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ABSTRACT

We generalize the model: proposed by Cremmer and
Scherk to represent the Sigma'Non—linear Model in 3+1 dimensions

and quantize it via functiohal path integration method.

1. INTRODUCTION

When we couple supergravity to scalar 12) - (pseudo=

scalar-B) fields'!! the complete lagrangian becomes multiplied

. by an exponential factor of the Form” exn-—-—(A2 £B®) - which

reveals its non—pdlynomial'Character; If we proceed in qmrﬁ;zxng
this kind of theory, wia functlonal ‘path-integration method

the -exponential factorwrepresents:a'serlous hindranteuih'this*
respect. .It.becbmes;desirable“teuimposejtheﬂ{geometrieélifnx

constraint . A2 +B"'=‘cohstant' : Tm_s constraint is.o0f the''same: kl“ld

“as the oneé satisfied- by the Non-=linear Sigma Model(z 3) Cremmer

-and-Scherk( )-dbtained'thezeupersymmetric—Non—linearfMddel in

3+1 dimensiocns by etartiﬁgfﬁitﬁnaJ§:coﬁpdnent Wess<Zumino scalar
maltiplet andfimpaeing-theﬂnéceSSaryfcbhstreints.sdfaS~to nake -
the theory -supersymmetric. ...

.~Phe: Non—llnear Slgma Model ift] 1+1 dlmen51ons ‘is.

renormallzable -and: presents 1mportant propertles ‘such as-:

:assymﬁxﬁnc freedom, dlmen51ona1 transmutatlon and ‘dynanical ‘mass

generation, whlch_turns;;telntozasgood iaboratory.for the study
of 3+1 dimensional models such:as ‘QCD. 'On’ the other hand, in

3+1 dimensibnsl it is non-renormalizablé'{by usual power counting

'arguments) so ‘that it 1s necessary to' introduce a cut—cff ln

‘the ultrav1olet reglon, regarded as an independent parameter.

- Wewill show that lf -we vimprove the. lagranglan due

to Crefumer and 'Scherk then the N.component Narbu = Jona—La51nlo

-Model( ) appears, in part,-as the supersymmetrlc partner . of the

Non-linear ‘Sigma Model. . ThenNambu==JonafLa51n10 Model ‘represented,
at the beginning of the sixties,.a pioneering work in relation

to the study of the mass generztion in térms of symmetry
(3)

‘breaking, via quartic fermion interaction. Eguchi arcues
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that because of the high diéergence structure, four fermion
interaction theories(4’6, are indeed equivalent to renormalizable
theories.

We propose to study the generalization of the model
proposed by Cremmer and Scherk-in order to permit supersymmetric
mass generation. In this way we sum a four fermion scalar
interaction term {plus a four.fermion pseudo-scalar interagtion
in order to maintain supersymmetry) to their lagrangian. Mass
ggneration:occgrs, on thewone side, for the bosconic fields, due

to ‘the geometric constraint, and on the other .side, for the

fermionic fields, due td the-presence of the four fermion scalar.

interaction term.. The resultant~model:ié very similar to'the
supersymmetric Non-linear Sigma Model -in 1&1-dimen5ions(7).
This paper is organized as follows: in part 2 we
_introdqéegthe.modélrwhiéh is'quantized, via functional path
'integ?aﬁion, so that.we .obtain ‘an éffective action in part 3.
:xﬁ Pa?t;4*vevSh°w the.occurence of -supersymmetric mass. generation

andﬂfinally in’ part ‘5 we draw .conclusions.

2. THE MODEL

“The following . lagrangian

1 sa, * A= e ] * o = 2
L_=_ 2 ? ¢i a.a¢i * 5'¢i$¢i:'+ £ l} E)a. ¢1 + inastj] -
Cqay (b) ' Do {e)
Sl @t el @yiws?r
] l i . + B q‘Jle ‘Pll : (2..'”
(d) (e)

£ : .
{ )See Appendix for conventions.

and the constraints

al ¢} o, = ' (2.2a)
p) $, U = O {2.2b)
¢l B2 = 0 (2.2c)
;o= . .
- a . "
a é;v7y, = 0 . {2.2d)

is supersymmetric under the transformations

86, = El1-vV; “ (2.3a)
sy, = ‘ra.[a F.o- L vg B 60T . o« TLv, vsvy) e+
i a 'i o P TiTT) Ta 7] jfa sty "

.3 (Tyo5)8; e + 1 Byvevy) 65 vse (2.3b)

where the N component bdsoniclfield is defined by ¢i = Ai+iBi,

such that Ai is a scalar and Bi a pseudo-scalar field. Alsc

" the fermiconic wi N component field is a Majorana spinor, and

¢i;E-Ai+YgBi. .
It should be noticed that the supersymmetric

transformations (2.3a/b)} are on-shell. This means that if we

- go -off-shell there are necessary auxiliary fields. We can show

‘that, by imptoving §¢;, as

§'W, = F, = (2.4)

where ﬁi {? Fi+iy5 Gi) satisfies the relations



F.y"d., = 0 , {2.5b}

and transforms supersymmetrically as

oF | = =y By + ... (2.6)
- X ) ) _ i P~ -
(D, =3, +iysa, and A, =-3 [¢i 5, 6, + tpiyaystpi])

then the lagrangean, plus —Fi/2 and ~G;/2 ,-iS-superswmmﬂIic.
The auxiliary fields F; and G; do not appear in the effective
action- so that they do not become dynamical at the guantum
level.

Bécause_éf-ﬁhe large number of constrainté, the

;heory is well defined 6nly if N is big.

'3, FUNCTTONAL PATH INTEGRAT QUANTIZATION

We proceed in quantizing the theory by using the
fuﬂctidﬁal'path integration method. The Green function ﬁxmt#ﬁal

' denerator is:

CE(T 8,1, .._.'N'l [ . [ae¥] {dq;j] [aw, ] T [ote; = 1] ~
x -6'[&;' + 0y sti—ﬁﬂwi]ﬁ[&i + 0} - v5(¢i—¢;)]wi] x

z E
x'-s[db; +¢”iE ]6[¢j2_—¢;2]exp i j[dxk {% aaq;“i"aaq;i + % Eizq,i +

F. ¢, = 0 {2.5a}

similatly for the - (F;9;

- exp

.6,
1 [ ae - LR P S B 2
+'§.|:¢i 3, ¢i+TPiYaY5‘Pi:| —'S-Wiq‘ii) +§{wi‘zs¢'i) +
[

T,
* * S i
+ Ji ¢i + ¢iJi + 3

. ¥, T,
1 + l2 l} _ . . {3.1)

_l' . e . _l_- . o R
where Ai =3 (¢iq-¢i) and Bi =3 (¢i— ¢i). ‘The constraint
(2¢), if writtén in terms of ¢, and - $* “has the Form
01 + 927 + ¥, (92 -¢7") = 0 , which is equivalent to the cohstraints
¢i+ ¢IZ =0 -and ¢§~;é;2 = .0 taken separatelly.

Now, in order to'perform gaussian functional. integration

‘over ¢; and 'y, , we introduce auxiliary fields.

If
_i.:+-w:i_'Ya 'Ys.w--_-: S (3.2)

we ‘have that -

- %f{&'ﬁzﬁ’:ﬁiﬁ)‘_ = N7 [ac]expis’ Jd_x:“.tcf + = ] e
- and
R U i ST
‘exXp 7 dx N’i'\'s wj-_') ="N- .[dﬂ}exp,—:.J & [‘JT -+‘/—5w(wi_ys-wi)3 .'(3.5)_

‘After expontiating'the-constraints,;which.appear in
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the measure of the integration, we write & as:

1,3

z o« N7! Jr T [drb’i'j I:d¢j] [av, ] [a] [ac1] [ac2] [ar ] [aq] [am] =

. [ .
I [:dkx}[dkz} ex-Pij-dx“ {1 8 ¢1 3a ¢1 + %E:L;"b;_ + X1 s

i a'- 2 o 2. -.-i... - ’ . .
ra Ve o s yy) e @_“‘.‘Pi\’ﬂil .

= [‘f’;_‘?;_‘ 1] = P ¥ Lawvsien + _“ 'Ys!.‘.?.z:.l_?'i. "

+ 23{_ ;.7_[31(.1:-7.5} + E.g_(_.jws.)]xpi.ﬁ cavka) 0 v
+ lly-k,) ¢*2} + s.ource‘terms}. . : . (3.6)

_ Finally we use

- exp 5%_"J_;:c‘.ix"‘-:_(kl_—j_kz‘.i_fti';z-'_-' f [agr]. exp i de" [B +4 kl“kz] g ¢i]

(3.7a)
and"iz S
exp._-z_bz_.. ax” (k;sz)q@; . M [dB’ﬂ expi dx"‘ E,é__l[__LN_z] ; d’iB{[

(3.7h)

'Putti_ng (3._’7a/b). .in {3.6) and integrating: over ¢i -ahd'_ "bi .
" gives us ‘that ' o .

EEAC AR f [ae] (6] fas*] fae ] [ove] (] [an] [] [e ] =

% [a ) . _1= -1 1, -1 _ B
[cz:] exp {1 Segsr 3 Ty Ap Ty - J: Ay J__:} . {3.8)

RS . iy § y ) [ Y . 2
_Séff_ —.l NI:ZTr £n AF - Tr £n AB:l - de l:cr + i

.8.
where
L - - T =t [ki-ka)

SR = [cl(_j-y_s) + S 01-y )] ag’T, 4 1R {3.9)

bp 2= i B+ Vv, vs A 2L V2 0+ VI Ty, S (3.10)

Ay = |: D + 2/2 A% a -21 Az - J;x + % [c {1=v4) + callay,)] X
x AZ [(1+Y5)cl * (1—y )CZ:IJ ' _ s (3.1

and

Hle

o a2 ]| _ L . o o
E -!-—2—1- .2] .. . . . . .(3_12)

. Yo o
Rescaling the fields ¢i - ¢>£ = [-g-N—] I
. . [s]

w.+¢e=[g1]"/-2 bAoAl =t ;0w s /G, o and
. ° : /R .

T + n'_='Vg° T ., gives us for the effective action

; _ . Ik . a . 2. ’
Sefr= — 1 '":[i.Tr 'Zn"[‘l" * /%— AgMs¥o -4 /%_0 VA n] -

_Tan[D:,z/z_,\ _Fl,\z_z-m)r

|
+ [[01(1-‘! ) + Sz (1+y,5}] A [{1+‘Y )c,_ + (1-v )02]]]}
. . .

2 2 2 " L .
- dx»l:g_ /R 8% g
J go + go qo o4+ 3 + 3 o (3.13).
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4. 1/H EXPANSION AND MASS GENERATION

As it can be depicted from the effective action

given by (3.13), we write it in terme of a 1/N expansiocn

nt-i/2 s, ' (4.1}

eff i

t.o~1 8

where §; is-the "i" point function invoiving all {auxiliary)
fields that appear in it. The lagrangian proposed by Cremmer
and Scherk(B), given by the terms {a), {b)} and {¢) of expressicn
{2.1), does not permit a supersymmetric mass generation. The
constraint (2.2a) gives rise, at the guantum lewvel, of a mass
term for the ¢i field, which is equivalent to a rescaling.of
the (infinite) normalization factor that appears in Z(J ,J* T. ).
But this fact means that supersymmetry is broken, since we do
not - have a mechanism to prov1de a mass for the fermionic w
field. The addition of the terms (d) and (e) in (2.1} permits
”:the generation of the fermionic mass. ' Nambu and Jona—Iasuﬂo(M
nbticed that the mass generation for a fermionic field occurs
due to some interaction between massless bare fermions flelds
in a direct analogy with the qua51—part1c1es that emerge in the
context of super condutivity due a phonon mediated interaction
-between'themelectrons(a). Its 1+1 dimensional analogue, the
Gross-Neveu Model(g), displays a mass generation mechanism due
to the'global cthiral symmetry breaking of the one looﬁ effective
potential for the auxiliar g field (introduced in order to
'eliminate the quartic fermionic interaction and to per&nmlgaussian
integration). Since this mass is not introduced értificially
- but appears as a dynamical result of the four fermion interaction,

at the gquantum level, it is called dynamical mass generation.

.10,

The hope is to display an analog formalism in 341 dimensions,
which would discard the presence of the Higg mechanism and as =z
consequence the Higgsparticles.

In our case, We.present a formal ‘supersymmetric
proceaure to generate masses. It 15 formal until this stage
because the renormalzzablllty of the model rests as an open
questioen, o 7 .

Theelinear'term'fOr the:d field, obtained in the

1/N expansion of the effective action, is given by
ig? ’
i3 . . - 14.2)

If N-« this term oscilates strongly in the exponential so
that the 1/N expansion is badly defined. In order to eliminate

it we define a new (shifted)“field"g‘ as
' = } _ L . '. . . o

.c {x}) = .gix} .fg g, {4.3)
such ‘that its vacuum expectation value is zerc [<cr = o] ,
and ¢ is cohstant. Putting (4.3) “into ‘the éxpréssion &f the
effective action (3.73) results in the eppearenée of a mass
term for the Yy, field, thatds. . -
iﬁ M L (4.4)

In terms -of o' -theé.linear term turns irto -

U' T .-_ o ?’ 1
T {"25 l/_ =20 | laxt o = (4.5)
: 1{3+M) o e !
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Defining
F = -1 (F + M) {(4.6a)
and
' o _ik(x-y)
x|Fiy> 2 1 & e : {4.6b)
: {2m) ¥ -~ iM
. gives ushfb:“(4;5}, in mdmenfum space
' ( S
ro' (p? M) :--1/‘ tr{-i g vy | et | Mg,
) e 9o :

(4.7)

where trace (tr) .operates over spinorial indices and

1.
(2w)*

fdx'* e P¥ g(x)", etc.

Now, 1m9051ng the vanxshlng of {4.7},-so that 1/N expansion
_becomes well behaved, implies, after a Pauli-Villars regularization

;p"terms.gf,a_ultravmolet_cut—oﬁf A, din that.

.
: 2
(2w 95

2

On the other hand, the linear term of the g field is

% - -i /ﬁ[fr — 242 (dx" & {4.9)
i -m?y ER :

where we tock into acecount the ¢i field mass generation

R [FF + i] ' (4.8)

12,

through the geometric constraint (2.2a), as explained earlier.

After defining
B = i{[] ~-m® : {4.10a)

and

{ ak* eikix-v)

<x|BTy> = 2 |  (4.10B)
: _ {2my® j k? +m? . :
we obtain for3(4;9)
L - [ o )
s = . b = i
t*p%m?) = Z1 VA {-2a(0) | K, &0 (4.11)
: . o . ) . ; _.k2+II.'i2 . 'g.O .

The wvanishing of expreésipn-}4f?1)_gives_us, after regularization:

Te, o :A? - m%in [ﬁ—f * 1} . o oi(4.12)

By comparlng (4 8) and {4.12) we conclude that the ‘bosonic and

fermlonlc generated masses are equal
moe M ' T (4.13)

which means that supersymmetry is not broken.

5. CONCLUSIONS

The story dces not come here to.an end since we did

only study the  (/N) order terms for the g -and o fields.
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For w and Aa we can show that their linear terms wvanish.
Also the quadratic terms for all fields have to be investigated.
As Eguchi(s) showed, this 0)(1) order terms do give rise to
kinetical forms for the fields, thus making them dynamical
entities. The 1/N expansion is well defined since we make
perturbative calculus around the true vacuum, by performing the
adequate shifting of the o field; giving rise to a mass term
for ¢i.

We wonder, finally, if this kind of procedure can
lead us to the study of the dynamically guantum enhancement of
the cpmpound fields fhat appear in S0(8) supergravity
associated to the local 8U(8} symmetry, though its manifold

is non«compadt(11).
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 APPENDIX

The gama matrices, in the Majorana representation,

are of the following form:

o (R | 0 Mo o o
o o o -1 ! _ o 0 1
Y, = | Y, T
-1 0 o 0 i 0 3 0
| E .
0 =170 o-J 1 -1 0 .0
1 o0 o) (o o Ii
i i
o. 1 -0 0| _ : c o0 . 0
Ts = I '3T:._‘ = S
: 0 o =1 o | I i 40 0
| i _
o o -0 1) L0 =10

and-satisfy

{Ya 'Yb} = 2%

where §_, is the ‘Kroneker delta.

Fierz transformations are written as:

et st e e et

A1)

(a.2)
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(T, Myg) FNY) = = & L 08 4p) (505 ¥y)
sﬁch that
oy = ('i,ya,Zi Oapr E¥s Yy r ¥s)
and
%ap %[Ya’Yb]. N

Also we adopt the summation convention

* = *
;% by = 45 ¢, . etc..,

(A.3)}

(A.4)

{A.5)

(A.6)

(1)
(2)
(3)
(4)
(5}

(6)
{7}

(8)

(9)
“am

.16,
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