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ABSTRACT

A four-body force due to the exchange of pions has
been derived by means of an effective Lagrangian which is
approximately invariant under chiral and gauge transformations.
It includes effects corresponding to pion-pion scattering, pion
production and pion-nucleon rescattering. ‘The strength parameters
of this four-body potential are typically one order of magnitude

smaller than those of the two-pion exchange three-body force.
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I. INTRODUCTICN

It is well known nowadays that the nucleon-nucleon
interaction does not suffice for a precise description of many
important effects in nueclear physics. For instance, the study
of the nuclei of *H and ‘He by means of different techniques
has shown that realistic two-body forces underbind these tri-
nucleon systems by about 1.5 MeV ”). This situation has led
researches on the field to loock elsewhere for the explanation
of this and other discrepancies. In this context, three-body
forces have deserved much attention, particularly that due to
pion exchange, whose effects have been shown to be importantu}.

The study of the four-body system is in a much less
advanced stage. Nevertheless, the present possibility of
tackling the problem by means of various technigues and different
nuclecn-nuclecn potentials allows cne to foresee that the
inclusion of many body forces will be performed soon{B). This
makes opportune a discussion of the role of four-body forces.

The many-body forces of longer range are those due
to the exchange of pions. In the case of the alfa particle,

these forces are the result of proper interactions among either

three or four nucleons. By proper interactions one means

_processes in which there are no nucleons propagating forward in

time. The two-pion exchange three-body force correspconds to
diagrams in which a virtual pion, emitted by one of the nucleons,
is scattered by another and abscorbed by a third one. In the
most accurate theoretical treatments of this force the intermediate
pion-nucleon scattering amplitude is described by means of

{4,5)

chiral symmetry ., since the interactions of pions with

other hadrons are approximately invariant under transformations
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of the group SU{2) x S5U{2} . The symmetry is a crucial
ingredient in the caliculation of the force because it preoduces

.a pion-nucleon amplitude which is consistent with on shell data
and is suitable for off-shell extrapolation.

The dynamical content of the pion-exchange four-
body force, on the other hand, is related to three different
types of intermediate processes, namely pion-pion scattering,
pion production and pion-nucleon rescattering, as depicted in
fig. 1. The first of them corresponds to the interaction of
the virtual pions exchanged between different pairs of nucleons.
The amplitude for pion production contributes in the case where
a virtual pion, emitted by a nucleon, interacts with ancther
nucleon producing two picns, which are absorbed by the
remaining nucleons. Finally, in the third type of process, a

“nucleon emits one pion, which is scattered in succession by
other two nucleons and absorbed by a fourth one.

In this work the four-body force due to exchange
of pions is cobtained by means of an effective Lagrangian - that
is approximately invaraint under chiral and gauge transformations.
In the next secticon this Lagrangian is employed in the
calculation of the amplitudes for the intermediate processes.
One derives the four-body potential in section IIT, by
evaluating the contributiens of proper interactions to the
scattering of four non-relativistic nucleons. Finally,

conclusions are presented in section IV.

I1. INTERMEDIATE AMPLITUDES

The relationship between the four-body potential

and the scattering amplitude of free nucleons is totally

4.

analogous toe that of the three-body case. As discussed in the

"introductien, the potential is based on proper diagrams describing

the propagation of pions in tree approximaticen and centaining
the amplitudes for pion-pion scattering, pion production and
pion-nuclecn rescattering. Thus, the calculation begins with
the evaluation of these subamplitudes.

In this evaluation one chooses to implement chiral
and gauge symmetries by means of an effective Lagrangian, for
this approach produces a clear dynamical picture of all the
processes. This Lagrangian describes interactions among
nucleons, deltas, pions, rhos and the axial-vector mesons A; .

The relevant terms to the present discussion are the following:
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In these expressions the symbols N ,Au, $, &U and
Ru denote, respectively, the nuclecn, delta, pion, rho, and
A, fields , whose masses are m, MA’ W, mp QM. The parameter

(6 and is related

f  has been introduced by Olsson and Turner
to the form of the symmetry breaking term in the Lagrangian.

The universal wvector coupling constant is vy,, whereas up and
M, are the proton and neutron ancmalous magnetic moments. The
parameters n , » and & vrepresent the possibility of spin %

components in the off-pole delta wave-function. The couplings

of the delta correspond to the following form for its propagator
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In the derivation of the four-body potentinl the
momenta of the nucleons are consitently assumed to be of the
arder of the pioen mass.  The moementum p of a nucleon is

written as

. Ve N
It (E,p) - {m 12,"; +op) , (14}

.f).
whereos the momentum ko of a pion emitted by this nucleon is

given by

N (7 _ g1 ¥ M|
k {w, k) QP—LZN , P-P', . {15)

Therefore, the orders of magnitude of these kinematical

variables are the following: E-m , |{)] - |E] Sy, w o~ uifm.

A. Intermediate picn-pion scattering

The process na(k)nb(q] » ﬂc(k')ﬂdtq') is described
by the diagrams of fig. 2, representing a contact term and three
exchanges of rho-meson. The corresponding amplitude, denoted
by T(A], is obtained from the Lagrangian elements displayed
above and has the following form
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In this derivation onc has used the relation 'YQ/mD = 1/2fn R

The corresponding expression for non-relativistic nucleons is
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B. Intermediate pion production

The dynamical content of the reaction m(kiN{p) +1° (k' nd(q*)N(p")

for free particles at low energies is shown in fig. 3. The first
diagraﬁ represents the pion-pole amplitude and cannot be included
in the four-body potential, since this would mean the double
counting of the pion-pion process. One also must not include

the diagrams within round brackets, because they contain nuclear
propagators and hence correspond to iterations of two and three
body potentials.

The sguare bracket contains a seagull term besides
others describing the propagation of vector mesons. When the
effective Langragian adopted in this work is used, the
contribution of the diagrams including the ®pNN vertex is
cancelled to leading order in u’/m; by that deseribing the
propagation of the A; . Moreover, processes containing both
p and A, propagators produce only corrections to the leading
term. Thus, the most important contributicn from the diagrams
within sguare brackets comes from the seagull term. Thé

corresponding amplitude, represented by T(B'S) , is
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The non-relativistic limit of this expression is
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The diagrams withirn curly brackets represent two
types of processes, namely those containing one and two delta
propagators. They are referred to as single and double delta

(B.8) _ o piB,88)

diagrams and correspond to the amplitudes T
The single delta processes depicted in fig. 4a yield the

following amplitude

(B,A), _ + -
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where ('I‘i,\t)‘3 are the same subamplitudes that contribute to

(8}

the pion-rho exchange three-body force . Their most important

parts are those proportional to the poles of the delta and are

given by
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receives its dominant contribution from the double pole term,
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Taking the non-relativistic limit of this expression
P =1ip +p") . (25)

and inclu&ing the contributions of all the other permutations

When the nucleons are assumed to be non-relativistic of the pion guantum numbers, one gets

and the diagrams corresponding to the permutations of the picns

2
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The amplitude for the process na(k)Nlp) + ﬂc{k'm(p'i .
In the derivation of this expression one has neglected the for nucleons on shell, can be parametrized as

difference between the nucleon and delta masses.

The double delta amplitude, shown in fig. 4b, _ ple) ﬁ|:{a\+ + % B+)<5ac + {7 . K;K BT) i EcaeTe]u (29)
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when the nuclecns are non-relativistic, this

expression can be written as

{cy _ + .E"'" > - b_«i--v' E
t szf +12m°k'xk)53c+ {f +i%a.k xk}i EcaeTe] (30)
where
ft B * R . *
= a + (p+p'}.(kek’} i {311

and a® and b* are the non-relativistic limits of A® and BY.
The dynamical content of the pion-nucleon scattering amplitude
is shown in fig. 5. The diagram describing the propagatioﬁ of
a nucleon represents an jiteration of the two-body potential and
must not be considered. The relativistic expression for the
contribution of the delta-pole and rho and sigma exchanges to
a' and B can be found in ref. {5) and will not be reproduced
here. Their non-relativistic limits produce the following

non-vanishing terms
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m
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12,

‘The rho contribution to f; is velocity dependent
and produces non-local terms in the potential. Hence it will
be ignored in this work. The form of the sigma contribution is
the consequence of the parametrization used in ref. (5), that
has been criticized on the grounds that it fails to reproducé

(2}

the Adler zeros This criticism although reasonable from a

purely conceptual point of view, does not affect the practical
conseguences of the calculation(g). This can be seen by

considering the parametrization adopted in ref. {4} , which is

consistent with the Adler zeros. It corresponds to an amplitude

given by
- 2,302
e 2 o)l ]
£2 u T
T
g k.k' 1 2 2 1 12,2
= = 1 - 2B NE +F(k—ll]+?(k ~u*} (37}
£
b

where o is the pion-nucleon sigma-term, When one makes the
identifications o = o/ and B = - 28 o/f2 p? , one notes
that egs. (36} and (37) differ only by terms proportional to
{k?-p?) and ({k'?-k?) . These factors cancell pion propagators,
leading to amplitudes that correspond to contact interactions

in coordinate space, since they are proportional to §—functions.
The short distance repulsion between nucleons allows one to

neglect such contact interactions in practical calculations.

ITI. THE FOUR-BODY POTENTIAL

The four-bedy potential in momentum space is defined

as
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kL -o-‘__ +
<pypyPLRL (W2 |ByB,BsB.> = - (21)° §° (pf—si) __JHT Ean (38)
{2m)
where tan is the amplitude for the elastic scattering of four

non-relativistic nucleons, excluding the contribution of
intermediate nucleons propagating forward in time,
In the evaluation of the potential one uses the

following kinematical variables

k =p,-p; » k'=p}-p, , Q' =pP}~P, » 9=P,~p} , Q=k-k'=g'-q .
(39)

Energy—momentuﬁ conservation means that
k+gq = k'+q"' . (40)

The amplitude for the process 4N~ 4N due to the
intermediate scattering of pions, as represented in fig. 1(a),

is given by

u
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In this expression U(i) anad T(i) indicate expectation values.

The contribution of the pion production process to

t4N.' indicated in fig. 1(B) , is composed of three terms, namely

.14,

the seagull, single delta and double delta. The first of them

- results in the following value for the amplitude

N
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The single delta diagram leads to
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The plon rescattering diagram of fig. 1(C) cor—
responds to the following form for the four-nucleon amplitude,

when non-local contributions are neglected
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The fator % in front of the amplitude has been introduced
because every independent diagram is double counted when one

performs all possible permutations of the nucleon indices.
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The potential in configuration space is given by

<EIBIEIT WM [T LT, =
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The expressions for t4N obtained above allow cne
to write
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The function W is the four-body potential. Tt

4B
is made up of various terms, representing the partial contributions
from pion-pion scattering, seagull, single delta, double delta

and pion-nucleon rescattering. It is given by

(A) , .(B,8) (B, ) (B,88) _ {©)
Wap = W' *Wup * W't Mg + Wyp (49)

The explicit form of the potential contains the

Yukawa function U, defined as
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" This function is not regular at the origin., Its regularization

3) | the

can be achieved by means of form factors and hard cores
former correspond to cutt offs in momentum space whereas the
latter are cut offs in configuration space. These précedures
are not mutually exclusive, since they are motivated by
different physical causes. In this work the Yukawa function

is assumed to be somehow regularized. However, one does not
choose a specific method of regularization because applications

of the potential are not being considered here.

The form of the functions LTS becomes simpler

when one uses the dimensionless variables ;i = ”;i and
;ij = }i_;j' These definitions result in the following

expressions for the partial contributions to the four-bedy

potential.

A. Intermediate pion-pion scattering
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B. Intermediate pion-production

Seagull
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It is worth noting that the terms proporticnal to
{1-€} in egs. (51) and (52} have opposite signs and cancell
when both contributions are added together. This cancellation

is motivated by chiral symmetry, as discussed in section IV.
Single delta
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Double delta

2
{B.04) =_[l]’ [_1)3 % Suss s
4B 4n 2m 3(Ma'm)2

x {g

E]

+(1)-$1 3(2'-32 3(3]--&3) {% (-'E“).-'th) x-"r'(” ) FyVa x ¥y)

» GOLFOTONRO) 13 5,500 8, L 650 5,830 3]

(;(1) _;(3);(21 _;{'-)) %32.333(% By 231_333("1 5, +%

. &“1;‘”:(”.:“')[. 0,5 30 D 053 T

% Ul ) UGG, M0 ) + (1 4 4]+ {2 = 4) + (3 + 4)

C. Intermediate pion-nucleon scattering
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fhe final form for the potenfial derived in this
work 'is that shown in eq. }49), where the partial contributions
are those given by egs. (51-55). Here, as in the case of three-
body forces, each term of the potential is written as the
product of four kinds of terms, namely a strength parameter
with dimension of energy, an isospin operator and a spin operator
coupled to derivatives, acting om Yukawa functions. There
would be, of course, other ways of writing the potential. For
instance, the explicit evaluation of the derivatives of the
functions U would produce a result in terms of the functions
Usg » Uy and U, wused in ref. {5) . The main advantage of the
form adopted above is that the expressions tend to be more
compact than the alternative ones.

The relative importance of the various partial
contributions can be estimated by comparing their strengthes.
In their numerical evaluation one adopts the following values

for the "experimental” masses and coupling constants: uw = 139.57 MeV,
(10}

m_ =770 MeV , m=938.28 MeV , M, = 1220 MeV : g=13.39 ,
P (10) ( }A
-1 11 _
gA=1.84 u ' f“=93 MeV R up-—un=3.7 y Yp=6.0,
YA= 2.0 u_l The value of Y, has been derived from the
relation Y, = mp/fi £, , whereas Y, is linked to the YNA
form factor € by Y,=CY, . The value of C can be extracted
., (12)
from electroproduction and here one adopts C=0.34 p ! -
: . -3 (10}
The sigma parameters are o, = 1.05 p and BU =-0.80n

Finally, SU{4) symmetry is used to produce the result:

6 oo 1)
Corgp =5 9/2m 7.

These "experimental" parameters produce the following

values for the strength constants of the varicus partial

contributions
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3
) (et IV. CONCLUSIONS
C(A) C(B,S) [4“1 [Eﬁj P HY o= 0.0779 MeV et
kil .
s 3 4Y,Y.g The derivation of the pion-exchange four-body
. L]
C =z Ju A7A 6 _ : _ .
(B,A) [4ﬂ] [2m] om? (M —_m) = 0.0111 Mev potential presented in this work is based on the assumption
p A
that the nucleon momenta are comparable to the pion mass. The
. .
c 1 ’ qu ! 9 CnAA ¢ . 0.0230 . spin and isospin structures of the potential are somewhat
08 " a7 (wm] T oT S0 7O Mev _
{ A'm) ~ complex and a precise assessment of the relative importance of
its various contributions can only be done in specific
3 2 o H .
C(C g-a) B [éL] {gﬁ] [—%] p? = 0,0769 MeVv applications. Nevertheless, several semi-quantitative conclusions
r 1 . .
can be drawn by inspecting the strength parameters displayed
' 3 ER. 8g? above.
= [3) fou o 8 ?
C(C,O‘—BG) = [4“J l2m - - Bc 1 = 0.1677 MeV . .
u g(MA_m) First, one notes that the seagull term (B,S) dominates
, ger? the contribution of the intermediate pion-production amplitude,
. [ 9 :
c _ £ s e i B u? = 0.3661 MeV relatively to the single delta (B,A} and double delta (B,AA)
[C,40-40) 47 2m B(Mﬂ—m) g
terms. This result is the direct cbnsequence of chiral and
. 4
c - 1) (@) (%) a “+ﬂfﬁn’ 29, . gauge symmetries and hence is similar to the case of the pion-
coo-000 = (@) 3 G [ Tt Fy) ¥ = 00561 Mev
Ll 4 - rho exchange three-body force, where a seagull diagram has been
. 1y - R Bg; ; (1H&;Un) %% , shown to be about ten times more important than that of the
{C,A0-b0) ~ [ﬁ) [Zm} {NMﬂ—m) - Bo] [E m ot 5, ) H dexta'd).
. ) The contributions from the intermediate pion-pion
= 0.1225 MeVv
scattering (A} and seagull in pion production (B,S) have the
3 2 1oy —u } 2g2 2 ' same strength and cancell partially when they are added together.
i, pa-pt) (%] [%] [L £, b ) L L 00410 Mev .
s PL-p ST 2fi Q‘MA*“” This behaviour can alsc be ascribed to the symmetries and is
analogous to that observed on the exchange current contribution
The meaning of these values is discussed in the to the elastic pion-denteron scattering(14).
next section, The strength parameters associated with the

intermediate pion-nucleon rescattering show that this process
yields the most important contributions to the four-body

_ potential. The largest term comes from p-waves in the isospin
even amplitude and is due to the diagrams describing the delta-

pole and sigma exchange in fig., 5.
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A crude assessment of the relative importance
between three and four body forces due to the exchange of pions
can be made by comparing their strengthes. The three-body force

derived in ref. {(5) is characterized by the following parameters

uﬂ
—;] u* = 0,92 Mev

u

2 2 8g?

= 2 au A a

Cp = [4n] [zm} {9(Ma—m) - Bc} u' o= -2.01 MeV

2 z (T+y_=u_} 2g3

1 gu 1 p ' n A N

o - (2] [2) | | u = 067 ey
p an 2m Zf; 2m * Q(Ma—ﬂﬂ s 0 ®

These values are typically one order of magnitude greater than
those of the four body force. The three-body parameters are,
in turn, one order of magnitude smaller than that of the ocne

pion exchange nucleon-nucleon potential, which is given by

s (e,
Copep [4n] [Zm] uos 11.02 Mev .

The comparison among these various strength
parameters shed some light on the hierarchy of many body foxces
due to pion-exchange. These forces correspond, in general, to
a succession of vertices, describing interactions, and pion
propagators. The latter are represented, in configuration
space, by a factoxr {?ﬁ U(x)] for each pion, where U({x} is
an Yukawa function. The vertices, on the other hand, produce
the remaining factors of the strength parameters.

In general, the strength of a many body potential
should depend on the number of its vertices and propagators.

However, inspection of the strength parameters of two, three

.24,

and four-body potentials allows one to conclude that the
contribution of the vertices are roughly independent of their
number, provided that the piocn mass is adopted as a unit for
the momenta. This means that the propagation of pions is the
dominant factor in determining the strength of the potential.
This influénce is felt both through the radial variation of

47
of the latter determine the different orders of magnitude of

the Yukawa function and the factors [J—}. The various powers

the strength parameters of two, three and four-body potentials.
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Fig.2 - Low-energy pion-pion scattering amplitude. Pions and

rhos are represented by broken and wavy lines.
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Fig.3 - Low-energy pion preoducticn amplitude. Pions, rhos
and axial-vector mesons are represented by broken, wavy and

triple lines. Full and thick lines dencte nucleons apd

dettas.The symbol (...} indicates permutations of the pions.
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Fig.4 - Single (a) and double (b)

Fig.5 - Low-energy pion-nucleon amplitude. Pions, rhos
and sigma are denotad by broken, wavy and double lines.

Full and thick lines represent nucleons and deltas,




