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ABSTRACT

A detailed discussion of the optical theorem for heavy-ion

scattering is given. It is pointed out that a careful application

of this theorem to light heavy-ion systems may yield information

about the nuclear interaction at distances corresponding to forward

glory trajectories. Applications to several cases are presented.
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The total reacticn cross section GR is the most inclusive

of all cross sections, containing the least expiicit information
about the colliding system. It is, however, of paramount importance
as a measure of its denamicai geomefry”l];

There exist several methodé for extfacting op frém eiastic
scattering, the most widely used one being through optical model
analysis of the data. A variant of this method, to which it bears
a close relation, is the quarter-point fécipez).' Recently, the
sum-of-differences method has been proposed as a means of extracting
op for heavy ionms in a leés.médeiédependent ways). This method is
based on an approximate version of the.opticai theorém, adapted '
to the phy51ca1 condltlons prevalent in heavy-lon elast1c scatterlng,
i.e., strong Coulomb 1nteract1on and strong absorpt1on4)

In this letter. we carefully examine the’ optlcal théofém
for heavy-ion scattefing. We poinf out that the usual identifica-

R
are the elastic and Rutherford dlfferentlal cross sectlons 'rESPec—

tion of o, with wa [}Ruth(e) 0(8]131n3de where o(e) and oR th(a)

tively, is not qu1te valid for llght heavy ions, e.g., 16g.12¢,
We interpret the difference as arising mainly from forward glory
scattering. This effect is well known in atomic collisionss].
Several numerical examples are given to support our claim.

According to this interpretation, glory undulations should
be present in the difference AcR—aR-Zw[ [aRuth(e) a{e)]sineds, i.e.,

Ag, should oscillate as a function of the center-of-mass energy E,

R
with a characteristic period directly related to the nuclear passage
time for the forward glory trajectory. Observation of this'quahtity
would supply useful informatibn.ésout the heavy—ion-interaétioh
potential at the short distances invelved.

We start with the usual partial-wave decompositibn of the

elastic scattering amplitude.



£(8) = 5 zfu (2241} (1-8,)P, (cos 6) (1)

where k depnotes the asymptotic wave number in the elastic channel,
1 . .
k=(2uE/h%) % » u being the reduced mass. In (1), Sz is the

partial wave S-function, given by
Cell _ ol - o o
PN f..JSgl exp[?t(c$+5£)1: o . @

wﬁere'SC is the point«Coulomb S-function and S? represents the
effect of the short- range nuclear interaction; o, and 6£ are the
phase shlfts a550c1ated with Sc and Sn respectively.

As a_consequence of_absorptlon,_lsgl < 1,.With a significant
deviation from unitr hoiding ueuaily only for low partial waves,
except 1n cases where strong multlple Coulomb excitations are pre-
sent. Such exc1tat1ons, usually found in deformed systems, glve
rise to 1ong range absorptlon 1n the elastlc channel, rendering
IS | 51gn1f1cantly 1ess than unlty in a W1der L= rangeﬁ)._ For a
dlscu551on of the effects of 1ong range absorptlon on the extractlon
of op see, e.g. ,_Ref.:7); In the present paper we deal malnly
with 11ght heayy-ion systems, so that we can_Justlfrablyrlgnore
long—range absorption effects; .__ ; . - ' -

. 7_ for heavy-ion systeme one usually con51ders the ratio
o(e)/aR th(ej where c(b)zdc /dn [f(e)[2 is the d1fferent1a1
elastlc cross. sectlon and Ru th(e) [fR th(e)[ \ where foutn () is
the Rutherford scatterlng amplltude _ We compute 1nstead the
dlfference_o(e?_ckuthﬁe? whlch comes out to be .

P2(cose) -

o) 0y (83 = -(1/4n) % tzs.ﬁf_fl)eg,z

=g

-t s (2z+1)(21'+1)scsff(1 szsi.}
LT

% Pz(coss)Pl,(cose} + (2/k]Imfn(a)6(1~cose], (3)

-2
where o,  =vk (2£+l)(l—[SE\2) are the partial reaction cross

sections (0R= QEOGR,Q) and fn(e)ef(e)—fRuth(e).
Equation (3) has been derived, albeit in a slightly different
4)

form, by several authors ’. A more realistic discussion, taking
many-body aspects into account, should also include the compound
elastic contribution. This entails using for the transmission
coefficient, Tg=l-|Sn 2, the modified form (ignoring spin effects)
T; =1-|32|2-2(T )Z/ZBTB, where TE is the compound nucleus trans-
mission coefficient in the elastic channel! and the sum ZB is over
all possible decay channels of the compound nucleus; The inclusion
of the compound elastic centribution resultse) lin a small “"window"
in %-space centered around the grazing angular momentum & .
However, in heavy-ion scattering, the sum ZBTB tends to be very
large. This renders the contribution of the above window quite
insignificant, justiffing the neglect of the compound elastic
contribution.

In order to emphasize the physical content of each one of

the three terms on the RHS of BEq.(3), we rewrite (3) as
U(e)-URuth(e) " %inc (8) + “coh (9)+.cfgl (G) (4

where the subscripts stand for ”incoherent", "coherent” and "for-
ward glery" contributions to the elastic "nuclear differential cross
section c[a)-uRuth[e). Note that ccoh(a} and ofgl(e), in contrast
with the other three quantities appearing in (4}, are not positive
definite, _-
Equations (3) and (4) ciearly exhioit severai ot.the.moetl

significant features of heavy-ion scattering. The quantity uinc(e)




in the first term on the RHS represents the incoherent contribution

to o(9) due to absorption. The integral fcinc(e}dﬂ is precisely the

total reaction cross section op-

The angular dependence of cinc(e) is symmetric about s8=n/2.

If the main contribution arises from values of & such that (g+%]e>>1,

[1+%)(w-9)>>1, we may substitute Pi(cose) by its asymptotic expansion

in the first term of (3)., leading to
<05, (8)> = op/(Zn2sine), (5)

where the angle brackets denote an average over an interval in 8
sufficient to smooth out angular oscillations. The denominator in
(5) is just the expected phase space factor. For large values of
the grazing angular momentum ng, the angular dependence of ainc(e)
is very well approximated by (5) for 5 not too close to 0 or r, as

Fig. 1 clearly demonstrates, A reasonable estimate of dinc(0)=

ainc(w) may be obtained by computing the anisotropy R=[§inc(0)/

cincfwlz)]—l in the sharp-cutoff model. The result is

R = 2% [(e +1) - 1 -1 (6
3 g (L _+1) '

g

The second term, ccoh(e), represents the genuine coherence
present in the system., This manifests itself through, e.g., the
usual oscillations in c(e)/cRuth(a} at forward angles. The

m
integral 2w j ccoh(e) sing 48 vanishes identically.

Finally, the third term, Gfgt (8), being zero everywhere
except at 8 = 0 , is usually set equal to zero at all angles in
heavy-ion scattering, since it is assumed that fn(O) =0 .
However, an appreciable value of Gfgl = chgl(e)dn may result if

the classical deflection function goes through zero at a nonzero

value of £ ,i.,e., if there is a forwafd glory. Fof a recent
discussion of forward glery effects in the scattering of light,
see Ref. g)‘

Although previously not realized, we believe that the
decomposition (4) of o(8) may supply a powerful alternative
method for analysing heavy-ion elastic scattering. Th;ouéh (4),

o(e) , for 8 # 0, is uniquely split into three well-defined pieces:

Tputh(®) » 6;n.(8) and ucoh(e) . Since. Sputh . 1S given qnd

‘cinc(e) is well determined for large values of ﬂg , 4s shown

above, one is therefore able to extract from the data ccoh(e) .
the piece that contains the useful physics. Further elaboration
of these ideas is being pursued.

Integrating (4) over all solid angles, we obtain the

optical theoren?)

- : :
bop = op - 2m i [URuth(e} ~ o(p}] sine ds

=4 om0 . ' | | o

Special care should be taken when evaluating the integral in (7).

Usually the lower limit is replaced by a small angle 8, » and the

contribution from the region 0 <8 £8, is found to be oscillatory

and small as long as the angle 8, 1s chosen small enough4‘7’10)

In the presence of a forward glory, the amplitude fn(UJ

may be approximately evaluated by the method of stationary phase,

11).

as was done originally by Ford and Wheelef A more accurate

treatment by Berrylz)

yields a uniferm approximation for 'fn(a] \
which reduces to Ford-and Wheeler's result for e =0 . The -

result is



-7
1/2
.1 1 de l n
£,00 = § [ty + 3 {en /142 , I 1| :
. tgl o i
P
x expi:Zi(cr + 8 ) -1i —:l s {8)
£g1 zgl 4
where £g1 is the glory angular momentgm, g = 2 é%:(oz + 525 _is

the total deflection fﬁnction and o and 6£ were defined in

£
(2. It is assumed that ISEI is slowly-varying (and therefore,

.

in our case, close to unity) near £ =£g1

Substituting (8) in (7}, we finally obtain

' 1/2
_ 4w 1 de n
fop = 2 [£g1 * 71[2" /|4 ] lsg
k Zgl g
x sin[Z(G +8, ) - E] . (9)
£gl 4 i

According to (9}, Ac should oscillate as a function of energy

R
(glory oscillations), with 2 local period given approximately by

T . ' Zr h

BE = — ) = 1 L . ' (10)
: — (o, ) o Tpeoio el e .
3E £g1 £g1 gl
where tp is the collision time (Wigner time delayls)} associated

with'the férward.glory trajecﬁdfy. Under semiqlassicél conditions,
this ﬁimé“may se reiateé’to fhé inte;action pﬁtenéiéi thfough tﬁe
usual claﬁsical relétion. Ii.shouldlﬁe of the order of a typicai
heavy?ion direct reaction characteristic time (~-10_22 sec).

We further note that Aop should become zero (or very

small) at center of mass energies En satisfying the condition

n=20,1,2,... (11)

Therefore, only at these energies En would the usual identifi-

cations)

kL
of 2u I [oRuth(e) - o(8)] x sine ds with o be

strictly wvalid. 0

In Fig. 2 we exhibit our calculation of ag for the

R
160 + 12C system”,using two different optical model potentials

that seem to account well for the forward elastic scattering

14).

data Though these potentials were adjusted to fit the data at

one particular energy, we have nevertheless employed them tc
calculate aoR
apparent in Fig. 2, the forward glory contribution to

over the whole CM energy'range B-55 MeV. As 1is

160 . 12C

scattering oscillates as a function of energy, with a local period of about

20 MeV. This corresponds to a passage time of about 2.0 XID_ZZ sec. This value

is consistent with our interpretation of the origin of AUR . The energies at

which AUR_=0 come out to be EG = 11 MeV , E1 = 21.5 MeV, etc., for the full

curve in Fig. Z. Also clear from'Fig. 2 is the fact that the local period

increases with energy, a clear indication of the shortening of Tp » 88
gl

Eq. (10) demonstrates.

The amplitude of oscillation, which, according to (9), is

determined by Egl(E) y ' do/dL z (E} and |SE (E)| , increases
g g

with energy in Fig. 2, suggesting that ‘ de/df.‘z is decreasing,

i.e., that @(£)} near ﬂgl tends to become flatter as the energy

increases. It must be emphasized, however, that a more realistic
calctlation of dop should take into account the energy dependence
of the optical potential, specially the effect on its imaginary
part of the gradual opening of new reaction channels.‘.fhis will
damp out the oscillations (as a result of the decrease of 7

ISE (E)| with increasing energy) and change the period as wéllf
gl sS4 _ : : bl

* The well-known oscillations in - OR(E) . cgmmonly attributed to
quasi-molecular resonances, will Aot be discussed here.



However, the general qualitative features of A&R shown in Fig. 2

namely, its oscillatory behavior with a period directly related

N

with the ndclaar passage time for the glory trajectory, should
remain.

The sensitivity of AUR(E) to the optical potential
employed, which is apparent in Fig. 2, may be further explored to
remove the well-known ambiguitiesls) present in optical model
analyses of heavy-ion elastic scattering. As seen in Fig. 2, two
different optical model potentials that both fit ratﬁer welll4)

12C generate quite

the forward elastic scattering data of 160 +
different AGR(E) . _

It should be emphasized that the glory oscillations may
come out to be apprecigbly damped even in the case of weak abserption
at zgl . This would indicate that .e =0 is in a classically
forbidden region. The contribution to fn(ﬂ) would then arise
from quantum-mechanical tunnelling (surface wave contribution).

Such situations have been successfully treated by the complex
16)

angular momentum method in the case of light scattering We
believe that the method would also be successful for heavy-ion
scattering. However, we will not present a detailed discussion

here. We mention only that the damping factor in A« due to the

R
complex nature of the glory trajectory should be of the form
exp(-Im Zgl amin) , where ﬂgl is a complex parameter associated
with the glory trajectory and ® hin is the height of the angle
barrier, i.e., the angular distance separating the minimm deflection
from the forward direction.

Of course, if there is actually a real minimum in the
deflection function very close to & =0 , one would encounter the

situation of forward glory scattering forming a part of a nuclear

rainbow. Such a situation has been discussed in a different context

~«10-

17)

by Pechukas In this case, the rainbow enhancement in AcR(E)

would partly compensate for the surface wave damping factor referred

9)

to above ', rendering thé oscillations more conspicuous, This may
well be a more realistic éitﬁagioﬁ in heavaioﬁ'écéttering.

The angular distribution of glory scattering may also be
obtainedlz); note that, for é #0 , it is described by the term
ocoh(a) in (3) and (4]; which contains the interference Between
nuclear and Rutherford scattering. As was already mentioned,
however, this fgrm does.nét contribute to bop -

We have calculated AUR for several light heavy ion
systems and we have found in many of these cases a damped glory
contribution aﬁounting to as much as 20%. We call these damped
because the corresponding defleﬁtioh functions do not exhibit a
negative branch, .

In Table I we present the results for six 1ight heavy-ion
systems and one intermediate system, chosen arbitrarily14). As is
clearly seen, Aoy can be positiﬁe or negéﬁive, deﬁending on the
system and the energy (cf. Fig: 2). The case of 14N + 12C at

E = 78 MeV 1is rather anomalous, with Ac being almost equal

£Lab

to o

R

R It would seem worth while to perform measurements on
these and other systéms at several eﬁérgieé in order to verify the
existence of glory oscillations. .These oééillations would vield
important information azbout the nuclear interaction at distances
18) 15} radii.

shorter than the Coulomb rainbow or strong absorption
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TABLE CAPTIONS

TABLE 1 - The contribution bop. calculated for several systems.
The value of 8, used in the calculation was set equal

to 1.0 x 10°° degrees (see text).

FIGURE CAPTIONS

FIG. 1 - The incoherent contribution, (8) , plotted vs. the

%inc
center of mass angle, for three values of the grazing

angular momentum, £g - A sharp cut-off approximation was
used for the transmission cuefficiehts 1-]52|2 . For
cgmparison the function, GR/(ZIZ sind), for Lg =25, is

alsc shown. All results are given in arbitrary units.

FIG, 2 - The function AGR(E) (in units of fsz plotted vs. the

160 +12C « The

cénter of mass energy for the system
fgll curve was obtained with the optical modél potential
of Ref. 14a, and the dashed curve with OM potential of
Réfs. 14b (see Table 1). The classical defléction func-
tion of this system seems to exhibit a forward glory at a

real value of tgl (see text).
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