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ABSTRACT

A general reaction theory of the heavy-ion fusion
cross section that exhibits clearly the possible effects of
directly coupled channels is developed. Our expression for the

fusion cross section shows how the presence of coupled channels

'enhanées its value in general. The result may be used to

standardize the discussion of, e.g., sub-barrier heavy-ion

fusion in general,

?Work supported in part by the CNPg.

-Heavy~ion fusion reactions have been cuStomarily
treated within simple one-degree-cf-freedom dynamical models.
In recent years several experiments and their subsequent
analysis have clearly shown that in wany instances these simple

models do not suffice for a satisfactory description. In

-particular, systems such as 16O+ASm', Bagg o Boyy , exhibit

sub-barrier fusion cross sections several orders of magnitude

itarger than predicted by simple one-dimensional barrier penetration

modelsi—m

. These experimental findings clearly called for a more-
appropriate description involving explicit reference to several
nuclear étructure aspects of nuclei such as deformation, single-
particle motion, etc..

A natural framework for incorporating these structure
features is the coupled-channels - theory és was done recently
in Refs. 4-6. The general conclusion reached by these authors,

is that the heavy-ion fusion cross section considered as an

inclusive quantity, is given by

o = > P ouon , ™
x

with Z Po)\ =4
Y

and UF(l) refers teo the fusion cross sections attached to the
appropriate eigenchannels labeled by A , which are defined
through the-diagonalization of the channel-coupling matrix
performed with a matrix U , with Pﬂ\ = , UaA ,2' .

It would be of value, though, to exhibit the effects
of these coupled channels on the fusion cross section explicitly,
as exemplifying a genuine multistep process. This can be

accomplished formally within Feshbach's reaction theory.
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The purpose of the present Letter is to develop a
general theory of the fusion cross section tﬁat shows clearly
the effect arising from directly coupled channels. This is
done. by first calculating the total reaction cross section, UR,
and then perform its natural decomposition into the different
contributing physical processes. Within a model involving
several coupled inelastic. channels, the fusion cross section,

o] {or total compound nucleus cross section) is defined to be

P’
Op = Up=Tn v where. oy refers to the total inelastic cross
section {(a sum over all inelastic. channels).

It ispworth_mentioning-that,sqch a'decomposition of
O has been used rather extensively in other branches: of
nuclear physics such as pion-nucleus reactions, where:-the analog

to on. is referred-to as the absorption Cross: sectlonT)

Follcw1ng_Eeshbach'), we introduce. two projection
opexators, P and @ , defined to project out of the total
wave function of the nuclear system, ¥ , the direct component,
P¥ and the compcound nucleus component (fusion component) QY .
We allow several ortheogonal channels to be presenﬁ in P , and
insist that P+Q=1.

The effective eguation of PBY is given, as usual,

by

(E-PHP-PVaG@AV P )P =0 @

with the conventional notation of H, denoting the diagonal
piece of the total Hamiltonian {PHDQ==0), and 4 the pért of
H that couples P tao Q. It is to be understood at this
point that Eq. (2) describes the optical model piece of PY

in the sense of Ref. 9) . The campound nucleus propagator QGQ

the implicit Q-space (fusion) coupling.
4 ’ - i ' ‘
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is assumed to represent the energy~averaged propagation of the
fused system. We ignore altogether the fluctuating piece of
the PY-wave function.

Since our starting point for a one-channel fusiocn
(no coupled channels effects) is one-dimensional barrier
penetration (namely we consider the effect arising from the
coupling between a one-channel PY and QY , through to be
representable by total absorption for the contributing partial
waves), we suppress any explicit reference ot the Q-space and
write P(Hoi- QGQ )P = P(H' +V'")P. The effect of V',
assumed to represent direct couplings among channels contained
in P , is mainly centered in the surface region, and therefore

we take it to be real. OFf course H' is not Hermitian dus to

Denoting the entrance channel projection operater

by ¥, ana @L-,:P_n ¢ ve nave (with E)g_h = ﬁ]?i =0 ).

(E-4H')ne = VR E

(E-EHE)RY =Eﬂ.\/"ﬁg¢ - (4)

With bqundary conditions of only cutgoing waves in jzzlEE ; the
above two coupled eguations canrn be reduced to an effective

equations for T;_‘j:'

)

(E-pHE-V'E grcmfvr)m_o )

where 'ég tE) (E J’f HE )

denotes the matrix

_ propagator of the EEi. channels.
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The total reaction cross section extracted from ﬁf

is given by

a@, —--—-(FY | Zm (?H'P +PV_E-§C(E)EV tle c+)>, (6)

R
qf — ( f . 1 béing the reduced mass of the system,
In Egq U

- &), B EEH') is the exact solution of Eg. (5} with the
eppropriate qutgoing wave boundary condition, With our
assumption that V'  is Hermitian, the imaginary part of the

second part 1ns:.de the round brackets in Eg. (6) becomes
\ ot}

proportional to T 'f(‘cs) , which is given by
4
o ) (-—Jf'
T & (e G ey S2
_ gr ) D_E GplE) P,
-i
+§C(E)Imu j” ter ™
t=?
where -Q-E is the Moller operator defined in the jPﬂ. sub-
) o)
space (.QE -E+§f Eu > 0 '~—Il>+ _@u Vs
o) JE ! JEi i jzi

é“ is the "free” Fl—propagatar (free except for long—range

Coulomb repulsion effects, é'lj?(t)- (Em (:IE HE (U- ))

1
and U.IE is the optical potentla.l contained in E H_IP

Eg. {7) is the usual unitarity 1dent1ty,_qenerallzed to non—

Hermitian 1nteract10ns7)

Inserting Eg. (7} into (6),. and using Im”HIE =ImU .
; A d

1
we £ind

Oq = [...-('ik_.k’ |PVEQE(F)IMQ CL-)-QLE)JLVﬁ q_;)J

ard® ’ 't T |/  (+) ! &5
A |rmuh+r1vﬂ’iﬁfm:’s> o E}f{ﬂﬁl\/?‘im‘f ]

6.

We call the first term in Eg. (8), the total summed inelastic

cross section, Gy + as that what it preclse}.y is, since

=} f+) - F —
R Q‘éi = i}f <Py §e- 5-@)(”)3

KEIBV'L 106512

which when used gives for O" -"2‘1[

§ (e~ E QJ ); e Therefore we id'ent‘ify the total fusion
cross section Lo be O’F_z ch- UD :

(—1-)1' &) ’ W

- R &) / : (%)

== Q¢ 15U, + WV EY TWl A B VIR
1 r ER

1 1 g

Equation (9} above clearly exhibits the multi-step nature of

O when strongly coupled direct channels are involved, as

exemplified by the second £erm. This can be made more clear by
&)

first writing: for]‘}‘i W' , which of course, by definition,

containg: the effect 6f channel-coupling to all orders,

o &)

Y , &
“oigf> = Q7 by > (10)
¥

where 1‘ 'ri_'i'g- ?Vf’g{:{el_ivr +-- - .
® )
”’igg > is. the entrance channel wavefunctlon in the limit

= ¢ , and using
v

g[':[f’vfh g_]f\/ﬁ an

a

" In Eg. (11) g f-l:) -is the full (exact) f —matrix propagator

which contains the effect of the coupling JE \/ 'YJ . to all

orders.




Thus

)

Tr=- 2Ly [Tm Uy Iﬁ ¢”>

(434

_'?S-;-__<1o§ U’Vf‘g‘ (F)Im’u ﬁ(E)J?V’H ﬁt} {(12)

Let us introduce now the fusion cross section in the absence of

ﬁﬂ 6+J
channel coupling, O"—-———<P£ ’Im 'UF “’1 Y’

Then the first term in Eg. (12), would in general be smaller

. . o
than o due to the fact that ,"’714‘1-_’({-)}, <“f’iq_/1>{ , owing

i

to loss of flux form ’1{’1 to due to channel coupling in

1
43

"}01 K_.P > . . However, if there are several strongly coupled

channels present in Ei , the second term in Eg. {12} could

more than compensate for this reduction in the . value ¢f the

first term, giving an over-all enhancement in Tp -

To show this explicitly, we assume that T ujf

is diagonal, <‘f§?§)|1muﬁ. l%?‘i:’ =8;i/8G- 7.)(!:‘ c1,1|lm I*fz)>
.4

and consider only the on-energy-shell parts of ﬁ;&) ﬁ?‘(E)
We cbtain B :

Op =-24hY | In Uy, |5E7>

~

.'@npﬁil}ﬂ mly OSE-5-0,) K

w2

}”f_’,_\/&“;‘? )l (13)

. (3]
where we have implicitly diagonalized % (E) . Calling

H &) LT o) +
o;__(i)z-q?ga IImuE’_fixy >T§T and OL{§) = -¢ Ifig_a; Ilmumiﬂﬁitk >

we may recast Eg. (13) into the following more attractive form

Op = G 1*% I_fal Or (3 | (14)

Ld J Z

f' o = 1‘” Sce-€; aJKf‘f(wlRV RS EeARE
k
o M |
The factor g appearing in the integrand comes about as a
result of our definition of CI and Op ¢ Egs. (6) and (9}.
The I? . are not the usual inelastic probabilities since they
117

are constructed from the matrlx element (?i’(+JIE V'r;”v 5@
“°t<f9:' ’Pvﬁlﬁ >

the two matrlx elements resides in the fact that I<It> 93('*)]_]?* >|

[T}

an The dlfference hetween

is different from unity because of absorption in the 3 yth
hannel tally 4 BB ¢ is just the i
eigenc . Actua , . is jus e inverse
g anne \'4 < 15}_’3 T > 3 i
of the elastic S-matrix element of the gjﬂ. eigenchannel, (s~ )jj'

and thus it could be quite larger than 1 under conditions of

strong absorptionlw) .

Though obtained using the on-energy-shell approx:‘mation' ;
for Ezchanne}.s Green function, Eg. (14} could very well be
more general. In fact numerical studies done by the U. of Texas
group on related approximations in incomplete heavy ion fusion

11)

reactiong ', have shown that the off-shell part of the channel
Green function, in cases where Coulomb repulsion is strong, is
practically identical to the on-shell part. Thus, to take into
account the off-shell propagation effects, it suffices to
multiply the second term of Eg. (13} by a factor of 4. There-

fore, with P given approximafely by

13

e 2 '
E_} _ ‘F:_z |<]‘1;&Pm)|3\/ ¥, lﬁy‘fgbl q (15)

Eq. (14) supplies a reasonable expression for the heavy-ion



.
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fusion .cross section which contains explicitly the effects of
coupled channels. The enhancement in O, aver the one-channel
barrier pene#ration value, Op # is quite apparent in Eg. (14).

For all practical purposes, Eg. (14) is identical
to Eg: (1), discussed in Ref. 5). We consider our theory,
however, more advantageous, ag it supplies a rather well-defined
and. simple expression-for the P1j , which can be calculated
from, e.g. a DWBA code, after paying due attention to the
aifferences in the matrix elements by multiplying the final
result by S;;. . .

We emphasize that features such as the presence of
different "eigen-barriers” discussed in Refs. {5) and {6), are
cértainly present in cur UF(j). This is the case, since by

definition, these fusion cross sections are calculated from the

. +}
exact eigenchannel wave-function JEZE% )»which contains the

‘effect of the direct channel cgupling to all érders and thus

must be deminated by the physics of the penetration of an
effective eigen-barrier. )

It is worth mentioning at this point that our theory
is not restricted to sub-barrier fusion. We endevour to suggest
that the directly coupled channels are alwayé present in Op -
They seem to have noticeable effect at sub—ba;rier energies,
where small changes in the eigen-barriers seem to lead to large

effects. {(enhancement) in o_ , and at higher energies, where

F
many inelastic channels (and particle transfer) start competing
with fusion. This is the region in energy, usually referred to

g
as region II when one finds EE becoming smaller than unity as
: : R
the energy is increased. At these relatively higher energies

quantum barrier penetration effects become unimportant and
purely geometrical features dominate G s

¥ -

.10.

Using such a geometrical picture of G-F(J y , in

the sense

oy ArE—Q4 -V, {(16)
T v

wherea Rj R Qj and Vj are the radius, (-value and effective

barrier of the jth. eigenchannel, we envisage a simple expression

for Op from our Eq. {14), after treating the ng statistically,
in the sense of, e.g., Ref. 13},
a;_z;z-n’“[i_._\i___] (17

E-AE
where, -the average guantities RZE , V and AE .are in general
functions of the center of mass energy, E.
- - It is our opinion that a consistent parametrigation -
of T must involve a minimum of thfee_parameters; an aﬁe?aée
radius parameter, (ﬁ?)%{2 . an average fusion barrier, V and
an average energy 10;5, AE . )

In conclusion, we have formally analysed the ﬁaxﬁiye
content of the heavy-ion fusion cross section and derived a
simple expression that shows clearly the effect of directly
coupled channels. Cur unified reaction theory of heavy-ion
fusion, may help devise approximation procedures to be used in
the analysis of e.g. sub-barrier data that exhibit marked
deviation from the prediction of one—dimgnsional barrier

penetration model calculation. ¥t is hoped that the discussion

presented in this Letter would help unify the different

theoretical approaches to the above, as well as to ofher, fusion

problems.
]

"
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