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ABSTRACT

For classical lattice systemg with finite range interac-
tions it is proven that if a state minimizes a free-energy functional
at non-zero temperature with respect to variations of the state
inside all regions of limited size (fof instance, all regions with
only one lattice sitel) then it is a Gibbs state.

This result rules out the possibility of defining metas-
table states at T#0 as those which satisfy the thermodynamical
stability conditiens for regions with small volume to surface ratio,

unlike the T=0 case.
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I, INTRODUCTION

The equilibrium states of lattice systems with-finite
fange interactions at non-zero temperature can be éhéracterized_by
the D.L.R. condition [1]. This set of equations expresses the
requirement that for every finite reéion the conditionl probability
of the internal configurations given the external configuration
are Gibbsian.

The problem.éf éharécterization-of metastable-sﬁates
of these systems in spite of several attempts remains largely open.
In-éome approaches [2,3} states satisfying a restricted Gibbs con-
dition were shown to display some desirable features-g4j of metas-
table states. The restrictions imposed were in the configuration
space of the system and enforced the state to be-far:from:the equi-
librium one. This paper originated from an attempt to provide a
variational principle from which both the stable and metastable
states would emerge as the only solutions. The motivation for
this search is found in the analysis of the ground-state of the.
Ising model with an external field. There one easily sees, that if
we require that a state minimizes the energy with respect to
variations of the state inside arbitrary regions of a "size" smaller
than a certain critical valuwe, then there are exactly two solutions:
the true ground state and the "metastable" state {(see Appendix}.

At non-zero temperature the natural generalization would consist
in looking for states which minimizes the free—énergy with respect
again ta variations of the state inside arbitrary regions of not
too large "size" ("size" stands for the ratio volume/surface). Our

results are "no-go". theorems: the only sclutions of this variational

principle at T#0 is the true Gibbs state.

This paper is organized as follows. In section II we .

describe the systems.under consideration and show that if a state
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satisfies the D.L.R. equations for regions containing only one
lattice site then it is a Gibbs state. 1In section III we show
that the. condition of Local Thermodynamical Stability-(L.T.S.)
[Zb] restricted éo a finite region implies the D.L.R. equation

for that region. In: the Appendix we present for completness the

T=0 case which motivated.the whole discussion.

We do not claim complete originality, as some of our
results may be known in one form or another. For instance, a
version of theorem 1, under slightly modified assumptions which
are not sufficient for our purposes can be found in refs.[d,s].
However to the best of our knowledge the implications of these re-

sults’ to the-theory of metastabiliiy have nowhere been discussed.

IT. RESTRICTED :DLR:CONDITION :

All along this article we will consider a classical
lattice systen (spin system) with finite range interactions. At
each site i of aninfinite lattice & (typically 2%, v=1,2,3,...)
we have a finite state space Fi’ wich for simplicity we take to

be independent of i, r;=F. A configuration x of this system is. a

~function:

Cxe $hT

i+ x{(iyrg T

9

“with x(i) denoting: the configuration at the site i, ie, & Q@ =T .

For: a finite region Ac £ we: denote by Xy oa configuration "inside

: o . _ A
A" {.el a function'x, : A+~ T, i.e. %€ @, =7 . Given a confi-

_gur?#ion x €. 2 we denote by-xEA "its restriction to - AL If

Ai:n-:'_:. A, =¢  we denote by X,y x,\-i.thg. joint configuration in @ AL,

l.e. x

(i) if i€ 4A; and x, x, (i) =x, (i) 1i& 4, .

A A Ay 2

|x,\l(l) =X
If A, A , then x is the restriction of x te A .
2 1 Az Ay 2 )

A state of the system is a prokability measure in the
measure space {Q,I} where I is the o-field generated by the cylinder
sets. Given a state Qe denote by p(x,) the prcobhability that the
configuration inside & is x, i.e. p(x,) = u({xth§= x, 1)

The interaction is given by a collection {9¢,, Ae.S,,A fi-
nite} of functions ¢, :&, -+ R. The interaction is said to have range
R if ¢, = 0 when diameter of A > R. Of course 4§, can be considered

as function on @ via ¢A(x)= ¢A(x|A). We denote by H; the energy

in the interior of A, i.e.
B o= o6
xCc b

and by V, the interaction between sites in & and in A, ie.

A

.=,
x [ AF0 X
x & 70

For each finite A we define

hy = e s . ¢ # 0 for some x5 i, x [] 4 #8}

b= AQJAT

with the above notation a state is said to verify the

-D.L.R. equation at inverse temperature B < = if
Plx, vy ) = T, ly, lplyy)

for each finite A’ aA, A'[) A = ¢, where




exp {- 8(H, +V, Yixy va0d

T(xA |Y&A)
% exp{- B(_HA +VA)(ZA )3
z

A

Yan

A state is said to be a (global) D.L.R. state if it verifies the

D.L.R. equation for each finite region Acig;[l].
Definition: A state is a restricted D.L.R. state if it verifies
the D.L.R. equations for each region A of one single site, i.e.

A = {1} for some i€l .

Theorem 1: For classical lattice systems with finite range inte-

ractions a restricted D.L.R. state is a {global) D.L.R. state.
For the proof of the theorem we need the following lemma.

Lemma: For a restricted D.L.R. state of a classical lattice system

at finite inverse temperature p(x,)#0 V’xh r* for all finite A,

Proof of the lemma: We will proceed by induction on the size of

the region. Let [A|=l, then from the restricted D.L.R. condition.

pix) = . plxyy, )= ply, )Tx,|y,,) (I1.1)
Yan Yaa

i = : 5 s 4
since T(xALyAA)> 0 and b p(yah) L, p(yAA)_O (II.1) implies
(x.)50 Yar
Plx, -
Let us assume that p(x,)>0 for all A such that | &)=,

V'xn c . Let at=ali 1@, [il=1, |Al= N and

If i=¢ +then Ai € A and the restricted D.L.R. equation for i implies
Plxye) = plx,X) = Tlx|x pix,)

and since by the induction assumption p(xh)>0, we have p(xA 1>0 in

this case.

IfEi#¢, ai € Il ana
P(x).¥)) = plx;x,vy) = Tix,lz, Iplx,y]) S uny

where Zag is the configuration whose restrictions are

Zanas  Fanai % T YY

Now I p(xﬂy;) = p(XA} > 0
¥i

therefore p(xAygb 0 for some ¥;. From (II.2) we conclude that
@ 51 P(XA.YE) we obtain p(XA-)>9-

some p(xA.yE)> 0 and since p(xA,)

Remark: Notice that the lemma is false for the ground state (f=«) .

Proof of Theorem l: Given a finite Ac & and a finite A" 2 aa,

Afla =, let i Ca, [i] =1, s=(AVa")/i. Clarly s, > ai.

Then the restricted D.L.R. condition implies

p(xiysi) = p(ysi)T(xiiyai)

Using the lemma




plx.v. )
i Si

exp{—s[Hi(xi)+vi(xiyﬁi)]} _

plz;¥g )
1

This means that for any two configurations x

differ just at a single site i € A

p(xﬁ ) exp{-g8H
[e)

¢xp{—BiHi(zi}+Vi(ziyAi)]}

expi=8 By (2,¥5 )1

p(zA } exp{-BHA (z

o}

Now given any pair of configurations x
o
only inside A we can construct a chain y

in Ao' such that

(k+1)
¥y

p(xA )
————

)

(z
B Ao

The above relation implies de D.L.R. equation for the region

In fact (IT.3)

plx,y ol _

that differ
of configurations
differing from

;, k=1,...,N-1 only at one site inside A.

exp{—BHAo(x o

exp{—BHAO(zA

may be rewritten in the form

exp{—BHAo{xAgA.)} exp{-BHAé(xAyﬂn)}

p(sz&)

and. since

)= plyye) we get plx,y, )=p(y, )T, ly,,).

III. RESTRICTED LOCAL THEMODYNAMICAL STABILITY

Following Sewell [2b] we define the free energy content

of a region A in the state u by

F,(w) = fduAc (y,e) i Tk, lype) (H 4V, kv, ) +
f

+ kTu(xAlyﬁc)En wix, |yt

where y,cis the restriction of the state tc the complement AS of A

and “(XA|YA°) is the conditional probability of x, given ¥pe-

A
A state i is said to be (glecbally) L.T.S. if for each

finite &

FA(u') z F, ()

for all u' such that w;. =u, . In other words the state is L.T.S.

if the free energy content of the state in the regibn A is minimum
with respect to variations of the state inside A, for all finite A.
For finite range interactions L.T.S. implies D.L.R. condition [ 2b].

The theorem below implies even more.

Theorem 2: Let A be a finite subset of S, and u be a state of a
system with finite range interaction for which FA(”') > FA{u) for

all vw' such that u; Then the state p verifies the D.L.R.

pe TR

AS T
equation for the region #.

Proof: For a given Ve let fy denote the free-energy functional
AC

= I
fyﬂg(u(xh)) Xn[u(xA)LHA+VA)(XAyAA) +kTu(xA)£nu(xA)}




-9~ - ~10~

It is well known that the unigque minimum of this functional is L
with J»0, h>0. The ground state of the system is a measure u-
attained at

concentrated in the configuration x_ with all spins down, i.e.

x_{(1)=-1%ig 2 :

uyAc(xA) = T(xA[yAA)
v-(E)=1l, x_ &€ E gz
Therefore given a state u, if it minimizes FA against variations ' u_(E)=0, =x_ ¢. Eecs
inside A
If 9<h<2vJ then the“statE'U+{E)=u_(-E):is:thé'"metastabié state"
;(XA|YA¢) = T(XAiyAA) for allmost all y,. . If aACA' and and verifies the following variational principle: for all regions A
ply,) #0 then such that h|a|< 2vJI|spr] where [A] and |#h] are the volume and
- surface of A respectivel.
,S dupe (2ye) Hix,(2,c) pectively
- ZJAl=YA|
ulx,ly, ) = — = Tx, [y,
S a @ Fyln' ) 2 F,(uy)
ZIAI=YAI
for all u" s.t. U‘N'= u+}$ as one trivially verifiés;“'Heré'FA(u)
a _ is as defined in section III for T=0.
an p(xAyA,) T(xAIyM) p(yA,) (ITI.1)
If p(yA,) = 0, then p(xAyA,) =0 and (ITI.l) which is the D.L.R.

equation for A is true too.

APPENDIX - A RESTRICTED VARIATIONAL PRINCIPLE FOR METASTABLE STATES

AT T=0.

v
Let for simplicity consider an Ising Model in Z at T=0

with nearest neighbor interaction, with a hamiltonian given formally

by

H=-J I g.o, +h T a,
<ig> 13 igg b

where the I 1is the sum over all pairs of nearest neighbor sites,
<ij>
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