddex {% Sext (6" B) = Fa (B.5.6,6")

X ('Jf - ¢A) T, (am (Zb, B> — o™ (4, B)ﬂ } , (5.1)

according to (3.1), (3.18), with allowance for the notation (3.21) and a shift of variable{’] involving
¢, ~ .

¢t — o + ¢, (5.2)
acquires the form (see (3.21)) for the notation Fy)

ew{ir B 5000} = eolirasn| [@ew{; [su (4 0.0.5)
~Fa" =T (o7 (5404 B) 0" (0.B)]}. (63)

The representation examined at a vanishing background B* reduces to the EA with composite
fields [68], albeit in the case of arbitrary (not limited to scalars) fields ¢*, with a dependence of the
composite fields ™ on ¢ being generally more then quadratic.

We further assume the representation

I'(B,%,$,¢%) = Sext (¢,0", B) + iI'V (B, %, ¢,6") + T2 (B, %, ¢, %) , (5.4)

with a one-loop effective action '™ and a functional I's of order h?, which includes all the two-
particle-irreducible vacuum graphs depending on the antifields ¢*, with the vertices determined by a
functional Sint(¢, @,...) = Sint(@, @, ¢, B) given by the interaction part of the quantum action and
the non-quadratic part due to the composite fields:

<~ & =
5A+1 5,4 5B<NbB> "

567 2002 6

_FAaA - F,m [Um (5 + ¢7 B) —o™ ((b? B):| : (55)

®The change of variables (5.2)) is identified with the background-quantum splitting used in [68], where the background
component (bA is not to be confused with B*.

Sint(ga ¢,...) = Sext (5 + o, ) — Sext (@5 ) = Sext (9, ) (
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From the representation (2.2)), (3.1), we obtain the relation

1, A i
Z HAAH...A1 (;) " 5JAkZ(B7 J, Lad) ) = 5TZ (B J, L ¢ ) (56)

n>2

which can be recasiﬂ in terms of the generating functional W (B, J, L, ¢*), W = (h/i)In Z,
1 AN i (T K
— A a4 (—) W +6,on— 1% w
2 nl AneAr Lzl 6J 4, h (g (5JAk> 6Ja,
NCENE IRV
i
- — %74 = —W, 5.7
e (h) IH (wAk )] 5L, (5.7)

with the Heaviside symbol 6, = {0 (n < k),1 (n > k)}, as well as in terms of the EA:

1 . h n—1
>t (4

Ti_f (G//—I)Akak i (G//—l)An—lAn

n>2 k=1 5(I)ak
n? A ? A A
Aq "— a 1"— n—1A4n
o (L™ e 6y )
1—1\ A1Az2 i " n|_|3 11—1\ Akak ? 11—1\ An—14n m
++7’L(G ) ?L kS(G ) 5@—% (G ) =" (58)

From ([5.3)), we then find a representation for the one-loop approximation,

rV(B,%, ¢,¢") —T 5" = 5sTr In S (¢,6", B) =T (0™ (6™, B)] 152, - (5.9)

being a functional Clairaut type equation (see [69] for details), with the variables ¢, ¢*, B treated as
parameters. The equation (5.9)) can be solved as follows:
2 (B, %, ¢,¢*) =sTr In [(Z"Y,,)" | =isTr In [(S™0)*] +isTr In (S 5,) —i0(0)(ne—n_),
(5.10)
using a division of the discrete part of indices (A; B) = (z,a,a;y,b,3), m = (x,m), in the form
a,b=1,...,n=(ny,n_)and o, =n+1,...,N = (N,, N_), with the property m = 1,...,%n(n+
1) < 3N (N + 1) implied by the supermatrices (6™)".q, as we impose on the supermatrices (1,,)*" in
(5.10) the following condition:

(L) (™) o (¢, B) ’5:0 =

The supermatrices S ifpe and S oxt| 5, 2r€ given by

ext |be

(8405 + 6265 . (5.11)

DO | —

g(/elxt\bc(x7y) ext|bc($7y) /dZ dz' S, Xt|b'y( ) (S(/e,xtl) (szl)‘s’é;twc(Z,?y)’

// ? ? ( i 1

ext|BC = W‘S’ext (quB S?/Xt‘bC S;e/xt\bv ) ($a y)7 (Ba C) = (bv 5) T C>’77y) : (512)

ext|Be ext|By
For A = (z,a), the third term in is vanishing, n = N, with S7 pc = S = llxt\bw as in [69],
albeit for a model featuring gauge invariance.
6The dots “...” in 1) stand for a number of terms contalnmg more than two derivatives 5? entering as multipliers.

These contributions are related to the terms in 5.8) which are also indicated by dots.
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6 Gribov—Zwanziger Theory

Let us extend the case of background fields to the concept of Gribov horizon [37], implemented in
the Gribov—Zwanziger model [38] by using a composite field. We propose three descriptions for the
Gribov horizon introduction. To do so, we consider a FEuclidean form|Z| of the Faddeev—Popov action

Srp (¢) for a Yang-Mills theory (2.3), (2.5), (2.6) in Landau gauge xi, (¢) = 0"A? and examine a

non-local horizon functional H (A),
H(A) = Vz/de {/ dy g A (x) (K1) () f*='9 A" (y) + D (N =1) |, (6.1)
where K~ is the inverse,

[ () @) (K)7 ) = [ P2 (R @) (K s =076 =) (02)
of the Faddeev-Popov operator K in terms of the gauge condition 9" AP = 0,
KP (z;y) = (5pq82 + gprqA;(?“) d(z—vy), KV(x;y)=K%(y;,z), (6.3)

and -y is a Gribov thermodynamic parameter [38]. The latter is introduced in a self-consistent way by
solving a gap equation (horizon condition) for a Gribov—Zwanziger action Sqz = Saz (¢),

aEVE:!.C
vy

=0, exp (—ﬁ_lEvaC) = /dgb exp (—h_ISGZ),
where Fy,. is the vacuum energy, and the action Sqyz is given by

Saz (¢) = Sep (@) — H (A) . (6.4)

A generating functional of Green’s functions Zy (J, L) with composite fields for the quantum theory in
question can be presented in terms of a Faddeev—Popov action shifted by a constant value, Sgp (¢) —
H(0),

Zu (S, L) = Zu (S, L)|p—y, Lwm= (Lo, Lm),
ZH (J, ﬁ) = /d¢ exp {—h_l [SFP (¢) —H (O) + JA¢A + EMUM (A):| } s (65)

where Ly = (Lo, Ly, (z), € (Lo) = gh (Lg) = 0, are sources to composite fields o™ (4) = (¢, ™) (A),
and 0% (A) = o (A) is a non-local field,

7 (4) () =77 [ dPy 1AL (@) (R (i) 1A (), (6.6)

with K1 being the inverse,

/dDz (KNP (252) (K)™ (23y) = /dDZ (K (w;2) (K1) () = "0 (x — y) , (6.7)

"We use the metric signature 7, = (=, +,...,+) and carry out a Wick rotation, 2° — iz?, API0 5 G API0 Grp
iSrp. In Euclidean metric, A, = A*, we maintain the summation convention A, B, = A, B*".
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of an operator K defined for a quantity F? = F? (x),
/dDy (K)P (39) F (y) = [0, [D" (A), FI) (2), Ay () = TPAL (2), F (2) = TPF” (2), (6.8)
which results in

K? (ay) = 0" Dt (A)d (x — ). (6.9)

and therefore reduces to the operator K of as one takes into account the Landau gauge condition,
due to Spp (¢), in the path integral (6.5). Note in conclusion that one cannot absorb the constant
term H(0) into o (A) (z) while preserving the basic definition for composite fields. Besides, it
should be noted that the horizon and therefore also the field o (A) (z) in are not BRST-invariant.

6.1 Background Horizon Term

Let us now extend the generating functional Zy (J, £) with a non-local composite field (6.5]), ,
(6.7), to the case of a background field B,, equipped with a covariant derivative D, (B) having

the gauge properties (2.13)), (2.14]), by using the approach (1.2)), (2.16)) as adapted to Euclidean QFT,
which implies a modification of derivatives 9, — D, (B) in (6.5, according to

Zy (B, J,L) = Zy (J,£)lo, p,8) = /dgbexp{—h_l [Sep (¢, B) — H (0) + Ja¢™ + Luo™ (A, B)]},

(6.10)
where Sgp (¢, B)is the Faddeev—Popov action in the Landau background gauge X7 (¢, B) = 0, see
(2.25)), and 0° (A, B) = 0 (A, B) is a non-local composite field on a background:

o (A, B) (x) ZWQ/dDy FrPgAL, (x) (KGhP (a3 y) f© g A (y) . (6.11)

Here, f(;l is a modified operator K~'asin 1' with the corresponding inverse Ky determined by
the replacement K — Kp,

/dDy (K)g (239) F*(y) = [Du (B), [D" (A+ B), FIf" (x),  F (2) = F" () 1", (6.12)
and having the manifest form
(K)g (23y) = DI (B) D" (A+ B)§ (x —y). (6.13)
In the particular case, cf. ,
Zu(B,J,L) = Zy (B, J,L)|p,—, »
we arrive at the generating functional
Zy (B,J,L) = /d¢ exp {—h~" [Saz (¢, B) + Ja¢™ + L™ (A, B)] }, (6.14)
Saz (¢, B) = Syp (¢, B) — H (A, B),

with a non-local functional H (A, B) given by
H(AB) = [ % [ [ % 7o ) (57" @i0) 1794 ) + D (N < 1) (619
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where K" is the inverse of an operator Kz as in which is identical with the operator Kp in (6.12)
being expressed, due to Spp (¢, B) in (6.14)), by using the background gauge condition D7 (B) Adr =
and the properties of fP?" including the Jacobi identity,

Kg (zyy) = [0+ 9 (0,B") + g (A, +2B,) 0" + ¢* (A, + B,) B*]| 6 (x — v), (6.16)

where A,,, B,, are matrices with the elements (Aﬁq, Bﬁq) = fPre (AL, B;), and Kp (x;y) is related to
Kg (z;y) in (6.13) by the equality (see Appendix [B.1)

Kb (;9) = Ko (2:9) — g[D, (B), A% 8 (x —y) = D*(A+ B) D, (B)d(x —y).  (6.17)
The operator K is an extension of the original operator K in ([6.3) and exhibits the properties
KB|B:0 = K7 (KB)pq (x,y) = (KB)qp (y;:v), (618)

where the latter can be verified by a straightforward calculation:
/dDy [(K)" (3y) — (Kp)™ (y; )] F* (y) = gf™* [D}* (B) A*W] F () = 0.

In view of , we interpret Sqz (¢, B) as a Gribov-Zwanziger action on a background B,,, with a
non-local background horizon term H (A, B) given by (6.15)), (6.17).

Since the consideration involves the action functionals Sgp (¢) and Sgp (¢, B), which are invariant
under respective global SU (N) transformations and localized SU (N) transformations combined with
gauge transformations for B, it is natural to analyze the behavior of the generating functionals Zp (J)
and Zy (B, J) with respect to these transformations. For such a purpose, it is convenient to recast
Zy (B, J) in a local form by extending the configuration space along the lines of [70]. Namely, we
introduce a set of commuting (@07, ¢79) and anticommuting (wh?, wh?) auxiliary fields, where @b? and
@h? are mutually complex-conjugate,

EAEAEAE
€ 0 0 1 1
gh| 0O 0 [—-1] 1
This allows one to construct the parameterization
exp {n~' [H (A, B) — H (0, B)]} = / dp dp do dwexp [-h'S, (A, B:p o, 0,0)] . (6.19)
where
S, = /qu: [—@Zngqgorqm + @Zngqqulu +ivg fprqAr\u (S—qu + (pﬁq)} : (6.20)

as we imply
KRloit (z) = / d"y K§ (z,y) ¢l (y), Kjw (z) = / d"y K5 (z,y)wif (y) .

The auxiliary fields are regarded as BRST doublets [70], so that the Slavnov variation, being in our
case the operator %5 of (2.24)), can be extended as follows:

(3, oy ot wiit) 5 g = (0w, =1, 0)
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These transformations, however, do not provide invariance for the functional S,:
S5, #0.

In the extended configuration space ® = (¢, @, ¢,w,w), the generating functional Zy (B, J) given by
the restriction L,, = 0 in (6.14) acquires the form

Zy (B, J) = /d(I) exp {—h"" [Saz (®,B) + Jag"] }, (6.21)

where the local action Sgz (P, B) of the Gribov—Zwanziger theory on a background reads (notice the
antisymmetry of fP4")

Scz (®,B) = Spp(¢,B)—H(0,B) — z"yg/dD:c Tr A* (@M — gpg)
+/de d%y Tr [~ () Kp (2,y) ¢, (y) + 0" (z) Kg (z,y)w, (y)] - (6.22)
The action Sgz (P, B) is invariant under the global SU (N) transformations
(Apy B b, G, @, 0wk ) 5 U (Ayy By, b€, ¢, 8, @y, b ) UL (6.23)
Indeed, due to the unitarity of U, we also have
D, LA UcpuU - goﬂ LA U(pTU_
and the manifest expression for Kg (z,y) consistently implies
Kp(2,y) & UKp (m;9) U™ = (K') 5 (z19) . (K') (m1y) = (K') (y; ). (6.24)
The infinitesimal form of field transformations , given by
0 FPT = g fPreFmIgs g f1°FPr¢®) FP1 = (AM,BH,b C, ¢ P gpww“, T)pq, (6.25)

I

produces a unit Jacobian (notice the antisymmetry of fP7") in the integration measure of (6.21)) and
leaves invariant the functional Zy (B, J) under infinitesimal global SU (N) transformations of the
background field B,, and the sources J4, having the adjoint representation form

5§qu — gfprsGrqgs + gfqrstrgs’ GP1 = (B J (A J 7J(E)’ J(C))pq‘ (626)

This behavior of Zy (B, J) includes the invariance of the restricted generating functional Zy (J) under
the global SU (V) transformations of the sources and can also be established directly in the non-local
form by using the properties of (K3') (z;y),

(K" (z,y) 5 UKRY (239 UL, (K7, (3y) = (KYE (g 7).,

implied by (6.2)), (6.24]) and providing a global SU (N) invariance of the original H (A) = H (A,0)
and the background-modified H (A, B) horizon functionals in (6.1]), (6.15),

(A, B,) 5 (A, B, =U (A, B,)U™", H(A B)=H(AB).
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Notably, it turns out that the global SU (N) invariance of the background functional Zy (J, B) does
not translate itself into a local symmetry. To prove this point, let us subject the integrand in (6.21))
to an infinitesimal local change of variables with a unitary matrix V =V (§), £ = £ (x),

oL, B, LB, =VBV '+g WV (9V), (6.27)
which implies a unit Jacobian and induces a variation d¢Sqz (®, B) = d:Sk (P, B) in (6.22)),
Sk (®,B) = /dDw %y Tr [§" (2) Kp (2.y) ¢, (y) + & (2) Kp (z,y) w, (v)] ,
due to the parameterization term S, (®, B) in , ,
Saz ((I)la B,) = Srp (ﬁb, B) - (07 B) + Sv (q)/’ B/) :
Using the explicit form of K5 (z,y) given by (6.17), we findf]

Sk (®,B) = /d% Tr [-¢"D, (A+ B) D" (B) ¢, + "D, (A+ B) D" (B)w, |, (6.28)

m

so that the presence of extra derivatives 9,V ' and 9V ! in the transformed expression

m

Sk (®',B) = / dPz Tr [-V@'D, (A+ B) D" (B) ¢, V' + V&"'D, (A+ B) D" (B)w,V ]

0

# /de Tr [~V 'V@"D, (A+ B) D" (B) ¢, + V 'V&"'D, (A+ B) D" (B)w,] ,

leads to
Sk (@’,B’) # Sk (9, B),

which also implies a local non-invariance of the background horizon functional,
H(A B)Y H(A,B)+H (A B).

As a consequence, we conclude that the background functional Zg (B, J) is not left invariant by the
gauge transformations of the background field B,, combined with the local SU () transformations of
the sources J4, since the latter do not compensate the variation d¢Sgz (®, B) # 0, due to ¢ (JAngA) =
0. In other words, the global invariance of Zy (J) is not inherited by a related local symmetry of

Zy (B, J) in the theory (6.14)), (6.15), (6.17).

6.2 Locally Invariant Horizon Term

The local non-invariance of the functional Zy (B, J) can be traced back to the fact that the background
B,, has been incorporated directly into the non-local horizon term via , whereas the emergence
of the auxiliary fields (¢,,¢,) and (w,,w,) as a means of parameterizing the term H (A, B) does
not provide them with a covariant derivative in the form , as one can observe from ((6.28). To
resolve this issue, it is natural to examine an alternative way of introducing a background, namely, by
using a local parameterization of the original term H (A) prior to the point the background has been

80ne uses a repeated integration by parts and the antisymmetry of fP9" to remove the delta-function § (z — y)
absorbed in Kp (x,y) and to recast Sk (®, B) in the form (6.28)).
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incorporated. To do so, we consider the expressions (6.19)), (6.20), (6.21), (6.22) restricted to B, =0
and present the functional Zy (J) in (6.5) as follows:

Zy (J) = /d(I) exp {—h"' [Saz (@) + Jad?]|}, Saz (®) = Saz (9,0), &= (.5, p,0,w).

For a treatment of the auxiliary fields (p,w) and (ng,wT) on equal footing, notice that the action
Scz () in the above integrand, with the Landau gauge condition 0,A* = 0 absorbed in the factor
exp [—hASkp (4)], is equivalent to an action Sgz (P) arising from the replacement of K (z,y) by K (z,y),
defined as a symmetrization:

o) =5 [K@) + K@), Koy =K@y +90,4966@-y).  (629)
The action Sgz (P) reads (see Appendix
Scz(®) = Ser (6) ~ H(0)+ S (®) ~ing [ d Tr A" (3, — o). (6.30)
Se(@) = 5 [ a7 T{ID"(4). 210l + (09 [D, (4) ]} - (B @),

and implies a natural introduction of a background, Sz (®) — Scz (P, B), in the form (2.16]),

Saz (®,B) = Spp (¢, B) — H(0) + Sk (®, B) g/d x Tr A* (@, —¢)) (6.31)
Sc@8) = 3 [aPe n {0 (44 B),21 (D0 (B) ] + 0 (B), 771 [Du (A + B), )

(e oW = [P (<o o),
Using the notation
[ @7 e = [P dPy ) KT ) 6 ) ()= ().
for the expression
~3 [ 75 T, (A B) . F) D (B).G) + (D, (B) . F) D" (4+ B) ]},

we find, due to the (anti)symmetry of the latter under F' < G, the following property:
E" (w39) = K (y:.0).

Thereby, we interpret Sgz (P, B) in (6.31]) as an alternative local Gribov—Zwanziger action on the
background B,,, with the corresponding background horizon functional H (A, B) given by

exp{h ' [H(A,B)—H(0,B)]} = /dgp dp dw dwexp [-h7'S, (®,B)], H(0,B)=H(0), (6.32)
where
S,(®,B) = Sk(®,B)— z"yg/de Tr A* (¢u — ng)
_ /de [_Cpﬁqlcgllrswrsm +@qucig\rswr8|u +ivg fpr’qA?“Iu (@ﬁq + szq)] )
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The action Sgz (P, B) in (6.31)) is manifestly invariant with respect to the local transformations (6.27)),
which produces a unit Jacobian in the infinitesimal case and implies an invariance of the background
generating functional

Zyn (B, J) = /dcp exp {—h"! [Saz (@, B) + Ja®]}, Zy(0,J) = Zp (J), (6.33)

under the following local transformations of the sources and the background field:
0¢Bj; = D (B) &7, ey, Sy Joys o))" = 987 (i), s Jiey Jie)) €7 (6.34)
This also means a local invariance of the alternative horizon functional H (A, B) in ([6.32)),
0¢H (A, B) =0, 0B = Dt (B) &, deAf = gf" 1A L%

As we introduce the generating functionals of connected W3 (B, J) and vertex I'y (B, ¢) Green’s
functions on a background,
K 5
Zy =exp (—h'Wy), Twu(B,¢)=Wy(B,J)—Jag", ¢'= mWH, Jy = —FHW, (6.35)

the invariance of Zy (B, J) with respect to (6.34)) can be recast as the invariance of I'y (B, ¢) under
the following local transformations, d¢I'yy = 0 (see Appendix [B.3)),

5§B/€ - qu (B) gq’ 5§(A#7b7 E? C)p = gpr(I(AH?b’ Eu C)T§q7 (636)

which consist of the gauge transformations for the background field B, and of the local SU(N)
transformations for the quantum fields ¢*'. These symmetry properties are readily generalized to the
case of extended functionals Z3 (B,J), W (B,J), I'y (B, ®), where J are sources to the fields @,
with the invariance d¢Zy = 0¢Wy = 0:['yy = 0 under the gauge transformations of B,, combined with
the local SU(N) transformations of J or @, so that the background effective action It (B) for the
Gribov-Zwanziger model defined as

Leg (B) = I'n (B, CI))|<1>:0 (6.37)

is invariant, 0¢leg = 0, under the gauge transformations of the background field B,,.

6.3 Local BRST Invariant Horizon Term

By considering a gauge-invariant horizon H (A") = H (A)|,_u of [53], involving non-local transverse
fields Azz(Ah)ﬁTp, the case of the background term becomes simplified using gauge- and BRST-
invariant fields AE, deﬁnedﬂ according to [54], A, = Ag + A/I;,

9,0, , oA  1_0A
H(A) = H(A") ++2 / dPx dPy RP(z,y)0" A (y), H(AM'S =0, (6.39)

9In (6.38]), we maintain the notation for the interaction constant g consistent with (2.7). The same is implied in

(6.43)) below.
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with a non-local function RP(z,y) of [53]. Due to this structure, the second term in H(A) can be
added to the gauge-fixing term 0PO" AL of the Faddeev-Popov action Sy + U5 in a way reduced to
a change of variables in Zpy ¢ given by the shift b — O + 4?RP with a unit Jacobian, which entirely
removes the dependence on the BRST symmetry breaking term entering Zp y. Thereby, the action

Saz(6) = So —|—/ (5”8”Ap) + H(AY), ¢*%5 = (DB, 0,07, g/2fP"cc"), (6.40)

provides independence under Re-gauges in the YM theory and the Standard Model |47, 55], with the
Faddeev—Popov operator (K)P?(z,y) being unaltered and the BRST symmetry unaffected, in which
case one may expect the theory to be unitary in the framework of the Faddeev—Popov quantization
rules [60]. The same results concerning the issues of unitarity and gauge-independence can be pre-
sented using the above fields AE in a description of the Gribov—Zwanziger theory when the horizon
functional is localized [38] [70] using a quartet of auxiliary fields ¢, =(@07, @b, Wh?, wWh?) having op-
posite Grassmann parities, €(y, @)=¢(w,w) + 1=0. Using the previously employed parameterization
[70] of the gauge-invariant horizon H (A") in terms of ¢,,,, namely, by setting B, = 0 and replacing

K3(4) = K»(A") in (5.19), (6.20), we have

Sct(6.6u) = Su(A)+ [ (@O + 5,(4", 0,), (6.41)

aux’

84N 6u) = [ AP [ RMAN 4 PR A
+ g frrI(AP)I (@RI 4 oP7) + 42 D(N? —1)] . (6.42)

The part 5’7 additional to the Faddeev—Popov action is manifestly invariant under the BRST trans-
formations combined with a trivial form of BRST transformations for the auxiliary fields,
Gone 5 = 0, suggested for the first time in [553].

Despite a formally localized description, the Gribov—Zwanziger (GZ) action Sgz (¢, ¢au) inn (6.41))
remains in fact non-local due to the presence of the non-local field AE. To render the action local, we
use a parameterization in terms of a Stueckelberg-like field (¥ introduced in [56] with the help of a
matrix-valued field h*? defined by

Al =g WD (A)h™" = hAL T + g7 O, b= exp (—gCPTP) (6.43)
and subject to the transversality condition, implying (6.38]),
h _
9" Al = 0. (6.44)

Given this, a completely local and BRST-invariant GZ action can be determined in an extended
configuration space parameterized by the fields

PA — (Ap\u7 W, &, P @pqlu’ Sopq\u7wpq\u7 uqulu; hPa(C), TP, TP, ,,]p) 7 (6.45)
where € (77) = €(n) = €(7) + 1 = 1, and has the form

SIOC,GZ(¢7 (baux) = SFP (b) H( )+S (Ah qbauxvh(C):T?ﬁan): (646>
3, = 5+ / 4Pz [P (MY — P P ARYe] (6.47)
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A generating functional for the local BRST-invariant horizon is then given by
Zloc,H (J) = /dq) d(bloc €xXp {_h_l [SIOC,GZ (CI)) + JA¢A] } ) ch)loc = (dC> dT> dﬁ? dn) (648)

(which is readily extended, along the lines of (6.14)), to a generating functional Z.c g (J, L) with local
composite fields), with the integrand being invariant under the following BRST transformations:

P45 = (Dp‘”“ (A) 0,67, g/2fP7"c1c™;0,0,0,0; g (T%)PR", 0,0, 0) ) (6.49)
In a matrix form, the transformation dh = h(( )?)\ can be presented in terms of the field { as follows:
90¢ = —geA + Zlse—_o = 9i(Q)eh, 6¢ =¢S5 A, (6.50)

where Z is given by the Baker—-Campbell-Hausdorff formula

1 1
Z=§[X,y]+ﬁ X XV + [V, VX)) +--, expXexpY =exp(X+V+2),

corresponding to the explicit values

X=-g(C+3), Y=g( [X,V] =g 0.

The expression (6.50) for §¢ presents ¢” s as an expansion in powers of g, which is also an explicit
power series in (P. For instance, the linear approximation has the form

5 = Q)en, ==+ L e+ 0l

The BRST-invariant GZ theory with the action (6.46)) can be naturally extended to a background-
dependent GZ action Sjpe gz (®, B), along the lines of the representation ((6.31)),

Sioecz (®,B) = Spp (¢, B) — H (0) + Siocx (8, B) — mg/d% Tr A} (" — 1), (6.51)

Sloc,lC (q)a B) =

DO | —

/ dPz Te {[D” (A" + B), "] [D, (B),¢l] +[D” (B),¢"] [D, (A" + B) 1]}

— (Pt = w,wh) +2(p, " = 0yn) + Q/de Tr 7 [D*(B), A}

[ P [t L — P i + 7 DR (B) (AP

This action is background-invariant, including the corresponding generating functional of Green’s
functions,

ZIOC,H (B, Ja La (P*) = /dq) dq)loc €Xp {_h_l [SIOC,GZ (@, B) + C*pqu(g)cq
+J 4@ + Lno™ (2, B)]}, Zioew (0,3,0,0) 325 = Zigers (J), (6.52)

so that an effective action I'jocef (B, X) for the GZ theory featuring a local BRST-invariant horizon
with background and composite fields,

Floc,eff (Ba Z) = 1—‘loc (B7 ¢a Ea (I)*)LI):{)*:O ) (653)
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proves to be invariant under the local transformations . This is a first main result of the present
subsection.

For the generating functionals of Green’s functions Zjoe g and Wie. g, related by Zioep = e
and depending on (B,J, L, ®*) in (6.52)), as well as for the effective action I (B, ®, %, &) in
obtained by a Legendre transform of W,z along the lines of , we can derive modified Ward
identities in the respective forms , , , as well as the usual Ward identities ,
, , with appropriate Grassmann-odd operators @y, QH, wr,i- These identities are de-
duced starting from the FD BRST transformations (6.49), A®A = &A% A(®), with a Grassmann-odd
FD functional A(®), further background-extended as s — ‘5, A(®) — \(®, B). The operators &y,
Qm, wr,g are constructed as their counterparts w, Q, or of , (13.14]), , albeit with a GZ
action Sioc,qz defined in a space of variables which is larger than that for the Faddeev—Popov action
Srp. For instance, the operator wy is given by

ho
JA“‘&AALmO'Z}x( B)

i6J

—1
—h Wloc,H

ks

——, @} =0. (6.54)

Oy =
5,

A study of the gauge-dependence problem following the receipt of Section [4]leads to the representations

(4.1), (4.2), (4.3) for the respective finite variations AZ¥® = AZg.ny (B,J, L, ®*), AW =
AWieer (B,J, L, ®*), AT = Aloen (B, ®, L, ®*) generated by finite variations of the gauge
Fermion AW, so that AZY° = Z¥S Ay — Z§°,
oc ~ h? ocC Z ~ h? oc
AZYC = Qph (m,B y—mf> Z9¢ = Fon AU (m,B) 75+ o(AW), (6.55)
he (K3 Swee . ho 8 Whe
AWEe = Oy | —+ ——,B|-AV | =QuAV [ —+ —— B AV), (6.56
v ¢H<¢5J+ e > " <i5J+ 570 B | T olan). (6.56)
h .
AT = ~or{(A (B] = AV))) = 6Lwoc,nr + 0 (((AT))). (6.57)

As aresult, the EA with composite and background fields for the GZ action Si,c,gz determined by the
local BRST-invariant horizon does not depend on a variation of the gauge condition on the extremals
5F1007H/5<I>A = 0lloe,m/0X™ = 0. Thereby, we can state that the Gribov horizon defined using a
composite field (added to the Faddeev—Popov quantum action) and the horizon defined without such
a field lead to different forms of the mass shell for the respective EA. This is a second main result of
the present subsection.

By choosing local BRST-invariant composite fields ¢™ = o™ (A,Ah,B), related in the case of
D = 4 to an emergence of dimension-two condensates, with Zj,. g (B, J, L) defined along the lines of
(6.14) according to

—_

(01, 02) =5 (Tr A};Ah“, 2Tr [g’o“gpg — @“wg]) , (01, 02) = (0’1, 02) (x), (6.58)
we arrive (for Ly (z) = m? and Ly () = —M?) at a refined GZ action Srgz in Landau gauge. Using

FD BRST transformations relating the integrands of generating functionals of Green’s functions in
Landau gauge and arbitrary Re-gauges, we obtain from a refined GZ action SL&S in covariant
gauges; see [71], Eq. (34). Thereby, one can extend the related study of renormalizability [71] for the
resulting quantum action and generating functional Zy,. i (B, J, L) in all orders of perturbation theory
to the case of arbitrary local composite fields. This is a third main result of the present subsection.
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7 Two Dimensional Gravity with Dynamical Torsion

Consider a theory of two-dimensional gravity with dynamical torsion described in terms of a zweibein
¢!, and a Lorentz connection w, by the action [62]

So(e,w) = /d2I‘ (& (m%Rul/in“yij - %T‘uyiT‘m/i - ’)/) 3 (71)
where «, (3, v are constant parameters. For indices of quantities transforming by the local Lorentz
group, we use Latin characters: 4, j, k... (i = 0,1); €” is a constant antisymmetric second-rank
pseudo-tensor subject to the normalization condition €°! = 1. Greek characters stand for indices of
quantities transforming as (pseudo-)tensors under the general coordinate transformations: A, u, v...
(A = 0,1). The Latin indices are raised and lowered by the Minkowski metric n;; (+,—) and the
Greek indices, by the metric tensor g,, = n,;€,€]. Besides, the following notation is used:

e = det ez,
R.," = ¢"R,,, R, =0w,— (1<), (7.2)
T, = 04, +c"wue,; — (uv).

. . . . . ; ’1; !
The action 1) is invariant under the local Lorentz transformations e, — €, w, = w

/-

e, = (Ae#)i,
(Q’M); = (AQA 4+ (A AT ()] = ePngw,, (7.3)

or, infinitesimally, with a parameter (,
(562 =¢e"e,i(, dw, = —0,(, (7.4)

as well as under the general coordinate transformations, z — ' = ' (),

i i ! 8:(,’)‘ i
eu - e,u(x ) = 8:[','“6/\(1.)’
'’ oz
wa = w (@) = owa(a), (7.5)

implying the infinitesimal field variations, with some parameters ",
562 =€ 0,8 + (8,,62)5”, dwy, = w,0,8" + (Oyw,)E". (7.6)
The gauge transformations (|7.4)), (7.6 form a closed algebra:

[0cys de]l = 0,
[0e)s Oe)] = e, (7.7)
[0¢, 0] = 0y,

where
a2 =" 10,8 2) — (0" 1) ), ¢ = (0uQ)E".

so that the Faddeev—Popov method applies to the given theory, with the total configuration space
¢* given by the classical fields (el,,wy), as well as by the Faddeev-Popov ghosts (¢, ¢, ¢, ¢*) and
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the Nakanishi-Lautrup fields (b, v*), according to the respective number of gauge parameters ¢, £"
in 1} 1) The fields ¢ = (ez,wu; b, b"; ¢, ", ¢, c*) possess the following Grassmann parity and
ghost number:

(e'L, wy) | (0,0") ] (€, e) | (¢,
€ 0 0 1 1
| 0 0 | 1

Let us present a quantum theory for ((7.1)), (7.4)), (7.6]), (7.7]) in the background field method by follow-
ing the treatment [61], based on an ansatz for the vacuum functional (see also [3]) which corresponds

to Z (B) of (2.27)) in the case of Yang-Mills theories with the Nakanishi-Lautrup fields eliminated
using some background gauges. Namely, we assign to the initial classical fields the sets of quantum
@ and background B fields, which, in view of further convenience, we denote by Q = (¢', g,) and

B = (€},,w,), with the associated metric tensor g, and the notation e, (£,)} in , (7.3) being
related to the background fields alone. Let us also associate the gauge transformations ([7.4)),
with two kinds of infinitesimal transformations, namely, background d;, and quantum 9, introduced
by analogy with [2.28] so that the action Sp(Q + B) in should be left invariant under both kinds

of these transformations:

opel, = €9e,;¢ + el 0,87 + (9,€,)€", 0ua), = €9 q,u;¢ + ¢, 0,8" + (0,q2)E",
5bwu = _aug + Wuau€V + (auwu)fya 5pr, = QVau§V + (8VQ/A)€V7

5qez =0, 501%3 = (e + qu)C + (€, + q,)0uE” + (auez + auquya
dqwy, =0, 8qq, = =0, + (Wy + ¢,)0,8" + (Opw,, + 0,q,)E" .

(7.8)

(7.9)

Following [61], we introduce an analogue [3] of the generating functional of Green’s functions, as we
denote (¢, ", c,c*) = (C,0),

Z(B,J) = /d@ dC dC' exp {% [So(Q + B) + Sgt(Q, B) + Sgn(Q, B; C,C) + JQ] } , (7.10)

where J = (J!, J#) are sources to the quantum fields Q = (qz7 q,), and the functional Sgr = Sye(Q, B)
is determined by some background gauge functions x, x,, for the respective gauge parameters ¢, ",
according to the condition of invariance under the background transformations, 0,5 = 0, with the
ghost term Sy, = Sgu(Q, B; C, C) given by the rule

Seh = /de (Eéqx+Eu6qxu>‘(g,gu)_>(c,cu)' (7.11)

The background gauge functions x = x (@, B) and x,, = x,(Q, B) will be chosen, according to [61],
as linear in the quantum fields Q = (q},, ),

X =€e9""Vugy, X, =eg"euVag, (7.12)

where e, g" are determined by the background fields €/, (g"*gr, = 0%, gy, = n;;€€), e = det €},), and

a2

V. is a covariant derivative, whose action on an arbitrary (psedo-)tensor field T%'¥17I" ig given in
I ) Jg b 81 e im

terms of (,)} = ¢*n, .w, and the Christoffel symbols I'}
w/g ki Qv

1
Ty = 59" (0o + Ouus — 09y (7.13)
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by the rule

V Tul zzlj1 Jn a Tul l/ljl Jn _F;\ TV J1--Jn +F{V}TV1...A...ulj1..-jn

cHEAL T gL n{p} mm)\.--uk“ Am 175 Nl R U A

+ (Q#)I{JJ}Tyl 1/131~~~p-~~]n _ (Q ) TV1 ViJ1e-Jn (714)

HE 1 Im HI{i} = e g 1enPeniim

with the notation (C.3)), so that the covariant derivative V, has the usual properties (F, G are
arbitrary (psedo-)tensor fields)

Voguw =Vog" =0, V,(FG)=FV,G+(V,.F)G. (7.15)

The above ingredients allow one to construct the gauge-fixing term S, as a functional being quadratic
in y, x* (with certain numeric parameters a, b)

1

- /d2:17 e (ax*+ bXNXM) (7.16)

Sut = 5

and invariant under the local Lorentz transformations

er = (Me), g = (Agy)',
(Q H)Z = (AQNA_l) (Aa A )]7 qu = Q/M (717)

as well as under the general coordinate transformations, z — =’ = ' (),

1y, 8.1')\ : ’ ’ &“C)‘
e,(z)= %63(90)7 w,(z) = Mw(ﬁ),

VN 8 A . ’ ’ al’)\
q#(x ) = G MQA( ), q“@) = MQ/\(QC)' (7.18)

Indeed, the infinitesimal form of field transformations implied by and is identical with the
background transformations , which satisfies the requirement ,Sg = 0. Given this and the fact
that the non-vanishing quantum transformations , with allowance for , can be represented
as (( = ¢, &' — )

0qq;, = €(euj + qui)c+ (e, + )V + (Voe, + Vg, )e” —ew,(eu; + qu)c”,

00y = —Vuc+ (w,+¢)Vu"+ (Vow, + Vogq,)c”,

the ghost contribution Sgy, in ([7.11]) acquires the form

Sen = /dza; e{—cV, V'c+eVH[(Vow, + V,q.)c” + (W, + ¢,)V "]

+€ij5u6mvy[(€,,j -+ q,,j)(c — w)\CA)]
+ e, VY [(Vael, + Vadl ) + (e + ¢4 Vo } (7.19)

The quantum action in (7.10)), determined by (7.1)), (7.12), (7.16), (7.19), proves to be invariant
(as well as the integrand in at the vanishing sources J = 0, within the usual assumption
6 () = 0,0 (z)],_, = 0) under the background transformations (7.8, combined with a set of compen-
sating local transformations for the ghost fields [61],

dc = (9,0)&", gct = —¢70,6" + (0,¢)&",

de = —c"0,C + (0,0)E", dc = —c"D,€" + (D). (7.20)
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As a consequence of (7.8)), (7.20)), the generating functional Z(B,J) in ([7.10) is invariant [61] under
the initial gauge transformations (7.4, (7.6) of the background fields B = (€},,w,,), combined with

the following local transformations of the sources J = (J, J*):

T8 = —eb JIC — JUO,EM + 8,(JIEY),  0JF = —JUD,EM + 9,(JrEY), & =ctn,, . (7.21)

)

On the one hand, this ensures the property
$UQ) = [ o, )= (Ta+ T) €

for the source term J@ in ([7.10)), and, on the other hand, this extends a tensor transformation law
for the sources J!' and J*, at the infinitesimal level, by including the respective contributions J/0,&"
and J*0,&",

OJf = [—ebTIC — JLOE" + (0, J1VE] + JEDLEY, 8" = [~J 0" + (0, J")E"] + JHD,€".

(2

Due to the invariance of Z(B,J) = exp{(i/h) W (B, J)} under (7.4)), (7.6), (7.21)), one achieves an
invariance [61] of the functional I' = T'(B, Q) given by

I'(B,Q)=W(B,J)—-JQ, Q= J=——, Q=1(q,q) (7.22)

Q)
under the background transformations ([7.8)) of the fields B and @ (see Appendix |C.1]

oW
6J

5l = / d*x {52—2)&33 (z) + %%Q (z)]| =0, (7.23)

which implies that the effective action T'eg(B) of the background field method defined by

Teg(B) =T'(B,Q)|g=o0 ,

is invariant under the gauge transformations , of the background fields B = (ei, W)

Let us proceed to extend the generating functional , suggested in [61], with the entire
quantum action now denoted by S(Q, B;C,C), to a functional Z(B,J, L), as we introduce some
background-dependent composite fields o™ (Q, B) with sources L,,,

o™ (Q, B) == O'Llllﬁl (Q (.I) ) B (l‘)) ) Lm = Lﬁlllljl (Q?) , M= (xaila cee 7il€7 My - - 7:ul> 9
namely,

Z(B,J, L) = /d@ dC dC' exp {% [S(Q,B;C,C)+JQ + Lyuo™ (Q, B)] } . (7.24)

In doing so, we require that the extended functional Z (B, J, L) should inherit the local symmetry

of Z(B,J) under the transformations (7.4), (7.6), (7.21)) of the background fields B = (e},,w,)

and the sources J = (Jf',J*). To this end, we demand that the composite fields oj!’r (z) =

ot (Q(x), B(w)) transform as tensors with respect to the Lorentz (7.17) and general coordinate
(7.18) transformations of the quantum ) and background B fields,

@) = A Aol (2)
o ’ 81’”1 81‘”” P ’ ’
O'Jllzzz (.ZTJ ) = @w/m e ax’/ﬁn 0":/11”.2;7; (.ZTJ) , T =1 (ZL’) . (725)
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In general, a composite field afjl'jj?gn (Q, B) subject to l} is multiplicative with respect to the

quantum fields @ = (q},, ¢,,) and the background field ingredients e!,, g, Ry, T,", see besides,
it may contain a number of background covariant derivatives V, acting according to (7.14]), ,
with the properties . It is obvious, however, that the composite fields subject to the restriction
Uﬁl'jj,"/g"n (Q,0) # 0 are allowed to contain the background fields B only via covariant derivatives V,,

given in terms of 1",’)”, (Qu)z and acting on qi, qu, namely,

Vo, = 0ugy, — quq; + ()54, . Vg = 0w — qu@\ :
Infinitesimally, the transformations correspond to local tensor variations 502};]% with param-
eters ( and &, . ) o

doptim = eltoi B inC £ ol 9" + (D00 ), (7.26)
Given this assumption and the invariance of the vacuum functional in under the background
transformations combined with the compensating local transformations of the ghost fields,
the extended generating functional Z(B, J, L) in proves to be invariant under the initial gauge
transformations , of the background fields B = (e},,w,,) combined with the local transfor-
mations of the sources J = (J!,J") and some local transformations of the sources L;’ /"
namely,

SLMHn — b [En o Ry elul g (pEinery (7.27)

i1 (i} Hirepim i1 i1 i

which differs from the (infinitesimal) tensor transformation law by the contribution L' /"9,

11°"tm

5LH1'“Nn _ |:_€I3 LH1“‘Nn C_ L/{1"“17"‘Nnapf{u} + (aVLHr‘"Nn)gV +LH1"'MnaV£V ’

i1 (i} Hirepim i1 i1 i i1 i

and provides for the source term L,,0™ in ([7.24]) the corresponding property

i1-im O 11 vn

8 (Lio™) = / & 9,Gr,  GF = LYol in i

The invariance of Z(B, J, L) and the subsequent invariance of W (B, J, L) = (h/i)In Z(B, J, L) can be

recast, with the corresponding variations 6B, §.J, dL given by (7.4), (7.6)), (7.21)), (7.27), in the form,
Y ={Z W},

/ &2z {53 (2) =2 0T (1) —— 4 5L (o 0 Y (B, J,L) = 0. (7.28)

5B (1) 57 @) T O () sy

Let us consider a functional I' = T'(B, @, ) given by the double Legendre transformation

I'(B,Q,X) =W(B,J, L) = JQ — L [0" (Q, B) + X"] (7.29)
in terms of additional fields ¥ = i7" (),
ow ow ow or oo™ or
SRS v ALY AL D I L S L )R
Q=57 5L, ° <5J’ ) =50 %0 sy

Then, the effective action I'eg (B, ) with composite and background fields,

Leg (B, %) = T'(B,Q,%)|g—0 (7.30)

is invariant, as a consequence of ([7.28]), under a set of local transformations given by the gauge
transformations (7.4), (7.6) of the background fields B = (e, w,) combined with the infinitesimal
local tensor transformations (see Appendix |C.2)

ouiyin = eldyhbeing Loyin9aE” + (0,50 g (7.31)

17" My Mlﬁp’n

of the additional fields Y71 cf. (7.25)), (7.26).
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8 Summary

The present work has been devoted to quantum non-Abelian gauge models with composite and back-
ground fields. According to the principal research issues listed in Introduction, the following tasks
have been completed:

1. A generating functional (2.18), of Green’s functions has been introduced for composite
and background fields in Yang—Mills theories. The corresponding symmetry properties have been
investigated, as well as the properties of a generating functional , of vertex Green’s
functions (effective action). These properties can be expressed in a differential form as the relations

(2.20), (3.12)), (3.22), (3.25)), where (2.20]), (3.25) reflect the gauge transformations (2.19)), (3.26)),

which consist of local SU(N) transformations accompanied by gauge transformations of a background
field B,,, whereas , are related to the BRST symmetry transformations , with
a modified Slavnov variation <§q depending on B,,.

2. On the basis of the above BRST transformations, we have proposed, for the first time, a
set of finite field-dependent BRST (FD BRST) transformations , including a background field
dependence, and have studied their properties; see Appendix [A.T]

3. Using the finite FD BRST transformations, we have investigated the related (modified) Ward
identities , (3.10), (3.13)), (3.19), depending on an FD parameter, as well as the gauge dependence
(4.1)), (4.2), (4.3) of the above generating functionals with composite and background fields. It should
be noticed that the modified Ward identities for a constant anticommuting parameter are reduced
to the familiar identities (3.12)), (3.17), (3.22)) of |66, [67]. A gauge variation of the effective action
has been found in terms of a nilpotent operator depending on the composite and background
fields, and the conditions of on-shell gauge-independence have been established. A procedure of
loop expansion for the effective action with composite and background fields has been examined to
determine the representation for a one-loop effective action.

4. The Gribov—Zwanziger theory [38] has been examined, being a quantum Yang-Mills theory
incorporating the presence of a Gribov horizon [37] in terms of a non-local composite field. The
theory [38] has been extended by introducing a background field B,, and shown to provide an
effective action 7 invariant under the gauge transformations of B,,. The same result is
shown to hold for the effective action ((6.53)) of a GZ theory having a local BRST-invariant horizon with
background and additional local composite fields. A quantum action has been suggested, having a local
BRST-invariant horizon (6.51)) with background and composite fields. The corresponding generating
functional of Green’s functions extends the scope of the study [71], devoted to renormalizability
in the presence of local BRST-invariant quadratic composite fields , to the case of arbitrary
local composite fields in the background formalism. The problem of gauge independence has been
studied for the effective action (EA) with composite and background fields, starting from the Gribov—
Zwanziger action . It has been shown that the EA does not depend on a variation of
the gauge condition on the extremals. This makes it possible to conclude that the Gribov horizon,
when defined with a composite field (added to the Faddeev—Popov quantum action) and without such
a field, leads to different mass-shell conditions. The only representation using the Gribov—Zwanziger
quantum action that is physically relevant is the one with an on-shell non-vanishing Gribov mass
parameter .

5. The model of two-dimensional gravity with dynamical torsion by Volovich and Katanaev [62]
has been considered, being quantized according to the background field method in [61] and featuring
a gauge-invariant effective action, due to . The quantized two-dimensional gravity [61] has been
generalized to the presence of composite fields , and the corresponding effective action @ ,
(7.30)) with composite and background fields has been found to be gauge-invariant under , (]E
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(7.31), in a way similar to the Yang—Mills case, cf. (3.26)).
Possible applications of the approach developed in the present work can be the following. The

present study of Yang—Mills theories can be employed to include the QCD gauge theory of strong
interactions with the SU(3) gauge group for the purpose of describing hadron particles (mesons and
baryons) as composite fields. The part related to the two-dimensional gravity with dynamical torsion
can be turned to the advantage of dealing with the so-called Generalized Lagrange space (for metric
fields), so as to exploit its properties of curvature, torsion and deflection in order to take into account
the asymmetries and anisotropies emerging in physical phenomena mostly at the cosmological level.
The suggested background gauge-invariant effective action for the Gribov-Zwanziger theory appears
to be promising as a next point in a renormalization analyzis of the Gribov-Zwanziger model, as
one accounts for both the non-local, and localized BRST-invariant Gribov horizon in the background
formalism, while extending the scope of [71]. Finally, the general approach to Yang—Mills theories with
composite and background fields can be extended to the case of field-dependent BRST—anti-BRST
symmetry along the lines of [45] [40], [47].
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A Yang—Mills Theory

A.1 Background FD BRST transformations

The transformations of the fields (A, b, ¢, ¢) induced by a Slavnov generator ?q , which depends on
a background field B* in ([2.24]), and parameterized by a finite FD Grassmann-odd functional A\(¢, B)
n represent finite FD BRST transformations with a background field in Yang—Mills theories.
The Jacobian Sdet ||6¢'/d¢|| for a change of variables induced by the transformations in the path
integral can be expressed according to the recipe [42] 40],

5 (64% n A< n
Sdet ||6¢' /6| = exp [smn (5;} 4 %)] — exp [—Strz (—;) (6(¢5¢2qA)) ]

| 5

(g n
( Ty )\W> ] —[14+X¢, B, (A1)

I lculati ; A ) By — T (e )
n calculating the Jacobian, we have used the properties —5 P (¢7sq) = 0 and —5 oA - A =0,
due to the antisymmetry of the structure constants fP?". For a vanishing background field B*, the
Jacobian (A.1)) assumes the usual form [42].

The invariance of the quantum action Sext (¢,¢%, B) in with respect to the finite FD BRST
transformations (3.2)) implies that a change ¢ — ¢ = qu[l + % 4A(¢, B)] induces in |} a trans-
formation of the mtegrand A s.6- 5 » namely,

Ty ssners = do exp(InSdet [[6¢'/56]) exp [(i/h) Sext (6 + 054\, 0", B)
dp exp {(i/h) [Sext (6 + 65 (A, 6", B) — ihInSdet |06/ /0g|[]},  (A.2)
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and therefore
I(‘;Jrqb(g \o*.B = = d¢ exp {(Z/h) [ ext (¢ ¢, B) +ih In (1 + >‘(_ )}} (A.B)

Due to the explicit form of the initial quantum action SY, = So(A) + ¥ (¢, B) 5 ¢ + ¢4 ("5 ) in
(2.3), (3.1), the BRST-exact contribution ihln (1 + A(¢, )<_ ) to S¥. can then be interpreted as a
change of the gauge-fixing Fermion made in the original integrand Z} 56" B -

ihIn(1+ Ao, B)5 ) = (AD) 5 (A4)

. Ao * A
— I§+¢§QA(¢,B)’¢*7B =d¢ exp {(z/h) [So + (U 4+ AV) s+ ¢A(¢A S q)} I(;P}Ag, (A.5)
with a certain AW (¢, B|)\), whose correspondence to A (¢, B) is established by the relation (A.4)),
which is a familiar compensation equation for an unknown parameter A(¢, B) now including a certain
background B*, and which implies the gauge-independence of the vacuum functional, Zy(B, ¢*) =

Zyiaw(B,¢"), in (3.5). An explicit solution of (A.4) satisfying the solvability condition due to the
BRST exactness of both sides (up to BRST exact terms) is given by ((3.4)).

A.2 Legendre transformation. Differential consequences

The operator wr in is obtained from ) in With the help of a Legendre transformation and
differential consequences of the usual Ward 1dent1t1es - for Z, W, by using differentiation

with respect to Ju, L,,, namely,

) 5T i[5 ?r
A o _1\€a _ A

?r i 3T
i o)

8¢ h

Q5m,, = [074(6,B) — o74(6, B)|

<—
+<—1>f<ff’">+ﬁ<¢D>€<¢A[ b6, B), T (6, >}( Gy (3 ?F>, (A7)

as we calculate the variational derivatives according to the definitions (3.18]),

5 5 3 ¢" Loz

064, 004, 004 36" o0y 0xm|

with allowance for (3.21]).

A.3 Background effective action. Gauge invariance

The invariance of Z (B, J, L, ¢*) in (3.1) and that of the related functional W (B, J, L, ¢*) under the
set of local transformations (2.19)), (3.23) translates itself into an extension of (2.20)), as we denote
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Y ={Z, W},

7 7
[ {mp et s o gt &

ki 5 5 ?)

Ay g g g
5.7

+ 9§ f (A’”" [ + b I + I + J )}Y(B,J, L,¢%) =

K 5A*p ob*P dcp dcrp

+g€7 7 ( IO

The functional I' (B, ¢, 3, ¢*) in (3.18) satisfies the subsequent identity

5 : K
/de {[Dﬁq (B)éﬂ] @ — ggafirtia [Zm PE 4 gblE (g, B)] —52])1“_2;“ (A.10)
N 2 I
e (AMHCSAT’IM - bpé s Cp5cr>

ob*? ocrp dc*p

apprq [ Apln v bpz EJJ? Pz m B—? I'(B,¢,%,¢")=0
where the terms containing the derivatives of ¢™ = o™ (¢, B) over ¢* = (A”“,b’“,ér ,cr) (x) are
understood in the form

7 .73 z»

gl frra (A:‘[M—*p FOT T
m

G2 A O AP
- = [0} Y .
5" T 5 ST ()
Then the functional I'eg (B, X) defined by (3.24) satisfies the relation (3.25]) as a consequence of the

equality ? ?
{p}rqsp1- P {r}rq p ---r---p

implied by the notation f{}7 in and by the antisymmetry of the structure constants:

5 5 5

fpsrsqul"'ps"'pk — fTspsqul”'ps"'pk — fpsrqupl'“Ts'“pk (A12)

Hy 52}?;17;’;?7@ Hy 52?;17;;171@ Hy 6Eﬁ1"'ps"'pk
1M 1M 1
B Gribov-Zwanziger Theory

B.1 Background-dependent Faddeev—Popov operator

From the expression (6.13)) for (K)% (x;y) written in the matrix form

Kp (w;y) = D, (B) D" (A+ B) 8 (x — y) (B.1)
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it follows that
Kp (v;y) = [0° + g (0,4") + g (3,B") + g (A" +2B") 0, + ¢°B, (A, + B,)] 6 (v — y) .
Subtracting from this matrix the expression for Kp (z;y) given by (6.16), we find
Kp (r;y) = Kg (;:9) = g {(9,A") + ¢ [B, A"} 6 (x — y) = g[Du (B) , A" 6 (x — y) . (B.2)
where, in virtue of the Jacobi identity for the structure constants fP4"
(D, (B), A" = (8, A" + g [B,,, A"\ = friDy? (B) A,

which proves that the matrix Kp (z;y) defined by (6.13) does indeed reduce to Kp (z;y) in (6.16)
under the background gauge condition DFf (B) A%t = 0, and also that the two matrices are related

by @19,

B.2 Gribov—Zwanziger local action. Alternative representation

Consider the integral expression

(F,G) = / Pz dPy Tr F(2) K (2.9) G (1) (B3)
constructed using the matrix K (x,y) in ,

K(ay) = 5 [K @9+ K @9)] 6@ —3)

where the matrix elements of K (x,y) and K (z,7) are given by (6.3), , which implies

K (r.0) = 2 (DY (4) 0, +2,D" (A)] (x ). (B.4)
The expression then transforms into
(F,G) = % / Pz Tr F (D" (A)d, + 8, D" (A)] G, (B.5)
and integration by parts results in
(F.G) - % / Pz Tr[— (0" F)0,G — (0,F) 0°C + gFA*0,G — g (0,F) A"G].  (B.6)
As we rewrite FAY = — [AY, F| + A'F, AYG = [A”,G] — GA” and use a permutation under the sign

of Tr, the expression transforms into
1
(F,G) = —§/dDZ' Te{[D" (A), F|0,G + (0,F) [D" (A),G] — gA” [FO,G + (0,F) G|} .
Applying this result to the settings

(F.G)= (2" ¢,), (F.G)=(a"w,)

I

made in the path integral (6.21]), (6.22)) restricted to the case B, = 0, where K (z,y) — K (z,y) due
to the Landau gauge condition 0, A” = 0, which implies (after integrating by parts)

/ dPx Tr A" [FO,G + (0,F)G] =0,
we find that the action Sgz (®) in (6.5)) is indeed equivalent to Sgz (P) given by (6.30)).
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B.3 Background gauge invariance of W, I

The invariance of the functional Zy = Z (B, J) in (6.33)) under the local transformations (6.34) in
terms of the related functional Wy = Wy (B, J) reads

/d% {[ng(B)gq} I + 5qu“1< g/ [ + I I + 7 [ + 0 I >}Wﬂzo.

6BL A s JZL’; (Ufb 6J” 6Jp

and translates itself for the functional T'y; = T'y (B, ¢) in (6.35)) as follows:

/de { (DM (B) &7 —5 I + g&7 P (Arz + b”z + 6”3 +c Z) } Iy =0, (B.8)

6Bh HOAL obp dep dcP

which implies the invariance of I'y; (B, ¢) under the local transformations (6.36]).

C Volovich—Katanaev Model

C.1 Background effective action. Gauge invariance
The invariance of W = W (B, J) under (7.4)), (7.6, (7.21)) implies

4] 4]
/d% { [e7e,iC + €,0,E" + (0, )5 ] 5W + [=0uC + W 0u8” + (Ohw,)€"] %
1 1
- [FHIEC+ 10,8 - 0,(J16")] S — 11708 - 0L T | =0 ()

and transforms into a relation for I' = I' (B, @) defined by (7.22)),

y , . ) )
[ o { e+ 0+ 040 T+ 0+ (0,80 + i) 5

Z. o7 or o7 TN\
ik {8 5 o oq; O =0 (5%5 >}+q {561 A =0, (Eg ﬂ}_o, (€2)

which is integrated by parts to result in ([7.23)).

C.2 Background gauge invariance of WW,I' with composite fields

Let us introduce the notation, px € {p1,...,Pm}, V& € {V1,...,Vn},
IO /J'n _ Moy { } ,LL ~~~l/~--y,n o Vi o,
FL T, = DT, G = Y Gume
Pk
(b rpineprim ik i PR im i1 Vi i im
F Tull P - Z FP:Tull u]; ’ {M}Tullwwu Z GMZTull Uk py (C.3)

Pk
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Then the invariance of W = W (B, J, L) under (7.4), (7.6), (7.21)), (7.27) implies

i ) v 7 v 5W v v 5W
[ { [0+ e (0,€) + (Duei)€") T+ [-0uC +u(0u€”) + ()] 5
eu 5&)“
ow ow
o k 71 v o pevNT 2T v
[SFRC+ T 08") = 0,(01€")] G = 177(08") = 00" 5
L ¢ L (0,6 (L) O } =0 (C.4)
{i} Zirpim 11 lm v VAT, 5Li‘1 z“n '
and transforms into a relation for I' = I'(B, @, ) defined by (7.29),
2 ij A v i\ ¢V or v v or
d°x [5 euiC + €,(0,8") + (0v€,)€ ] ol + [—0,C + w(0,£") + (Opwp)E"] —
eu (5wu
or or or
+ E“ ’Lm _|_ 0.11 ’Lm — - C_+_ o Vé{ﬂ} _ ay < 7 é'l/)
( ) [ {}52 A p m 52#1'_17_# O
or ol oo™ or ol oo™ ol oo™
polgh (22 = 27 _ 9 "
e [ez (6q',; 5T S ) o (6qz 5T o, ) e ( 55 3, )}
or ol oo™ or ol oo™
m o no_ Rl 2~ 4 —
(a0 -0 (56 g )] o 9
where the terms containing the derivatives ‘; T, 5;: of the composite fields ¢ (@, B) are understood
in the form 5 )
6T do™ ) 6T o [Z‘ Y i
_—_— = - - s X)) = s xZ).
The functional Ieg = Tegr (B, X) defined by ((7.30]) satisfies the identity
ij i v 7\ ¢V 0 v v 0
[ { [0+ eb(0,E") + (Bueh)E”) 2+ [0uC + 1 (Bug”) + (00, )€) 5
e, dw,

010 5 21 ) 5 i11 v 5
5{ S (52“—“” + X (06 ¢ ———+ (0,20 )8~ ] }Feff =0,(C.6)

21 Tm 11 tm
5% ST

/'Ll"’l/'“lu‘n

obtained by setting ¢ (0, B) = 0 and integrating by parts in (C.5)). Using the latter property and
the following consequences, cf. (A.11)), (A.12), of the notation (C.3)),

i1im 0 _ g‘r&"}Z““‘ﬁ"'im 5 4
{l} HyHy 5211“'}7'“%1 p By by, 522}17&
o ; o
S 06— = BT (000 s
OX partn SY L
by virtue of 5k = 5 (€2 = 50 = -1 and 50 =¢e1 = 0 due to 5?; = ¢’'n,;), one arrives at the invariance

of L (B, X) under . and ((7.31]
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