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ABSTRACT

We: provide simple sufficient conditions for the
existence of a bournd state in the system of N particles
interacting via a purely attractive two-body poténtial. Our

method is based on a variational approach.

The main purpose of this paper is to provide
sufficient conditions for the existence of a bound state in the
sysfem of N particles interacting'via an attractive two-body -
potential. For N=2 it is not difficult to obtain sufficient
conditions for the existence of a bound state. However  the
case N3z3 poses the problem of locatiﬁg the threshold. Thus,
while for N=2 it is sufficient to find a trial wavefunction
® .such that (¢,H8) £0 , for N2 3 the trial wavefunction
must be such that (¢,H®) £ - a®($,¢) , with a#0 in general.

The physical idea behind our method is the following:
given two bound clusters of N and N, particles it must be
possible.to-bind_them.together-provide&_there is at least cne
pair of particles in different clusters which can form a bound
state.

The first thing we do is to derivg variationally
sufficient conditions for two particles to have a bound state:
with energy below a giveén guantity -o?. This.is done in
section 2 for one-, two- ahd three-dimensions. In one- and two-
dimensions, by setting «?=0 we recover a previous result!r2
that globally attractiveé potentials always possess at least
one bound state. In three-dimension, setting a®=0 we obtain
a condition that is simpler than that obtaingd by Chadan and

(3)

Martin also, considering the potential to have spherical

symmetry we recover Calogero's "best" sufficient condition(4).
Moreover we show that some of the other sufficient conditions

provided by Calogero(4)

can be improved by the variational
approach.
In section 3 sufficient conditions are obtained for

the existence of two-particle bound states of a given synmetry
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naving energy less than —a? . In particular, we derive the

sufficient condition given by Calogero(4) for the existence of
a bound state with angular meomentum £ in a spherically
éymmetric potential. '

. Finally} in sectioﬁ 4 we derive sufficient conditions
for-the-existence:of’a,bouﬁd,étate.in the N-body preoblem in
three-dimension. Tﬁe method we useuié very similar to that

employed in reference 1 for one- and two-dimensions.

2. SUFRICIENT CONDITION FOR. THE EXISTENCE. OF TWO-PARTICLE BOUND
STATE WITH ENERGY: LESS: THAN. —a '

If a trial  function '@R exists. such that

(o rHep) = —uz(QR.QR) then- there. will exist at least:one bound
state with energy less than =-a?. S@, in principle, it is

not -difficult to obtain sufficient conditions for the existence
of a bound state of energy less than -a?. However, -as.pointed
out by ChadanuandIMartinf3’, it is preferable +to obtain
conditions: in terms. of sihpleyintegralsfof-the.potential._-The
general recipe we propose for obtaining simple sufficient
conditions- for-a:'given:potential to possess.a bound state with

2

energy: less. than -o - is to.use:the following trial function

eptrl = e" % ¢(r). . for le]l<r- .
' (1)
—-gR H
dotrk = e R a(n) H{gi; for .|ri> R,

where H{oar) is the solution.of the modified Helmholtz

equation (we-are wusing units such that the two-particle

reduced mass makes %ﬂ = 1)

(-A+0?) H(or) = 0 (2)

and ¢(r) is arbitrary.

Thus, in one-dimension we take

e-u|x—xu|

@R(x) = ¢R(x—Xo)

where ¢R(x-xo] € L°({R'} and is such that for |x-x¢|'<R ,.

g lx-xo) = 1 and for |x-x¢| >R , ¢plx=x0) starts at 1 and

¢R(x—xu)-+0 as |x-x.| +*®. By making the scaling ¢R(X—xulf
1

> B # ¢R(B(X—X4)) and letting f$~+0 we obtain the condition

20 + J e2elxxe| yipyax s 0, (3)

—_—

X, arbitréry. Setting as=0 we recowver the known result{1'2)
that a globally attractive potential ‘in-one-dimension always
possesses at least cme bound state.

In two-dimension we.take

bptry = e for'. r<R ,
o—OR o - REN Y
e (t) = ¥o(aRy Ky (ar) for r>R

where K,l{or) is the ﬁodified-beséel,function. And obtain the

following sufficient condition for the .existence of a bound

state of energy less than -a?

2m R 21T
1

[
> 6| e o

J
o

o1

Ko (ar)
1 —20R
Vir,0)rdr -5 4ae [ e PN V_(_r_,Q)r-dr 2 .

o
o
)

o s 20R K! )
= =3 J - wmeien {r+ 2m . (5)



4K, (ar)

where K, (aR}" = e .

ar=gR

Agaiﬁ setting. a=0 we recover the result that a
globally attractive .potential in t‘.\to-dlrm'—m51c>n’:T 2y always
possesses: at - least one bound state.

 Finally, in three-dimension we—take

_ 1 =or
@R(r) = Rl/ze for r<R v
{6)
1 —-axr .
o (x) = R/2§ for, r>R

cbtaining the follow;ng sufficient: condition: for the exlstence

of a bound state of energy less than -—a? -

R o
] [ om20r- - g Tiur -
-y a2 Vir,Q)r*dr - - |an| R Vir;Q)ridar z
j . ri .
° : R
1 ~2aR . .
Setting. o =10 obtains.'
1 | ,rR:1 " 1 [
; T a2 T b e
- I J dn j = V{r,2¥ridr - 4W:J dﬁ.j R V(& 2)dr z 1 . (8}
[+

whlch is 51mpler than the cond;tlon cbtained by Chadan ang

(3
Martin ) In the particular case of spherically symmetric

potential condition (8) reduces to Calogero's(4) "best"

sufficient condition.

Concluding this section we present the variational
version of the other sufficient coﬁditipns derived by Caloéero
in reference 4. Taking as trial funetion  ¢R(r) =_§EQJII4R},
a sufficient condition fér a spherically_symmetrip;potgntial

to hold a bound state is

A
i

(9)

[ 5]
W=
.

B y(r) rlar
(r+R)

o

Taking ¢R(r)

b ¥R . .
(R‘&/r}(1—efr/R) as trial funétion

we get the condition

o

( B 1Ry y(ry) rPar s -1 . ' (10)
r? )
1]

Conditions {9) and (10) should: be compared with
{4) ' Y

Calogero's conditions (3.15) and (3.17) respectively. .In
both cases the variational method produced improvement (the
fact that the trial function is.not square integrable does not

matter).

3. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF A-BOUND- STATE OF
A GIVEN SYMMETRY BELOW ~a? ' o

We shall consider only the case of obtaining
sufficient conditions for the existence of a bound .state of a
given angular momentum £ having energy less than -o?. . Qur

recipe in this case is to use as trial function the regular




7.

and irregular solutions of the modified. Bessel. eguation,

‘¢ 2% s

r- ax 2

Wy o+ a”X = .0 ' - (11
&r?': : r? - £ 4

matched;at_an_arhitrary-point. T=R. Thgs, the triai:function

is

1 .
ey o olER) 2 Kl sl i
R K£+ 1/2 {aR) (U.]’_‘,) l/z v .
(12y
1
2 Iy 1, (ar} . :
O T ) £ /2.-1/ - for. r>R .
' Lxy {ax)-"? :
providing the  following sufficient. condition
1 VI BRI S J(zn y o Egoy (oRE
- — 1 ag ( 105 17 wir: Qkrldr: 2 oR? AP TR alt LSHENE Y
f Y
: Ty g aR) [ . T
i £ 23350 . . s
v oR? {H e ey L L : : (13)
i R T Rl E s :

For spherically:symmietric potential, in the limit

u—+0. the”above»c¢pdi;iqnlre§gge,'t

alogero!s "best™ 4V

sufficient condition:

R _ e

g

2042

[;] “.-:-"---V.{;_:_),'r,%_é_r:i__2-._2;.!..4-1-'- - 14)

4. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF A K-BODY BOUND
STATE IN THREE-DIMENSION

We shall prove that the Nmparticle hamiltonian,

-+ 2 .
N p
1 e -
H = 1 £ 7 V{r.,-r.) , ) (15)
N 121 M i<y i3 e
has at least one bound state if . V(;ié%) is a purely attractive

potential satisfying-condition‘s);

We shall first prove the result for N=3. Following

Simon(5) we use coordinates relative to particle 3,
- + >
Xy = K1-=1I3 '
#, = T,-*, : _ S § 3]
3
- 1 -
R = = 1 m .
-M 1o i~i
3 : .
where M = 2 m, is the. total mass of the system. ' In these
i=1

cooxrdinates, the hamiltonian Hy . with the centre of .mass

removed, becomes

i{»z Ez
1 2 T =+ = + o > = .
53 % 3 " T T E, R P VERD 4 VOR) w VGGR,)

(17)
where ﬁi is the momentum canonically canjugate to. ;i and
113 1is the reduced mass of m,; and 1y .
Now, as trial function we take V¥ = ¢0(§1)¢R(xz) '
2 s x _.. y .
where %,(x;3) 1is an eigenfunction of H, {particles 1 and 3)

with energy E?' and @R(xz) is given by {(6) with o =0, that

is,



op(x2) = g for X, <R,
‘ R
(18}
: g
q’R'(Xz) = = for X; >R

Now, as- the two-body po&xmﬂﬂ.is”pu;elyfattractive,
AT

throwing away V(§1—§2) we have {in units of

R
("PrH?."'P)

1
_.——(WJW}SE2+1+HJG.QJ

0

V(xz,Q)x dx2 *

=

o

* 25 J * J R Vixe,faxe S a9y
X . o

since- the eXpectaticn value of-thezﬁughéé;Ecﬁértztérm: ﬁl'ﬁz
vanishés. Slnce by hypothesis the two—body potentlal satlsfles
cohdition (8} it follows. that H3 has at least one bound state.
Analogously if the two—body potential-is pu:ely
attractive and satiéfiésyéonditiohgtal and if HN
state- then HN;1- will have at leastione:bound*étate; The

has a bound

proof is immediate.

We now show that if the continuum’ of the N-body
system starts dt two- clusterfs) break up then, if the two-body
potential satisﬁies‘condition (8) there.exists'at 1east one
bound state of N.particles. Let C, be the cluster comprising
particles 1to L and *.Cy the cluster comprising particles L+1

to W. As coordinates we. shall use. the coordinates relative to

the LT parxticle for particles €C,., the coordinates relative
to the Nth' particle for particles EC, and the coordinate
of the L™! particle relative to the NT° particle,

sy
n

il

LR
[}

iN

K4
It

{(after some

.10.
}‘i-}‘L y L= 1,4.0.,0=-1
Zi_i-'n , 1= Lel,...,8-1 {20)
- -+
rL-rN.

With these coordinates the N-particle hamiitonian

kinematics(5)) can be written as {centre of mass

removed)
L=1 ko Lot Ko Ko L=
By = L 21 + 7 AL T vix.) o+
i=1 “Wig, i>j= my, i=1
L=t L Not o Kg Mol KR
+ I LACTIIEE e B ) s ) 2N N,
i*j=1 3 i=L+1 “MiN i>j=m+t T
N-1 N-1 . - Ez =
+ 1 Vix ) o+ I LA E I + VIx)
1=t N gyqlpq AN TIND 2w
L-1 k.k N-1 k.k S
+ 3 ib .y N, oy VR -RoaX) . (21)
i=1 M1 i=T+1 " Pn iy3 LN
iECl,‘,éL
je-‘_:z:?N
where fiL ' ﬁiN and k are the_momenta-canbnicallﬁ@éohjugate
S > - . s B
to giL ¢ Koo and x respectively and Wy ,_piNr.and U

are the reduced masses of particles (i,L), (i,N} -and ~ (L,N)

respectively. Expression (21) can be written as

2 4 K-k
N
k > "REL "FiN
H_=H + + Vix) + Z - z +
N =31 [=>? 2ur or Ty, ca My
+ 7 V(S{’iL_;E.N&) . (22)
i€cy ,#L J




L1t

Now, as trial function we take

- (23)
¥ = <i>c1 ¢02 ¢R(x) ’

b ] i ion of H and H with
where @c and cs are eigenfunctio e, s

energies E, and E, respectively and @R(x) is given by
1 2
{18}. Again, as the two-body interaction is purely attractive,
throwing away from (22) the intercluster potential {last term),
2

we get (in units of 5%—~
LN

(¥,H, ¥} :
N X T l > 2
AT S Fe, t e, {1t { * [ R Vix)xiax

1
ESH

+*

(
L an
j

as the expectatioﬁ vélue of éii Hughes-Eckart texrms vanishes.
And again, if the two-body potential satisfies.condition .(8),
it follows. that HN' has at'leas#_dne hﬁund—state.

Finally, using;fcr- ¢ {x)  the function given by
(6} it‘can'easily,be-showh:that if the two~body potential is
purely-attractive and satisfies condition (7) then the N-particle
system.-will have at least one bound-state of energy less than

-o?

_R-vxﬁldx},', (23}
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