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in one- and twd—dimensions, of bound states of a system of

N-particles interacting via two-body potentials.
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ABSTRACT

We give sufficient conditions for the existence,
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It is well known that a quantum particle in v

dimensions in the presence of an attractive potential Vix} 20

{with Lim V(%) = G ) has at least one eigenstate of negative
e
(%

energy for v = 1 and 2 (see for instance refs. 1 and 2). If

v=t the statement remains true even under the weaker assumption
that fV(x)dx <0 (2}

In this letter we pfesent several extensions of
these results. First we show that also for v=2 +the assumption
jv(§)d“x <0 1is sufficieﬁt to ensure the existence of at
least one bound state. Then we study the N-body problem
with particles interacting via two body potentials Vij(§1-§j)
with Jvij(;}dvx <0 and prove for wv=1 and 2 the existence
of at least one bound state with energy below the continuum.
Finally we éhow that if the system admits a partition into
(exactly) two disjoint cluster €; and C; , which are
internally bound with energies Ecl and Ec2 respectively and
such that the continuum spectrum of N-body system (after
removal of the center of mass motion) starts. at Ecl-rE and

C2

2(;)dvx<0r

the intercluster potential(3) v (%) satisfies iVElc
4

ci1Cy
then there is at least one bound state with energy below
Ec1 +Ecz {i.e. .below the continuum).

Let us first conéider the problem of one particle
in the presence of a potential V(%) ¢ Co(ﬁv) {continuous and
of compact support} with {V(;)dux< 0, v=1 and 2. The

j
existence of at least one bound state with negative energy
follews from the vaﬁiational principle.and Hunziker's thxem(”
(which locates the continuum_spectrum there where common sense
says it should be{B)) if we can exhibit an element ¢ ¢ L2{R")
such that (¢, (Hy+vig) < 0 where H_ = - L (yith the obvious

domain restrictions).



(i} Case v=1 (needed for later use)

Let supp VL [-R,+R] and ¢ = C:(ﬁ) be such that
L
d{x) =1 for all =x= [-R,+R] . If we now set ¢a{X) = a? ¢{ax)

(x>0} it is clear that for a£]1 we have

(0, (B +VIO ) =_°‘2‘¢'Ho¢’ + otJV(dex .

|jv(x}dx|

Therefore (8 (HyrVIog) <0 1f o < oy

(ii). Case wv=2

The: reader will have: noticed that the proof for
v=1 ' egsentially followed the intuition suggested by the
uncertainty principle. In two dimensions this reasoning fails
(as both the kynetic and potential energies scale in the same
way) and a more refined trial wave function is required.

Let the support-of V  be contained in the circle

of radius R .with center im the origin. For 0<asl let

iIA

{31 . r<R
t

-0 1
J -1 , R<r<2t g

win

1 .
io ;> 2% R

and - ¢a(§ﬁ = 11 xa(§}' where N, o= Jxé(;)dzi .
: x _a

~A.straightforward calculationt4} gives

) . _.[ y2Zaa 4 my
2mi¢ H ¢ ) = | (Vo ) fa2x g 37

( 2mijV{x)d2x\
and (¢ .,V ¢ ) = Jv(x)dzx . thus if o ¢ ——————  then

(9, (H +V) g ) <0

A simple limiting argument allows us to remove the
assumption that V‘eco(ﬁv). In fact the reader can gquickly
verify that the above results hold under the fellowing
assunption (denoted A from now on). There exist R>0 and
I>0¢ such that

|
vizia’z z -1 for all R'2R . (a)

[%| sR'

Of course we have to add an extra assumption on V in order to
guarantee that the continuum starts at zero energy. The

s - . 2 2V Lol V)
technical reqguirement is that vVeL“(R") + La(R b,

Let us now consider the N-body problem. Dencting

by ;i and mi ;1 =1,...,N the particles coordinates and
masses and introducing Jacebi coordinates(s)
+ -+ -1 >
Eo=x, .- () ma)7 0} mux,) o di=1,...,8-1 .
i j<i 0 gz 3

the Hamiltonian (after removal of the center of mass motion)

reads.s
N§1 1 Z > >
H, == 50— 4 + V.. (x,=x_.]}
N i=1 21Ji Ei i<j E
1 -l -l
where "= m] (.Z_ mj)
jEi
that is
E = H (2u,) " ta i v e
N+1 N b L S .§ 5,047 By — %)
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where the- hamiltonian HN involves only the coordinates

- -

;1:---:EN_1 .
Let now all Vij(g) verify assumption (Aa).

Proceeding by induction, let EN be the energy of the bound

state of N particles (with E below the centimmm threshold)

N
and ¢N(E1,...,EN_11 its wave function. Then consider
- - > > > -+
wa(gll"'ng_1lE.>N) = ¢N(€1r---JEN_1) ¢&(EN)

where ¢a is the functicn given in (i) for wv=1 and in (ii)
for w=2.

It is clear that

(y, r Hy g wu)A = Ey + (4, '(Ho+v)¢a)
AEN
where H = - +— and
[« 18 ZUN
-+ _ + - 2 - + v v
vigy) = i§1 J ”’N{EI'_“HEN_N V) e R %) 6 dg

is the "effective" potential seen by the (N+1)th particle in

the presence: of  the bound state of the other N particles. Now

[ N

i + R _ -+ A

Vo) a7 = b |V g (RdTx

J =1

i % £ ii binati £ (€ ) a

since xirn+1 = £y + linear combination of (£.,..., M1 an
J\@N[2 dvsl....dVEN_1 = 1 . Therefore assumption (A) for the
v implies the validity of assumption (A) for vV . Choosing

ij

then o suffjciently small (as in (i) and (ii)) we get

.6,

(¢u,(Hoﬂn¢a} <0 and so (wa VHN+1 wu) <EN s Which concludes
the proof.

Using the ideas and techniques described in ref. 3
we now prove the existence of bound states of N particle systems
for wv=1 and 2 , provided there exists a decomposition of the
system into two disjoint clusters .

C, = {il,...iNl} r Cz = {94,... b, Ni+Ns = N

J‘JNZ

both admitting bound states with energies. Ec and EC {below
1

the respective continuum threshelds) such that the "intercluster"

potential

Vo o X vi.
=2 ieCa d
jeC;

satisfies assumption (A), and such that the continuum spectrum

of H starts at Ec +E

N T Cz
In fact
H, = H_ +0 L R N P
= + + |- 5= L e (X, =X,
N [=53 Cz 2y iec, i3
iEC2

- — -1
where u”~ " = ( ¥ ) e om and ? denotes the
ieCa jeCa
position of the C.M. of C; .with respect to the C.M. of C;.

Taking.
- - - -+ =+ > L -+ -+ =
U’a(xl:---:ﬁl_-l :ylf-~-yN2_? £) = q_:cl(xlf-o-.rxNz_-i)q’cz(ylr---rYN2_]) ¢Q(Q)

where ¢c r 1=1,2 are the wave functions of the bound states
i



.7, -

of the' cluster C; , we have as befcre o REFERENCES
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cluster C;). Again fv(g)d £ = ) Jvij(g)d E o= Jvclcz(g)d £
Cdeec,
iEC_z

and for o suficeiently small
(wd ;HNHWQ)- < -E_ . +E

Since-by.hypqthesis;the-continuum starts. at

E + EC the proof is. complete.
] 2 Ealimtale
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