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 ABSTRACT

An expression for the second adiabatic invariant J is
‘derived including the effects of plasma diamégnetism and displaced
magnetic surfaces.  if is Shown_that for-values'Of"B e, where.
B is the ratio'of-kinetic-to magnetic pressure-and € _is the
ihvérse‘aspect ratio of.the_torus, J becomes a decreasing

_functiOnlof--w ; the flux function, in the outer region of the. .

plasma .column.

* Also at Instituto de Fisica Gleb Wataghin, Universidade Estadual

de Cémpinas,‘Campinas, Sao Paulo 13.100.



1. INTRODUCTION

Recent experimental results have shown that high density
(GCONDHALEKAR et al, 1978) and high_tempefature (EUBANK et al, 1978)
plasmas can be produced and contained in tokamaks. Temperatures
obtained with supplémentary heating by neutral beam injection
(v6 keV for ions and ~3.5 keV for electrons (EUBANK et al, 1978))
are such that the plasma is in the low cellisicnality regime.
This regime is characterized by the trapping of a fraction of the
electron and ion populations in the local wells of the confining

magnetic field. 1In this situation trapped-particle instabilities

can be excited, leading to anomalous particle and energy transport -

across the field (TANG, 1978). These instabilities are'driveﬁ-by
density and temperature gradients coupied with collisionél
dissipation mechanisms, or' with unfavourable average magnetic
drifts. In'pérticular, in the limit of very high temperatures,
the interchange, or collisionless, trapped-particle instability
may be excited (KADOMTSEV and POGUTSE, 1967 and 1971). This is a
purely growing, non-resonant flute mode. Using strong turbulence
theory, WADDELL (1975) has shown that the corresponding anomalous
diffusion coefficient is given by D=ve Y/Zki , where vy 1is the
mode growth rate and kr is the mode wavenumber in the radial
direction. ROSENBLUTH and SLOAN (1971) have shown that the
diamagnetic well generated by finite plasma pressure diminishes
the region where the magnetic drifts are unfavourable, which has
a stabilizing effect on the mode.

There are three separate mechanisms responsible for the
finite-B stabilization of trapped-particle modes (8 is the ratio
of plasma kinetic to magnetic pressure). The first two are
"geometric" effects related to the diamagnetic well, mentioned

above, and to the finite-f enhancement of the non-concentric




shifts of*the'maqnetic‘finx surfaces. The thlrd 1s the coupllng .
between drift and shear~Alfven waves  (TANG, 1978)..  In the case . ;
of the 1nterchange-trapped—partlcle mode, the sqguare oflthe'linear:-7
growth rate, NY?fs~—V§E“VpQVd}ZKKADOMTSEV and{POGUTSE,f197l),vmere-h
p is the piasmafpreSSure_andf[J‘,iS'the second-adiabatic’inwmﬁant;;

3 is defined by
Smgw A

where w,Vf is the partlcle veloc1ty parallel to the magnetic"

-fleld and the 1ntegral 1s carried out along the closed bauma orbit

of a trapped partlcle (KADOMTSEV and POGUTSE, 1970) ‘The "geometric" - o

.:l'flnltE*B effects- act as - follows- the diamagnetic well decreases
.the tor01dal component andmthewoutward shlft of the magnetic.
.surfaces 1ncreases the p0101da1 component of the magnetlc fleld
in- the reglon where the trapped partlcles are located. .As:w11l be~'ﬁ
seen later, th1s results 1n an ‘increase. 1n J. . towards the “axis

and a decrease 1n fJ- at the edge of the plasma; in some cases VI
becomes negatlve ower a. substantial part of the plasma column,
stablllzlng the 1nterchange trapped-partlcle mode. The reductlon"
in anomalous dlffu51on in thls situation has been p01nted out by .
OHKAWA (1971) . - | | | :

_ . GLASSER FRIEMAN and YOSHIKAWA (1974) and DOBROTT and
hGREENE (1975) have shown that the growth rate of the 1nterchange
trapped partlcle mode can ‘be decreased by elongating the cross—~“'
section of the plasma column. ‘For circular cross—sectuxm,’SIGMAR
and FREIDBERG (1975) have examined the possibility of obtalnlng
VI negatlve_for,hlgh.values of = B . They.found that--VJ_decﬂ%sed__'
as_dB‘fincreaseddbutfthat VJ ”did_not_become-negative‘fOr' .
reasonablepvalues.ofﬁ BL.;tHowever,‘it:appears that their

calculationﬁmay be in_error because they obtained finite_valnes'
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of J . at the magnétic axis. Siﬁce the parallel velocity for a
trapped-particle goes to zero at the axis, J should also go to

~ zero.

| In the present work, we re-evaluate J for circular
cross—-section tokamaks retaining terms of order 83/2 . Our.
calculation takes into account the "geometric" effects described
above and allows fof various profiles of the pressure and toroidal
current density. In particular, we investigate stability for the

case of a pressure profile peaked off-axis. Such a profile might

occur in flux-conserving;tokamaks (CLARKE and SIGMAR, 1977).

2. GENERAL EXPRESSION FOR J

The integral which appears in expression (1) should be
carried out along a trapped—particle path. However it is
sufficiently accurate to evaluate the integral along a field line,

neglecting the width of the banana orbit (KADOMTSEV and POGUTSE,

1970) . In this case, expression (1) reduces to
°1 dl>'< , -
g=2 | X sy , (@)
B 1

where x=i€l'are the turning points (ql =0) of the trapped-particle
orbit and (¢, X, L) are the usual orthogonal, curvilinear flux
co-ordinates with magnetic surfaces ¢ = constant and with ¥ and

£ in the poloidal and toroidal directions respectively (CALLEN

2

and DORY, 1972). . Since .Bi/Bg v et , we can replace B above by

its toroidal domponent, BC . We define the average over a flux

surface of any quantity, X , as follows:




a, - o ST

. X X" R C . . : (3)
B, PR
. L

2T
<> = -~

vy

where V'(w)' is the derivative of the volume of the magnetic

surface ¥ = constant with respect to ¢ . Then, defining the

o inverse rotétibnal—transform,‘ g(v), as (CALLEN and DORY, 1972)

T e G A O A O U0
S p 2TR B2
TR B et

>

;o | (4)

__wheré;'I(@)=RBc and':R“is the.diétance from the axis of symmetry,

73*expreS§iQn‘(2) bécomés\ 
L, (5

wheré' R6.‘iS'the"distgnce,of the geometric centre of the plasma 
cross-section from the'axisléf symmetry; h=R/R0 , and H 1is a

step_fﬁnétidn defined by

“ Lxlbede,

The paréllel:compdnent'of the particle ﬁeloéity is'givén by

Vu 'Z =\/% (§' ~ ]J;B).. ’

'~ where £ is the total energy of the partidle;

12
=35 nv /B




is the first adiabatic invariant, and v, 1is the component of.
particle velocity perpendicular to the magnetic field. Defining

the pitch angle variable, X , as (SIGMAR and FREIDBERG, 1975)

v, =vvV1l- . E (6)

where v = Y2§/m .  In expression (6), we have retained terms of
order '82 . Since, for trapped particles, v, /v v 81/2 , terms
of order 82 must be included in the square root to obtain the

next approximation.

o

-3, EQUILIBRIUM MODEL

We wish to evaluate J in toroidal plasma columns with
circular cross-~sections, for various profiles of the pressure and
current density. In order to determine the equilibrium flux
surfaces,.wesemploy the YOSHIKAWA (1974) formulation of the
toroidal equilibrium problem. 1In this treatment, the profiles
for thg tofoidai CUffent density, j , and.the ﬁreééure, P are

specified a priori. We choose

It

E_o=140qp%-(1+a)p?
0P | ( | ﬁp_p

(7)

i

§. -1+ u.pz-* (1 + a.)p4 | ’
Jo - - 3 4




Whefe' o is the distance from the geometric centre of the plasma
column norma;i2ed to the minor radius, a (Fig. l), and % and
aj are parameters:Which are chosen to give different profiles.
For a=-1 , the profile is parabolic; for o=0 , quartic, and for
. a>0 ,.there.is an off-axis maximum with: p<1//§"._rlt should be
mentioned that,.ih.the.final-solution, these profilés will bé
distortéd'slightly from the simple cylindrical form above, howevet_
this distortion is not_reievant_to the results presented here,

| ,.YOSHiKAWA,(1974) writes the poloidal flux function, ¥ ,
'és the sum of a zéro;order_function,_wot, plus a_first-order

11:orc3idal,co‘rrection,..1p:l :
where 'wo v 1o, 5¢l N g -and L] is the angle_about fhe geometric -

centre of the plaSma column (Fig. 1). L is found from the

solution of

: dy _
1 d oy o - 2.
5 ap (p 3 ) = .uoa ROj(p) | (9)
and wl- is given by
PR awo o o
¢l = g pos.e i [£(p) - £C1)] . - (10l-
where
R p'
dy 2
dp' 1 n n 8] d
f(p) = =3 — dp o —5) - 2p_a R p" . . (1)
- 'on cnb'c,zzoJ [ dp o 0 dp]-.
(T
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To first order, this solution corresponds to circular cross-section .
. flux surfaces shifted in.the‘.R—direction (Fig. 1) . The normalized

radiuéy Py of the surface y=¢' is found from_-

1 C = 1 . .
o) b ) | | (12)
'_"wglﬁ being the inverse funCtianCf ¢O(p) . For the normalized -

outward Shift;:A , we have, to first order,
Ay = e [EM - £6] . o 13)

Substituting equations (7) into equation (9) and the
‘resulting expression for wb- into equation (11) allows f(p) to
‘be evaluated analytically for our profiles. The final ex?ression_“
for £(p) is of the form
A% A.X

1 1 2 X X 1
flp) = 5% |x + + + B,1n(l1 - =) + B_In(1 - —m)],
24 - - 1 X 2 X
| xl(xl x) xz(x2 x) _. 1 9

(14)

2 .
where x=p~ , and Xy le,_Al ; A2 ' B1 and B2 are_constant;
(see Appendix) which depend on o 1 oy and the poloidal beta,

: Bp , defined here as

 where p is the méan'pressure and Be(a) is the poloidal field
at the edge of the plasma.

The flux quantity, I(y) , which appears in expression




(6), is found from (YOSHIKAWA, 1974)

: 2

2, 20 R Po - ay . 2u R
I—-(—‘”z-—)- = 1+ —52 J 3 (p) 3-59—.:dp - —=2 plp) .

98 L | I

After carrying out the integration, it is convenient to express

I(y'), to second order, as

_.'."' | 2 _ ‘ ' S
I{p') _ . £

T - l - ""i‘ IW (po) ’ (15)

° G

where qé is the value of g(y) at the magnetic axis, and I,(p.)
is a polyndmial'ih"po - (see Appendix) with coefficients depending
on o_ , dj and Bp . I, determines the depth of the diamagnetic

p
well.

4, EVALUATION OF J

To evaluate J it‘is necessary td express equations
“(3) to (6) in terms of the equilibrium guantities of the precéding.-
section. For the flux surface averages (definition (3)), it is
useful to choosefa“éo-brdinate-system_(p',e!) (Fig. 1) with the
origin at the geometric centre of the flux surface, y=¢' , for
which the averages are to be calculatéd, Then the surface  y=y°'
corresponds to the circle h'=po”(po is defined in equation (12)),

and definition (3) ‘becomes

2wa2R p . '
<X> = - oo - llﬁm'x | .
V' ') (3.

-1 7 "=
3" p'=p,




.10,
To evaluate (3w/apwp,=p to first order, we. note that
_ _ pl=o, T Cr ;
ot = - A cos 6 + 5/(32)
and cos 8' = cos 6 + O (g)

A Taylor expansion of equation (8) yiéids ah'expression'fof.”¢: in
terms of the new variables p' and 8' :
dy

- '.1 a1 ' o .. ' '
p o= IPO(D )+ A(RIJ } cos © { ap )'p=p| + ‘Pl(p , 8 )

and thus, using relations "(10) and (13),

2ﬂa2R D. E -
<x> = o _ 0 f hdd' (1-( g—f ) __ € cos 8')X. (16)
vt(y') Ay i PP P .
: (55“) _
P DO.
Since, on the surface y=¢' '
~h =-71$+f€po cos 6" + eA(W') F e (17)

it can readily ‘be verified that, to first order .
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SubStitutihg relations (15) and (17) in equation (6), it is

possible to evaluate v; to terms of order 53/2 :
1 :
ST S ") Po 0o
v -rv_/EEQ (2kK°=1 +cos 8')% (1 - 5 COS. 8 Yooy
‘2 _le—.X'+“ep ;+'e2v1 (p_)
where kW = — : TSR °
Lo 2€p
(18)
: . 2 :
. o ‘ ' ' . I (p) p
| o N e _ : w o o
_ahd , vl(po)“ £(1) f(po) + 5 5 .

Finally, using equation (16) to evaluate <HW4 h™is  in equation

. . _ ] *
- (5), we have the required expression for J

p

I = SRva() VZE, [(P-1K() + B(K) - (2 + (dp)p " E
Gl e ol e s
A=k DKRE) + (kT-DEXND] o, (19)

o where K(k) 'and 'E(k)' are the complete elllptlc 1ntegrals of the
flrst and second klnds respectlvely. R | |
| | If all but the 1owest order terms are neglected in the

- expression for J we flnd

T(v') =8R va(y') vVZeo_[(k*-LIK(k) + E(0] , © (19a)

* To convert the integrals which appear to a form available in
standard tabulations,'a new variable, t , was defined such that

k sint=-sin(8'/2).



A2,

2 1-Xx+ €0,

.Where_ k™ = €7 .
o .

To lowest order, this expression is in agreement with that derived
by KADOMTSEV and POGUTSE (1970) for circular and concentric

magnetic surfaces.

5. RESULTS

Using expressions {(18) and (19), we have calculated J
‘as a function of m/wa (wa is the value of ¥y at the boundary)_
in various situations (Figs. 2 to 5). For all the figures, £=0.3,
qo=l , and J is normalized by: 8R0vqa , where q, is the

boundary value of ¢g(y). Figure 2 shows curves of J calculated.

‘with parabolic pressure and current profiles for several values of

Sp and also for the zero-order case f{equation (19a)); figure 3

shows the same curves with quartic pressure and'qurrent profiles,
and in figure 4, the current profile is qﬁartic but the pressure
profile is'peaked off-axis (ap=3). In all three figures, A is

2

given the "average™ value X, . We see from the definiton of k

A .
(equations (18)) that the range of A for trapped particles is

2 : o 2 .
— < < -
1+ ¢ Vleo) P, A 1 + ¢ vl(po) + e0,

A satisfactory definition of AA is the value of X such that

the particle remains trapped at the magnetic axis:

A

To zero—order, A

A takes the usual "average" value of 1 .

Ay, = L+elvo . L | )
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In figure 5, curves of J are plotted for 1=0.85
(wéaklyutrapped particlg) and A=1.1l5 (strongly-trapped particle).
For the'Weakly—trapped case, the curves stopzwhére the turning
points exceed 6'=im and the paiticle becomes a free, circulating
particle. For the strongly-t?épped cése,:J goés td ééro as the
turning ?oints approach e'ﬁid ; The dashed curve in figﬁres 2 to
5 is_the quantity /E;._g—l,:which.is approximéféiy prﬁbofﬁiohal
to the_trapped—particle pgeQSﬁre; o ISR o

6. DISCUSSION

From the figures, it can be seen that VJ falls when
first.orderutéfms are. taken into account, and when 'Bp is
increased to values . e_l, VJ  becomes negative over a large
. part of the‘plasma éOlumn. The three principal mechanisms .
responsible for this chénge are:

i) Diamagnetic Well.

The decrease in toroidal field at large values of B
is a second order effect as far as the trapped-particle path is
concerned, however i£ does change the particle's paraliel velocity
and its turning points to first order. At the plasma boundary,
the effect is zero; for magnetic surfaces approaching the magnetic
axis, the toroidal field décreaseé below its vacuum value, the |

particles can move further along the field lines before being

reflected, and J 1is increased.

ii) Outward shift of Magnetic Surfaces.

The shift of magnetic surfaces in the R-~direction reduces
the toroidal field at a given surface. This extends the trapped-
particle orbits and increases J in a similar fashion to méchanism.'

i). This effect is also zero at the boundary and maximum at the
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magnetic axis. Methematically, i} and ii). appear in the
expression for vy (p ) (equationsl(18)).
iii) Inorease in the Poloidal Fleld

Where the flux surfaces are packed closely together at
 the outside of the torus, the p0101dal field increases. This
reducee the.length of the trapped-partlcle orblts becauee the_
field lines splral'lnward more steeply, and J is dlmlnlshed
This effect is zero at the magnetic axis and increases towards .
the plasma boundary, producing the marked fall in J in thet

daf

region. ‘Mathematically, the effect_arises in the 3o term of

equation (19) .

" The influence of mechanisms i) and ii) on trapped-

particle turning points can be seen in figure 5: as Bp increases,

'strongly—trapped'particles'are”able to penetrete closer to the
: magnetic'axis; weakly-trapped particle become circulating particles
further from the axis.

Mechanisms ii) ~and iii) ahove reduce VJ nmore than
‘mechanism i) (the-diamaqnetic weli)f Previous work by other
authors (DOBROTT and GREENE, 1975; ROSENBLUTH and SLOAN, 1971;
SIGMAR and FREIDBERG, 1975) based upon the diamagnetic effect have
shownhthet large valﬁes”of Bp (v e in circular cross-section
‘tokamaks) are required to reduce VJ significantly. Our
caICuletione show that valuee of Bp k'l' are already sufficient

to make the J profile more uniform over the plasma column.

Since the diffusion coefficient for the interghange trapped-

particle instability is proportional to |VJ|§ ;. this coefficient .

diminishes for values of *Bé R 1.
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APPENDIX

The expression for f(p) (equation (14)) is obtained by
integrating equation (11} for our profiles (equations (7)). For

the coefficients A and B we have

1 1
9 [ _ 4 ( ) \ a? 1+a 2
A, = 2-8 a_+(5B8 (l+a J+a )x +(5z2 - ——d ) x
1 (l+a.)2(x -x.) 2 op 30 p3 18 3 1
] 12
) aj(1+u.) x3 ]
and
_ 9 o.(l+a.) 5 5 9 :
= jZ  (Ha SR B A - - , — )}
By (2=8,0, T5— X¥p%p ) = MyX, - Aoxy /X X, (xy-x,).

A2 and B2 are found by interchanging the subscripts 1 and 2 '

in these expressions. xl and x2 are given by

30 . 4v/90,24+48 (140 )
7] 73 3

X =
1,2 4(1+a.)
J
and
(4 + a.)z
B = 8 .
© 4 4+ o P
P

The expression for Iw(p) (equation (15)) is

0

L
12

1

I,(0) =g - g(l) +53 (L+ax- (1+ap)x?)



where x=p2

..g(}.{) =X '+

w
.bLg -

'and'

I16l

o,

] w
1N

4
{1+0.)x
_uJ :

+.

(1+o.) 2
e

Bt




17,

“REEERENCES

CALLEN J.D. and DORY R.A. (1972) Physics Fluids 15, 1523.

CLARKE J.F. and SIGMAR D.J. (1977) Phys. Rev. Lett. 38, 70.

DOBROTT D.R. and GREENE J.M. (1975) Plasma Phys. 17, 929. |

EUBANK H., GOLDSTON R. et al (1978) 7th. Int. Conf. on Plasma
Physics and Controlled Nuclear Fusion {Innsbruck), paper IAEA- =

. CN-37-C3.

GLASSER A.H., FRIEMAN E.A. and YOSHTKAWA S. (1974) Physics Fluids
17, 181.

GONDHALEKAR A., HUTCHINSON I., KUSSE B., MARMAR-E,, OVERSKET D.,
PAPPAS C., PARKER R.R., PETRASSO R.,, SCATURRO L., SLUSHER R.E.,

. SURKO C.M. .and WOLFE S.- {(1978) 7th. Int. Conf. on Piasma Physics
and Controlled Nuclear Fusion (Innsbruck), paper IAEA*CN—37—C4;

KADOMTSEV B,B. and POGUTSE O.P. (1967) Soviet Phys. JETP 24, 1l172.

KADOMTSEV B.B. and POGUTSE O.P. (1970) Reviews of Plasma Physics,
Vol. 5, Consultants Bureau, New York.

KADOMTSEV B.B. and POGUTSE 0.P. (1971) Nucl. Fusion 11, 67.

OHKAWA T. (1971) Phys. Rev. Lett. 27, 177.

ROSENBLUTH M.N. and SLOAN M.L. (1971) Physics Fluids 14, 1725.

SIGMAR D.J. and FREIDBERG J.P. (1975) "Third Topical Conference..

on Pulsed High Beta Plasmas" (Culham) Pergamon Press, Oxford,
135, | _

TANG W.M. (1978) Nucl. Fusion 18, 1089.

WADDELL B.V. (1975) Nucl. Fusion 15, 803.

YOSHIKAWA S. (1974) Physics Fluids 17, 178,



FPig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

- Cross-section of plasmaTShowing co-ordinate system

.18.

FIGURE CAPTIONS

(p',e'}'used for the averages over magnetic surface

o=y .

Curves of the second adiabatic invariant, J , as a
function of w/wa ; the normalized flux function. The
pressure and toroidal current profiles are given by

expressions (7) with ap =-aj = -1 , and are shown in

"the inset as functions of w/wa . X , the pitch angle

A

curve, g— fpo' r is approximately proportional to . the
O
trapped-particle pressure.

variable, has the value X, (equation (20)). The dashed

Curves 6f the second adiabatic invariant, J , as a
fﬁnction of w/wa , the normalized flux function. For
thié figure ap = aj =0 in expressions (7) and i = AA
(equation (20)). - e '

Curves of the second adiabatic invariant, J , as a
function of w/wa , the normalized flux function. For
this figure, ap = 3 and aj = 0 in expressions (7) and
A =-AA (equation (20)).

Curves of the second adiabatic invariant, J , as a
function of w/wa » the normalized flux function. For
this figure ap = aj = =1 in expressions (7) and J is
shown both for A = 0.85 (weakly-trapped particle) and
A =1.15 (strongly—trapped particle). The variation of -

the curves with the parameter Bp is explained in the

text.
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