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ABSTRACT

We calculate the quantized non-local charge of thé
n-1

'CP" " model in the framework of renormalized 1/n perturbation

theory, and prove that it is not conserved.

‘1. INTRODUCTION

.. Classically the CPn-l model is known to posses’ an

infinite number of conservation .laws and to be classically inte-

oy

'grable__ . At the qpantum.leyel,_one would naively suspect the

same behavior as in the 0(n) non-linear sigma(z)
(3) '

Neveu ~' models, in which the amplitude of pair production is

and Gross-

suppressed as:a consequence of the infinite,numbgr_of conservation
laws, :In_the 1/n expansion,_however{_thig model allows pair
productipp,_and_thé S-matrix does not belong to the class IT of .
ref. (4). 1In this paper, we show that in spite of some hints_from
the coupling constant perturbation theory at high energy{s), the
infrared phase, governed by thé l/n_exp§nsiQn! has anomalies in
the conservation of the gquantum nbn?iocal charge, destroying the
usual constraints on the S-matrix elements. The model and some of
its basic properﬁies are reviewed in sedtion 2. 1In section 3 we
discuss the short distange behavior Qf the product of two currents,
a necessary step for the consffuction of the guantum analog of the
classical non-local charge. We show thereafter that due to the

presence of anomalous terms this quantum (non-local) charge is no



longer conserved.

2. DEFINITION OF THE MODEL

The CPn_1 model is defined by the Lagrangian

B ﬁ:%DP}_ (2.1)
RES GRS Ot o

and the constraint % (2.1b)

m_,
2f

where Z 1is a complex n component field =z = (zl,,..,zn) . If
the index 1 does ncot appear, it is summed over.

This model is known £6'pbésés§'iﬁ3£anton solutions,
to be asymptoticallylfree'and' 1/n expandéﬁlé(G). 'in the:ffamé;'
work of the 1/n expansion, the model désdribes'partons; and i£é 
S-matrix does not factorize, in spitéHOf the classical inéégrébiii~
ty of the model. It was recently shown that for a model tb be
classically integrable it is necesséry(l3m and Sﬁffiéien£(7)'to be
defined on a symmetric space. In this case. there is a Noether
current ﬁi whose conservation is equivalenﬁﬂﬁoffhe equations |

of motion and which satisfies:
.. ar_av—*avar,, +2.%§[Jr"'3v] ::.O' ) | R .(2.2)
.Usiﬁq*(Z.Z) it is easily verified that the non—local'bhaigé
Q- | dudu, ECaru )t eu)a (Eo) n o
Yroly, € 3‘3)30\=‘34)30lt.3z)-§ dy 31&.3) (2.3

is conserved,

'



In the cp™ 1 model, the current f? is'giyen}hy:
3‘3 = i S,L 'i-a + 2 A_Pafij'_ . (2.4)

At the quantgm,level.the&oharge (2.3) is not well-defined since it
involves a product of currents at the same point. The (non inte-
grable) singularity of thlS product nmst be analyzed 1n order to
obtain a renormalized charge. For the O(n) non—llnear sigma model
this was done in ref. (9), where it was shown that finiteness and,
conservation of the charge can be achieved by just changing the
coefficient of the second term in ( 3)

Conservation of this charge has far-reachlng conse-
quences for the theory. Becagsejofults_nonflooal character, the
dynamics will be much constrained; Putting it in terms of asymp-

(9)

totic fields, Luscher showed thatjin_the:O{n)fnonjlinear sigma
model, it forbids pair production. Furthermore, this charge is
only‘compatible with a non-trivial Sfmatrix. ;Howeqer;_in:that
case, renormalization is trivial because of the reduced number of
composed operators compatlble with the symmetry and dlmen51on,
which are the current %F 1tself and its derlvatlve E%~3v r
whereas in the cp® -1 case, we have many other comp051te operators
for the Wilson expansion, i.e., %Y F.,) 21 :D ;D b 8?(1 %‘)3”
etc. As we will see{_one_of_these terms:gbmﬁﬁrlselto_an anomaly,

destroying conservation of the would-be charge.

3. FEYNMAN RULES AND WILSON EXPANSION IN LOWEST ORDER

The 1/n expansion of the model was treated in great
detall by d Adda et al 6). Thelr Feynman rules w1ll be used here
w1thout any more nentlon. All the calculatlons will be made 1n

the Euclldlan reglon

We are 1nterested in the short dlstance behavior of



the product.
ko ey
) - { Lo A%
T M M Tt

‘or yét, in theé singular terms (as £ tends to zero) of: =

(3.1)

3.& (e+E) }:(1-5) - 3tv L%-E) 3;' (rte) (3.2)
For the product (3.2), we have a sum of the following terms
- a‘u, 2 ) By (mre) 2y (x-€) 9',, Ty e-€) S (3.33a)
pu O T, e Dl Fae) T (3.3p)
3 (xve) D I, teee) Bu (n€) Ov Ty (x-E) U e T (3.3¢)
P *e )
et DU D s ) £ Gy T T e (5
s 9
LA ) a e ) Ty ) B ne) Dy G aced  (3:30)
L AR ee) 2 tare) T, (xre) Oy b lxo€) y (x-€) 3.38)
ey Ren Aeo naoT oo (339
-2 al’" BANTE) T, (% tE) Av (x-€) T, Lx—e):":a- {-€) (3.3h)
&4 Ar IntE) Ty (xtE) ik et E) A, {n-6) 2 (2-€) 'ié (=-€) (3.31)
minus the Symmetrié.térms.(s.t) obféined from thoéé'ébove makihg‘
the substitutions l.f.—r‘ﬁ | P -y

By power counting, the Green's functions which diverge
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in the -6 limit will have either two or four external z lines
and zero, one or two external A lines. A term With.two z3s and
one c( {the Lagrange multlpller field which enforces zz-constant
- see ref. (6)) external llnes is forbldden,lln this expan51on,

by P.T. symmetry. Also p0551ble dlvergences of graphs w1th more
than four external z llnes actually cancel among themselves, as a
consequence of the constraint (2.1b). Thus, up to first order in
-1/n, the divergent piece receives contributions only from the

following Green's functions.

olT w3, ( A (219) jv'u.-w - 3" (e-£) grhu.-re).l‘0>' o (3.4}
Lo T 2.3 At (KoL) = A ek x S . (3.5)
OIT 23, Ay u WO A, (DY, () 10D IR (3.5)
_ <0‘T %.,(i(g AFAJ(gPllfG)QVL'-'_U’ Jv(z-é).&ﬁ(tféj l0> L (3.6)
{o\T 2o ip ?a i‘o‘ ( j»lué) ﬁv“‘“- 3"(!_-_” &r“"“éj |.0.> L (3.7)
.<O|T:"2'_* i{; -:h %6‘ AZ{‘ ( }”{ite)é‘}x—él - 3",(1-‘?) gr_(_*'f&)lo> . B SN | (.3..:8)
QIT 2,35 2, 75 AgAs (grcuﬂ)g}z-e)v ’&vtx—éijﬁ. (xe€){o> (3.9)

The graphical structure of the first 3.terms_is__ﬁ
shown in fig. 1. As we will see, the divergent parts of these
graphs comblne (as they should) to form gauge 1nvar1ant objects.
The calculatlon will be done ‘in lowest order, (so that only (3.4)4
(3.5) contrlbute) and we begin by considering contribution from
the Green s functlon (3.4).. In this case, only (3 3a) up to (3. 3d)

contribute, ande we have (1.#3)



_QP_;!;__GM) T, (x1E) T, (x-6) Oy i ee) s

_.ar.ic Llfér).: _%—k. Lu.+_e)_'tk:_l1f_£.') . 3,, '2-% (x-e) - .

i

T o e O Leonaaley 3.10)

The last term corresponds to a part of graph (a) of

Fig. 1. Now

<0l'T‘ zk_kz+£'). 2y \1-5_)\°>_= m Ko (Zé'm_)_ R o {3.11)

K is a modified Bessel function of zeroth order -
KOHW\-) a2 '_4_.[-1 + (1"_‘1)1] pfw wi - L + U’.*) g | (3.12)
2 4 ‘ 4 '

where ¥ is the Euler~Mascheroni‘constant, ¥ =0,577... In order
to simplify the notation, we will indicate the second (non Wick-

ordered) term in (3.10) by

Oinr (-at" B ) Ty (wee) 2y Le-€) Oy 3 LH)) (3.13)
We have then -
lgil\r (—al" T lxg) itlueﬁ;(x—e)a,,sa- {1—5)):'_!!._' Qf,,am, Qu Ea.tx) K,o ' (3.14)

. where we made a Taylor expansion around x and dropped terms which

tend to zero with 5 . Analogously

lgi«r (ap. 3 (ate) B (nee) a, l-k_(l‘é)i-(z-e)) = aP,%LLHE) 3, (2-€) 3__ Ko
E 4 S 36 (3.15)



lgl:’\r ('14. {xte) a}b ig +g) E ll-ﬁ,)a i— (1-&)): N Y lxrg) av -.'i' [Z.—E,) _a— Ko ) (3 : 16)
_. Ak § ’
ln_c : : _oth
@W ( ‘,llﬁ-&)g %k. (et+e) a 2, (x-€) ia L’L"E))- _ 2; (x+€) \".k_u,-e) 9?- Ko (3 .17)
g
8 L aaru a&\.!

Performing a further Taylor expansion of the operators, we obtain

for the graphs (3.3a) - (3.3d) of Fig. 1.

(33e) = - M K- (9,.\/7‘4. v?. 91‘4 H—*a)
20

(3._?1&) = -4_% av Ko a,.. %cis + 1;% QP’ av %c'i-a- k.o - l% a,.._ & 3\-,- ia- K—O:-q-

+£E-3r° aﬁ?‘i_a'.av gri Ky - —;“ft__a}“‘-i 9{3 53' _av a(s K’-‘ - (St) .

(3.3¢) = J}.Q Koaté)\,e J}Q hg,,;_ K.o+ 1&;,_3,4,3 & K.o_.

_]}__Q(_a,h ,,e PQ(AKL*LI Dvépa 3,;’9(51(.1-(54:)

\35&):;}%%%;%33‘,\(0 + 1"_—1-‘, F_% 3 Ko la 7-;% a a QFK

4%

where K’i (me)=- 2 K°kma) L
Omt

Graph b can be handled in the same way, and we have

only contributions from (3.3e) and (3.3f):

_(3.3e)=*;‘ﬁ[2 Ko ( Ap ;_g_au_g_)._ e A__,L__ Ko + (- Qi Ap T, - 9 Apai +

2 AR g Ko -ﬁ—( AR T - OpacAnd - Aru?.f?;)_ A, o KJ}"(S'{')
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.(..‘-43:.35):;%[[2 Ko ('Av 3,&:%) - 23 Ao le + (hafbAufa .+ %.‘; ;FE-AU g

| '-Dr. e AU' ia) KD + Jz_ (Ee'ép A, is + 209p i A, -’Qp?_—c Avis)ap% \(} (s.t.)

The calculation for the graph (c) is more invelved. We formally'

have:

<0 I'T’{ at"(xfé)av(uzg) - 3“L1-£)3F’La.r€)) AP ly) |0> =

= <0|TN (4, 0 (x)-1q,0x) L's-))A L%)\O) + ? 1%, 4,8), o
T I

where the symboi N2 denotéé the’ﬁorméisproduC£ définéd(lo) a la
Zimmermann by making the minimum number of subtractions necessary
to render the formal_product of currents at ‘the same point well-

‘defined. Tiﬁﬁﬁcﬁﬁﬁ)ére'these subtraétion ferms'which will'“:

diverge as £~+0 . Now the first term does not cqntribute to the
operator expénéidﬁ sinbé 'ii;ésiﬁ buflsﬁbtfactién'prbcedﬁre.'

Classically, if Zz =a =constant we have the following equality

oo gp) = o (avgr'f pgv) B

. In a subtraction scheme greserviqg:this equality,
we should have

"2'<°I"I‘f'N("3,x jv-j,,j,-t)x:‘\osﬁ'a <¢\'1*:(9;3',;-' 4 )T10D + detideems (3.20)

and therefore, for a=0 , we have the desired result. This
statement can be explicitly verified in a lowest order calculation.

The divergent part of the second term in (3.18)} is



Oiw [33a+Aslz0 o (3.21a) §

O [?:35 + A(s] =_;“_})v Rk, gp . (‘)iu" Aﬁ ;,, * Ja- 9» 3‘3 K1 gv m,,sgu,p?,_m(s .21b)
Ou B3c+Ap)- L9y EAN ;t-.;)a, 3 o0 Apo - ji:)" Ky a,L Lo (.x)A 0 (3.21c)
Qe [33(._ +As] - Ji io0n) .ia. ) O APMQ; K, - Ly 3, As lﬂgﬁp JK}' (3.21d)

The graphs (d), (e) and (f) are ea51ly shown to vanlsh by svmmetry

Now we collect all terms and obtaln A

(3.22)

3r,(14£)3 (1—6)-3\'(1 F_)g Lx+§)__ = [ .S,..\, Ef +:. SFPEV +§v : *
i "ot Y ..:.'___".2" e

+ Efje"’ &f]éf + D "(%‘_ _L mf.) (Sr.ﬁ‘gvf—gws‘ S,u.f) + ‘.,6‘ ::’ZE‘E _.SI-I-S‘& Eji) Af
i T .

£ o 2dup Ev Efr f_.z{;,.,. é&ef] z;;a; _F—_—fs‘
or yet: :‘ |

&FLI+€) A\JU") ". 3\’(1} ap.bu'&') = .. - S'u,\) E'.P +. Sfbf EU. + gvf EF. + 2. é,,:..Elu&_E_ »
- e gt e £° Gl £

{(gﬁ.wt)(aﬂ%_swsw)f S bp by Suefuby  (3.29)

L REE 2et

- Jf_ﬂ)&g Eﬁ: ¥ gt_f’_éu Ee + (gye é'& Ee + &A_ép 6f£6" acaf +
QEZ 2£% QEZ LEZ)Z

-+ {-{- J’Sfu'f 6\; £6‘ v 2 gu.s* &'u. E‘(’T} Z(’_E_a. Ffd"

£t &2
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4.';DEEINITION OF THE QUANTUM NON LOCAL CHARGE

We define the guantum version of the non-local

charge as'”)

QJ - A‘é 42 £ (‘3 léz) 3 UZ.L& ) ao(f 3?-) - _ ‘3 31 (Jc 3) : (41)
ly-gal 2§

where 2 depehda'on:the cut-off § “.t'Becauéejof theglinearly-

divergent term in eq. (3.23), it is easy to see that the coeffi~

oreht Z,mgst beuequa} tofing}yrs lh order that we have a well—:

defined finite charge Q in eq. (4 l) ThlS charge 1s the only  j

"candidate to be the quantum non—local charge correspondlng to (2. ﬂ:
However, as mentloned prevmously, thls charge is no

longer tlme 1ndependent ThlS 1s verlfled as follows. Current

conservation and partial integration give

A R S
Als | .dg (a?tt,aw) ¥ 3‘: Lt,g-S))aza' Lkg) —
dt n
~00

- (313“:‘%’«5)4- 53[&’_-\3-5))30 ({'LA) .
Y

;li.L ﬁ"“ f"g at:! 31 “:"é)_f , where rx.:e % (4.2}

-

As d goes to zero we use the operator expansion (3 23) to 0bta1n-

e v .
(1 le, ‘\i'd) + 1 lt,\a 5))30\t &élth '3*5)"'31 ltd 5))30 (+ 3)
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5. CONCLUSION

The CPn-l model, as is well-known, using the 1/n’
expansion, does allow production of pairs. This can now be traced
back to an anomaly in the gquantum non-lccal charge, in contra-
position to the case of the 0(n) non-linear € -model , in
which Lischer guantized the analogous non-local charge and this

turned out to be conserved. In that case, also Pohlmeyer's local

(11)

conservation laws provided an alternative explanation for the

absence of pair production. We presume that the quantum local’

1

charges in the cp?” model must also have anomalies which prevent

the model from having a factorizable S-matrix and from showing the

usual scliton behavior. The supersymmetric exXtension of the CPm-1

model has already been studied and proven to factorize(lz). This

could in principle be traced back to a cancellation of the anoma-

lies studied here with those coming from the coupling of the chiral

model to the CPn-l model .
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FIGURE CAPTION

Fig. 1 - Lowest order graphs contributing to the short distance

expansion of j;,théi-‘;produf;t of: the currents| “" '~
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