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ABSTRACT
Asymptotic approximations to the Mie efficiency factors for |

extinction, absorption and radiation pressure, derived from complex

angular momentum theory and averaged over AR v T (B = size parameter),

are given and compared with the exact results. For complex refractive

indices N = n + ik with 1,1 S n £ 2,5 and 05 ¢ £ 1, the relative

errors decrease from V1-10% to %10w2-10_32 between B = 10 and B = 1000,

and computing time is reduced by a: factor of order 8, so that the

Mie formulae can advantageously be replaced by the asymptotic ones

in most applications.



- The- efficiency factors féf extinction (Q“. ), absorption (Qab )
and radiation pressure (Q ) in Mie saatterlng are basic quantities
for the study of radlative transfer in planetary atmospheres (besides
many other appllcarions).;'Typically@.droplet 51ze_parameters B =
(k = wave eumber, a = dropiet radius) range frem <<1 up to mlna’
with complex refractive indices N = n + 1k, 1.1 § n £ 1.9,
lO_9 £k g 1. Thefefficieneies,yary extremely rapidlyz-with B,
n and K; ohe is usually interested in their averages <Q> over a
size dispersion AB.
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Evaluation of the exact_Mie_expressipns__requires SQmming”mB_.

partial waves. 1In ViEWng the wide range of parameters, this . is often
impractical even_ﬁith_the”fastest-eqmputers available. Apprqximations?
based on geometrical optics.and classical diffraction theory do. not
have the required accuracy, even at the largest values of B (ef.
below).

The complex angular momentum theory of Mle scatterlng leads to
asymptotic expressions for the eff1c1ency factors in the domaln
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By a simple extension of previously developed techniques;ESWe find

for the extinction efficiency,



BRI -2/3 1 .20 2. =172 41
Q. = 2+ 1.9923861 B 48 Im 7 (O + D 1) B
| 2 -1 |, , if 1 N—ll. -1 ‘.' .
~- N v + 1" l? - - 1) [1 T (T\ITI - "N—) ]8 ‘e_xp_[._‘?l__(l:\‘;'l_)B]
2

o S0

i R |
> Cexp[2i(N - 1 4+ 2jN)R]

in/3

- 0.7153537 8“4/? ~0.3320643 mle’" > (v*-1)7 (N2+1)__

5/3 4 0(p7%y ¥ ripple, O

on* Jent + 3)] 8
where the "ripple" is a quasi-periodic series of spikés ﬁith'aﬁpfoiiQ'
mately zefo:éveragé over aﬁ"interval AR v T,

'i To obtain the average éBsbibfidﬁ:éffiéiéﬁéy <Qabs> over AR v m,
bne applies the modified Watson transformation® to the correspondiag
Mie series expaﬁsion,hzandnbﬁe:theﬁ'tékeS"thé éféfage’ovér'AS. The'

result® is
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and rZA’ T,y are, respectively, the external and internal reflectivities

for polarization A, given by

T | T N R T
RjA - (_)j (zj - ueA)/(z + uel) ,.‘ . ' (8)
z = cosb ,;  u = N cosh' ,.- ginb =N sin®'. ,. . . .(9) .
_ -2 _ gz for (&)
ep = 1, &=V, zp=z, 2y ~{z* for (5), (6)
and
b = 48 Im(N cosb' + 6' sin®) . - . . - . (10)

By (9), 6' is the complex angle of refraction corrasponding: to -the
angle of incidence 8. In (4), rjk are the FFesnel reflectivities
(rgx = rlh)’ and. in (7):b ié.the:daméing expoﬁent aiopg a cﬁmglex-
shortcut through the sphere. Thué (4) is an improved wversion of the
geometrical-optic! result. |
The remaining terms in (3) represent the contribution from the
+

edge domain® (a.e. = above edge; b.e., = below edge); rjA— is obtained. .

from rjA by the substitution

/3 im/ 2iT/3, "
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where Ai is the Airy function, x is related to 6 by
sin® = 1 % 2“1/3 8_2/3 x (} in a.e., - in b.e.) , - (12)

[with corresponding changes in the derived quantities (9), (10)], and
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Finally, in (6), ;jk_ is obtained from_rjk_ by the substitution

" The average radiation pressure.efficiency is given by®
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with MZ = N2 - 1. 1In all quantities with (i) upper indices, the

substltutlons (11) and (12) are understood llnally, DK and TA

are obtained from DA . TA by the substitution

1/3
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- Again, (16) represents an lmprOVed version of the geometrzcal optlc7
result, whlle the remaining terms 1n (15) represant above—ed"e and
below~edge correctloﬁs.- | N | | o

| In radiative transfer calculations, ene eﬁpio&s iﬁsteed of..

<Qpr> the average asymmetry factor <cosB>,_where1

cosf. = (Qext - Qpr)/(Qext— Qabs) o SENIRDiu - (25)

The asymptotic expression for.<23s§5 therefore tolloesa ftom out
previous results. |

We have ﬁade.detalied coﬁparlsons betweeﬁ the exact Mle results
(suetably averaged to ellmlnate the ripsleg) and the aﬁove.asymptotlc
approximatiqns10 over.ttenrenées lO=- B = 5000 0 .K S 1. for n = l 10,
1.133, 1;50; 1.90 and 2.50.” Resuits for n = l 33 and 10 < B 1000 are
shown in Figure 1... o - ) |

Figure la is‘a three—dimensionai.pist sf.<Qe%t>;t?he_osetlletions
arise from interference between diffracted ana transmitted.ligﬁt;
and they are damped oet es KR increases.. Figute.lb stows 1evei. |

curves for the logarithm of the percentage error of approximation



(2). Negative values (errors <1%) are shown by dotted lines. Thus

the relative error falls below 1% already at B 2 15,'it_is =0.,1%

at B 2 70, <0. Olé at B 200 and <lO / at B .
Flgures lc and 1d show 51m11ar plots for <Q abs ,.and figures le

and 1f for <Q >, The relative errors are somewhat greater than for

<Q > and are worst for <Qpr>’ where pne must have B = 90 to achieve

ext

better tham 17 error. For 5E;§§>_(not-shonn), the accuracy. is better
than 1% for B 2
:Tne.accuracy improves nof“only as.é.increases, But-also as n

increases, in agreenent nith.(l). Prev1ousl& known epproxlmatlons.
(based on geometrlcal optics and classical dlffractlon theory) have “
an accuracy that is‘simost independent of.n and”that only reaches
1% at B = 1000 and 0.2-0.5% at 8 = 5000,  ° o

The computing time is reduced relative to Mie_computatiOns
roughly by a fector of 0(B), and it is only about twice that for
geometrical;optic aporonimerions. | o

Besides the improvement to the geometrical—optic rype.contri-.
butlons, the.msln asymprotlc corrections srise from the edge domain.
Tnelr functlonal form is qulte similar to.the.geometrrcel —optic one,
extended ro complex angles of incidence and refractlon.. Thus, as.was

found in previous dlscuss1ons,3 the edge effects represent a klnd of

analytlc continuation of ray optlcs to complex paths, where dlffractlon

corresponds to barrler penetration. Slmllar 1nterpretat10ns have

been suggested in atomicf] nuclear'? and particle13 physics.




Figure Caption

Figure 1 (a) three-dimensional plot of <Qext> for n = 1.33, R - |

10-5_S K szl, 10 £ 8 = 103. The numbers attached to
: < >
surface represep# values of Qext -
(b) Level curves for the logatrithm of the percentage
errors of ﬁhe asymptotic approximation to <Qext>' Negative
values_(er;ors <1%) are shown by dotted lines.
for <Q . > |

(¢) Same as (a) for <q_ >.

; < >
{d) Same as (b) for Qabs .

<0 >
(e) Same as (a) for Qpr .

S < >
(£) Same as (b) for Qpr .
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