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systems. fined version of

tial derived by

former by means of perturbation theory is not justified .
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ko the exchange of two pions(4 3

- four P and four D states(9{10).

" .I. INTRODUGTION

One of the interesting features of trinucleon.
systems is that- their ‘static properties cannot be entirely
attributed to the nucleon—nucleon interaction. This conclusion
arises from various studies that, although based on different
calculation techniques and realistic two-body potentials, have
produced results that disagree conSistently wrth experiment,
For instance, the °H and *He ‘nuclei are typically under-
bound by’ 1 MeV(1 3) The most concentrated effort to explain
this and other discrepanCies has been centred on the idea of
three-nucleon potentials, with especial emphasis on that due
Indeed, recent calculations
have shown that the net effects of this force are attractive
and that its magnitude may be compatible Nlth the missing 1 Mev

in the binding ener:tggy(2 34 6), These results give us confidence

that the right direction is being pursued and oave_the.way for

o

other refinementc »uch as the inclusion of sho-

(7,8)

forees arid relativistic corrections.

The ground state wave-functions of '3H and ‘He

‘contain, in principle, eleven componehts, namely three s,

T More than,BU% of the
normalizaticn is due to the o called principal S state,
which is totally symmetric under the exchange of the spatial
coordinates of the nucleons. The. large probabllity associated
with this principal 8 state allows us to generate all the _
other states from it through the action of'two and three;body.

potentials. The tensor parts of these potentials deserve




.3,

particular attention,.because t:hey are responsible for the presence

“of D waves, which account for ahout 7% of the normatization -
and contribute'significantly'to the hinding energy(2'3'6}.
“the two—pion exchange three-nucleon potential
{T7E-3NP) contains tensorloperators(d’s) and hence both two
'an& three-body interactions-may'he effective in generating D
waves. Nevertheless, many recent‘calculations consider oniy
the contributions of the former_when constructing the wave-

functions(6'11'i2).

The usual motivation for approaching the
) problem in this way is twofold Eirst, the 1nc1us10n of three—
body 1nteractions is assOCiated ‘with considerable technical
difficulties in most formalisms, second, there is the srrdcum
that the effects of three- hody forces are small and hence the
calculation of energy shifts by means of perturbation theory

'would seem to be 3ustified.

The purpose of the present work is to investigate

to what ‘extent this last statement is correct by studying the

action of two and three body potentials on the principal &
‘state. This study is performed_in a qualitative way, by means -
of equipotential plots. We restrict ourselyes to s and D
waves, which are the_most'important-ones. The role of P .waves
i'wili be analysed elsewhere. In section II we construct the
explicit rorms of_the wave-functions while the potentials
are‘discussed in section IrI. The actich ot these‘potentials
on the principal S state is given in section IV.  In section

v se display the equipotential plots and present our conclusions.
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IT. WAVE FUNCTIONS

In this section we display the construction of. the

wave-function in order to set the notation. We follow here

(10) (13}

' the works of Cohen and Willis and of Simonov

The ground states of the .3H ‘and %He nuclei are
characterized by the total angular momentum J-—% and form a
, doublet in iscspin space when electromagnetic 1nteractions are

not considered. Another important property of these states is

that they must be totally antisymmetric under permutations of
pairs of particles. ‘This requirement suggests that we should
use- the properties ‘of the group ‘of pmmmtaturs of three objects

in the ¢onstruction of trinucleon wave-functions.

II.1. The Permutation Group:

.
The group of permutations of three objects contains
three odd elements, Py; , Pz: . and Py; ,- and has three
1rreducib1e representations, denoted by & r m and a. The
representations ¢ ahd 4 are one-dimensionai and, respectively,
- symmetric and "’ antisymmetric under the permutation of any pair

".of'particles.. These properties coriespond to
Py,8 = P38 = Py = 8 -, . (1}
Py, = Py = Pyoa = ~a . i (2}

The representation nr, ot the other hand, has a mixed symmetry

+

and is bidimensional Its elements .mt and mo have

r

i




‘mi and m; we have

+5.

. the following p:opertiesnz)
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The w.ave—fime.tlions are eonstructed by meens of
products of represéntations that can be reduced to Vforfihs '
beha\.ring ae' 8, m and a .. 'I‘he reduction of products involving
the one-dimensional represe,wations :.s trivial and is not

shown explicitly. In the case of two mixedmsy:metry representations
{10}

m8m, = £@maa ) . S 4)

' where ' ‘ e S

/~ (m1 my + m;,_ m"’)r :

mt = /;(m;_m; - mi'm;)

= =/%— (mym? +.mt ,,,;)
] /%— (m;m_; -t m;i ..

(5}

m+. ’ . _—
R
m . ) :

11.2;_ Spin S_tet_.e_s:' -

. 6.

The trinucleon wave-functions \.ontain elements in

. " configuration, spm and isospin spaces. The behaviour of each

of these elements under permutations can. be classified as g,

om or' a " and must be combined in such a waf as to produce a

totally antisymmetric final result.’

" We consider first the spin wav-b—functions. . ,-The
total spin of a trinucleon system may be either 1/2 ox 3/2.
The former value corresponds to states with permutation -
symmetry of type m. They are represented by imu)s . ‘where
the subscript ] indicates a spin state~vector and u is the
magr_letic quantum number. " Their explicit form is
. 1

|m* <> (2[4« 444> = Jitd>)

n
o

.27s
(6)
-1 1 Timaey
jm 2% = [35 At - [#44>) .

The corresponding values for -——% are obtained by exchanging -

+ and + everywhere and multiplying the result by {-1) in

order to follow the Cdndon-—Sho‘rtley convention ‘14! .

The states with total spin 3/2, denoted by Isu>s P

are totally symmetric uhde_r nucleon permutations

la 35, = |+te> 7
L o Rl

ST /T ' oy

e 3% = /3 (444> + [234> LIRS T .

;
L.
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. The state vectors for.riegatj.‘ve values of 1 ére obtained by

exchaning ¢t and ¥ everywhere,

II.3. Isospin States:

The isdspin of the trinuéledn .system is 1/2 and.
hence we hawve only mlxed—sylnmetry states. The.y are written és
Em1>I r where the subscript I :md:.cates the 1sosp1n space and
i may be *1/2, corresponding to either *He or °H .
The explicit form .of .'the iéospin sfate is totally analogous

to egs. (6).

'II.4. Spin-Isospin States:

The expressions displayed above allow us to
construct the '-Uu (A}, the spin-i'sospin state with total spin
g and permutatlon sy‘mmetry of the type A. Using egs. (6)

and (7) we obtain

U 7 B . -

= ¥ - -3 oy + :
.F%i!.s) = 2 _(]m u>e Jmi l>I_+ | e wig |m i) ‘ (8)
2", -
Tt = /3 ”’""” |"*'1> ‘|”'+“:>s Lt e

(9)

I‘Tu(m*) = /l— {|meu> |mris>_+ |mrus, [eei>_ )
11 V2 : s I s I
1 : ‘ S :
I‘Tula) = /1 tmew mti>_ - fatus, |mmi>)) (10
11 /2 s 1 5 I _

¢ e L
]

L

.8.
T S e
I’_%_i(m b= Jawdg [m i>0
€11}
E‘%_i(m } s ]su> Irrt'i> .

The totalllangular momentum of the tr:.nucleon is
. u
/2. and henc& the : l‘; 1”‘) are tised in the constructlon of

: : U
5 waves,- where_as. the Fli(M contribute to D waves.

iI.5. cdnfiguratibn States:

The spatial coordinates of the three nucleons are
By, R, and K,. The relative position of particles i and

| - . j§ is described by the vector 'Ei'j . defined as
.= R, - R, . : . o : (12)

'I‘he. various ;ij o.bey'the relation

- -»> - . . -
Tyy # Xyag + ¥y = 0, . {(13)

'Thus the spatial wave-functions of- the trinucleon depend on

. two véctoré., which are usually taken to be the Jacobi variables,

given by

>
X

{14)

4
m
o
i+
»
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~
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L

Wiiagiing
- Bt




:;%%.

M, (m*)

Ny ()

Co.9.

.These two vectors are the elements of a mixed—symmetry repre-

,'sentatlon of the permutation group, x and y transforming as

m— and m* respectively.

o In order to conétruct.tﬁe. spatial otates Qe
conslder first the scalar functions of" x and y ¢ which are-
tensors . of rank zero.. Using eqs. {5) we obtain the following

totally symmetric combination

Iit
ES
*

L4

Wl

+2 +, *5 _ 4 &+ + -)-.. > - .
(i, + I3, ¢ r3) = - A Ty, + £y, .05, +T,,.05) » {15)

The variable o is the hyperaradius in the hyperspherical

(15, 5)

formalxsm We can also define two dlmens1on1ess second

order polynomials transforming as m* and m~

:

2 2 +g +a ' -2 - - + 2 >
aiary {2r7y = T3y = X33} = - ;‘; (T334 L1y + Type Fpy - 2rg; . ry)
. p . “ . .

3p .
{16)

+ >

2.y
p?

P

- > T e ‘e e
Ty Xy - T30 o (17)

.

2'. -+ -
- 7 Ariy - T e - =
Y3 pz _ ) ‘/gpz
These functions and egs. (5} allow us to oonstruct all the
polynomials ES(A) ‘of order n on % and § ;, where A
indicates the type of symmeﬁry under the permutation group and

o is an index that accounts for possible degeneracies(13).

i
i
3
v

. 10.
These polynoﬁiais can be used in the expansion of spatial wave-

" functions having definite symmetry properties.

11.6. E~Waves:

The wave-function for the principal 5 state is

giveh'by-

- . 1' .

: L TH . SR

s> = s&3) Tyt : : (18)

SO .

2 - B

. where Fli(a) is the totally antisymmetric spin-isospin state-
’ 7 I .

vector given by eq. (10) and S(x,y) is a fully symmetric

function of the nucleon coordinates. _Its general form is

sx,¥) = L S mots) o . (19)

where the Sna are coefficients determined by the Schfﬁdinqef
-equaéion."

The state S' has mixed symmetry and is given by

_ , . : _ _ ,
: an n
Ist> = 8263 13wty = 81GD) T3 e (20}

NIH Nlb—'

The,fﬁnctions_ S;(§,§) and S:(§;§)' transform as m* and m

and have the following general form

si%) - - st p%wmhH g
+r . 3o§n ne 'n'" E : . ) .

where sﬂu are dynamical coefficients and - Hﬁ(mi) are -the




L
polﬁnomials'introduced abovet They are constructed using the
combination rule given by egs. (5} and Hz(m ), that vanish
in the trlangular conflguratlon. Thus the same happens for
5} (x.y) ‘
The ‘third possible S state is totally antismnmﬁ:ic

in coordinate space and will be 1gn0red here, since its

probability is very small.

II.7. D-Waves:

The spatial parts of the D waves are tensors of
rank two. Ueing the vectors X and § it is possible to

construct three such tensors, nanely .

TS SRR ‘ B
T /T oAt IR . N 1))

|
m

‘where the functigns Y ~ are the usual spherical harmonics and

the notatioe % and § means’ % E.‘ex '¢3} , § = (Gy-.¢y)-
The.wave—functions with total angular momentnﬁ 1/2

are the result of the coupllng of these tenscrs with spin 3/2 -

' states, given by

Wy Ipnld ™ e ] .
Q. = 4n ] [<2 3 Mm[s > Txx.lsm>sj . {25}

. " - . . . ' 
vy - Y?(Z’r) T ' (23}

Mo 5 o .

LN L

TR 4

| e i

N WP t i

" and -

20

The definitions of Q;Y and 'Q” are totally analogous.
Multiplying the functlons R by x and y we

obtain expressions that can be combined as in egs. {5} in order

‘to form representations of the permutation group. We get

a(s) = lz (x"ﬂu . y’ﬂ“ y : (26)
. - R - .
[ ‘ = i 2l 2 H . . . ’ :
w2 L oetak, -yl , (27)
Q¥ (m-). = 2XY gV S - - (28)
. g7 Xy o .

The permutation symmetry of the various objects -

becomes more explicit when we introduce two new sets of Anctions

Q, assoc1ated with the coordlnates of the various palrs of

particles. They dre defined as

Tt = oo 3 g ST, - .
913 = 47m mz-n- <23 Mm.|2u> T‘i‘j -]sm>s:| (29)
o - N .
T 2 i d o o o
Q =4m ] <z 3 Mmjgw> T |sm>s:l . (30
‘m,n )
where

L o
i JaE deeg) S G

-

: /3
- 6

m

) [<11mm'lzm> e, r{“'{fki}:l . (32)
n ' . :




.13,

' The action of the odd permutation operators on

these new funct;ons is glven by

. ST
LI A “1: o
Wl on ou
Py 0f; = nik = al
ol o
Pig % = % .
: 34)
P, 2 = o* .

L i

“With future purposes in mind 1t is worth poxnting
out that eqgs. (29) and (31) correspond to the following form

‘for the bilinear products

. - -+ . . . .
r...r : o
Qu)f kf. « 6 ,Pz—j'l—w}-‘i + lmaginary term {35) . S
nn Tii Tup ). . : ‘

where' P; is the usual Legendre polynomial and the imaginary

term is proportlonal to the z component of {r i3 x rk£

term vanishes when the orlentatlons of the system are inte—-

i. This . n_‘E

. grated”m‘ and hence is not wrltten explicitly below.

The relationship between the variables 3 " § ‘and

;13 B qiven by egs. {14}, allows us to express eqs. (26— 28) in o
terms of the ﬂgj and nk . We have
H
R¥(s) = 22 (x3, ﬂl1112 + T3, ﬂl’js + 1, ﬂlall) o ;
3p } . . ]
4 Y ‘ '
= - ;2' (ry; £y, 9 + i Ty 8 + Yya Ty B - - (38)

v

By

14, -

_ 2'm*) = -32—2 {2r}, 9_1112 -ri, b, -2, oy
p .
B 2 {rgy 3, Oy 41y, 1, 05 - 22,5 1y, 23 -3
P . : . A -
. av(mm) = - /3'2 P (3y 2, - rh, ﬁ];i) S ' i o !
' e ' - ) o . ’ . B ;
fe =2 ey, Y & . RRNECT
# o 73 52 T3y Lyp My =1y, Iy i)
The symmetry properties of these ob]ects do not
P
change when we make the replacements‘ (x]?_j,fp mij + ¥ and

ij

(r /o2 )9;: + nk . Thus, using the combination rule 'g.riven' by

ik .ki ]
egs. (5}, we can.construct the following wave-functions with

orbital angular momentum £ =2

. : : . _ /
Ip> = p@E.3) | (208, -24, -a5,) fri>7+ /3 (8Y, - af) |m4"i>I:’ (39}
“Ipt> = (@), + a5, + 24y [Pl ED [ > - DD Errr"i>I] {40)
) > . - 31 "
o> = DI ) I:(znfz_n‘;_ng'll 1> - /3 1), -a ) |m+1>1:|
- D&Y |:- 3 (-l i - (20l -’ﬁlzls-ﬁl;iiim*i)I:'
' ' (an
where the spatial wave-functions may be written as
> o o . " K ’
Doyl = [ a, milero _ U

i @,n




-k

.15.

3+ [ DA :
Dy {x,y} = ] A' 1% (m*)- . (43)
i . 4 ne n o .
DIET = T at r%mly . : {41y
* «,n T* B .
The coeff1c1ents dnu .- d;u and d" can be obtained from -

the dynamlcal equation describing the trinucleon system.’ Thé.
dependence of |D'> and |D"> on the polynomials nn(mt)
means that they vanish in the triangular configuration,
analogously to the case of s, It is also worth 901nting

cut that in the collnear conflquratlon all sz' become

g identlcal, ‘causing both |D>- and [D%> - to'vanish

"In this work we do not consider the D wave whose

spatial part is totally antlsymmetric.

ITII. POTENTIALS

III.1. The Nuclepn—Nucleon Potential:

The general 5p1n—isosp1n structure of V{r J) : the

potent1a1 for nucleons i and j, is

> - " . : .
VI = V)BT, Vit ORI, v VarlEy )BT, 4 Vi by g)R, T,

{45)

where P and I are spin and isospin projection oberatdrs and the

subscripts '1 and 3. denote Elnglet and. triplet states, Each

of the components V B(riJ) is assumed to contain only central_

.. become the subject of some controversy

.16
and tensor terms
Vuﬂlrijj = {r ) + v

B . e
o:B iy aB{rij)sij_‘ri—j'rij) RN

, 'The tengor Sij for two general vecﬁots 1 and v is defined

as |

"

5,0 = 3¢ (o‘l’ 0 - .93 gy

wheke” 3(;} 1s the Pauli operator act;ng on nucleon i. We

'adopt the alternate soft core values given by R81d(16, for _the

various components of V(rij)l'

I11.2. The Three-Nucleon.Potential:

The final form of the two-pion exchange three-nuclesn
potentiél derived by means of chiral éﬁﬁmetry has recently
(2.17,18) which has

, .

motivated a better understanding of fhe problem. Cne of the

important implications of the. critical assessment of the

TTE~3NP is that.the expressions derived by the Tucson-Melbowune
(4,19

" group and by ourselvests) have to be modified in 6rder

. to be used in realistic calédlations._ We discuss here very

briefly the most important points that have led to the form of
the potential to be a&opted in this work.”
Thé mTE-3NP is denoted by W and has the

following generic form

AR A A : ‘ B 48)




.17,

‘the subscripts s and P indlcating partlal waves in the
intermediate plon—nucleon amplltude. The description of this
amplitude by means of chiral, symmetry allows the potential to

‘be written asH 19;5,18)

W= e S}(T‘l) (2))I3(1).$ )(0(2) 3 3) x
H , .

N

X
ey,
s
-

71*_' @3y - 02+ L @2, — 1} Uiry,) ir('rz,)

- [523] (r‘_'"ﬁ‘“uo“’ Hcm B0t @009, Utran) Vi)

E%] G x?"’.%‘--a?)to“’ v .)(0( 23, )(a"’ vnxvn:‘ U{rg-l) Uteyy)
+lc.p... : .. _ . V i (49)
' where. c.p. indicates "cyelic permutations of the'inches

T,2,3" and Ulr} is a Yukawa function modified by the =NN

form factor

-(50)

" The coefficients C_ , C, and cﬁ. were determined by means

of chiral dynamics and have the following numerical values(S}:

Cg=0.92 MeV, C_~~1.99 Nev, lcé:'-n..s:r Mev.

.18

: The terms proportioﬁal to - Cp ~and .Cé ih eq. .(49)

“are the safte as those of eq. (61) of éur derivetion of the

(5)

TTE=-3NP The term with coefficient C, ; on the other hand,

has been modified by the inclusion of the factors (VZ-u?)

_wlthin the curly brackets. . This modlfication is needed, as

'901nted out by McKellar and Glockle(ZJ, in order to make the

o- cortribution to: the intermedlate TN scaeterlng amplltude

compatible "with. the Adler consistency conditlon(zo). A more

" detailed discu531on of the problem can be fcund in ref. (18).

After having 1ntroduced the fac tors (Vz— %) into

. the potential W, we argue that it has to be redefined before

: being'used in realistic calculations. Thls second modification

is requlred to prevent huge dlstortlons in W when form-factors
are intrgducedl aszdlecussed exten51vely in ref. (18} for the
case of W_. One intefeeting featute of this redefinition of
W -is that it prescribes the'exclueion of factors (Vz-u2).

So, the factors introduced for one reason into the potential

"will have to be dropped for ancther reason, as we

" discuss below.

- The action of the various derivatives on the

" functions Ufr) can be evaluated with the help of the

fellowing results ' . : ) ;
aulr) _ Xioavim) .
axi r 3
X, Lo ] .
= 7 Uhin o . (51F
A\

.t
F i




C .19,
220ty _ 1o | By %6(r) _ 1 v
_Bxiax. ij r ax r? ax? r 3x
3 ' :
4 o
u LT ' :
= Bij T U, (r) + —'1:1-1 112 U.a (I} (52} B

where the x; are the Cartesian components of P4 and

Uile) - —[ iu,__} eur [1+%} ef»«-’z-i[l\u—:-*tlé‘ﬂr
: ' (53)
oo (123 ] 8 [ ) S
-% o [ﬁ—:-1][1 *.111‘::]“"-“ - | (54)
Thé‘action of £he ;aplacian can be thained.from.eé..(SZi
V2 u(r) . 320} + w2 U.z‘Qr). f . © (58)

An alternative exXpression can be'ohtained.direqtly fnmleq.(éo)_

$2 uir) 4 ak {=K2-p?ep?) e“iﬁ‘; [Aznuz]z
R H (2m}*  (k%+u?)

u? {u(r) - G(r)) c T se)

where G(r) is a - function proportional to- the Fourier

transform of the form factor

e g et o e

‘In ref. (5) we have denoted the r;ght hand side of eq. (56} by

W, = f T {[(U(ru) -Glry,; 1) (U(ru) -Glr,,))

B o

et . 4| _dk . akF {Az-uz]’
owt ] (2w ® : A% K2
B ISR LR e o S '
'2/\[;7_1] e R 14

a functlon Un(r} . defined as,

Uolr) = UAE) - Glr) . . - (58)

Comparing ‘t:eqs. {55) and (56) we obtain
Z Uilr) = Olr) - () - U ls) . (59

. Using these resﬁlts it is possible to rewrite the

various pérté of W as follows

C
Ws.=—§5- T3t {Ul(r31)U1{rza) 1%"3'}'2' Uy (rza)--Ua(rn) 1 aG;;::)} x
[Su(rsx ;I'ZS, + COSE; U (2)] + C. p_- . (60)

*(1) ={z2)

+

2 P, (cosB,) U,_(r':”_r) U, (r-“):l FAEY B4 £

o

E](ral) - Glry) ~Uylry, }] Upiry,) 85, (2,,,8,,)

+

Uz(r31) { Blres) —Glras) -~ Us (rzal:l S12 (£351 ,£517

+ 3c088; Uy(ry,) Uylr,;) s, {i\'n'fzs)} + C.p. . {61}




L21.

__ ,;;; :92 ‘(ﬁ(;.’ x?‘f-’.?"’)"{: [(U.(ta1)'eé(r311) Biran -ciraa)) x
+.E;(r31')-G(rn):Iﬁ2(.rz.3) -12— [:12‘1'23.'1‘2310‘(3) +(1} _3) -*(1."512(523 'lf“!j
;Uz(ra;j ﬁ(_i’,;j-Q[rza)]%.Esu.(fn,J’.:_"sl.}'c;"(zl.'c?"} z(2) -l"(3). 8., (2, 1-1'31)]

- 1 TP o s« N
+ Uplry, b, (rza_) 3 Ea_l {B31,841)8,55 By, £, ) =82 {Fgy 45318y (£, 'ru)] }

+ ©.p. ' o : . . (62)
where
. R
8 £ 31:F¥23 N ) :
[ COsU3 Ta1 To3 . , . (63)

The expressions fer wb. and wﬁ are the same a$ those of aq.
{67} of ref. {5}, except for an unfortunate mlsprint in the sign
:of the term proporticnal to C5 in that equation. The egnxesicn
for Wé-; on the cther hand inclu&es now the derivetives of
. the function G(r) ,- orlginatlng from the factors (32 u?) .
. ' The final form of the wwE-3NP is obtalned by -
'ellmlnatlng all occurences ‘of G(r) and its derlvatives from the
above equations. The motivation for thlS redeflnltion of the
' potential is discussed at length 1a ref. (18) and can be
summarized as follows. 1In the absence of form—factors U(r)

becomes the Green's functlon for eq. (58) and G(r) is

. .
L )  H
v|s> = S(X,¥) {%,[V(Ea triz) + V5 (ru:] Tpila@
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proportlonal to a. &= functlon, describxng a contact 1nteract10n

" between two of the nucleons. When form factors are present,

G(r) - describes a contact“ interaction between two extended

" nicleons. Hence the terms of eqs. (60-62) containing this

'_ function cannot be associated with the propagation of pions

between dlfferent 901nts in space and do not correspond to a

proper ﬂnE-3Ng - Rather, they could be called T?E-3NP ,

-because thé’parameter of the form factor does not let us know

the'tyée of particles being exchanged. Another reason for
dropping " G{r) an& its derivatives is that ,when they are

present the form. factors do not just correct the potential -for

small 1nternucle0n dlstances. Insteed, they determine its form -

in a much larger region. TForm factors are relat1v1st10 correc-—

tions and therefore this behav1our is inconsistent with the

'non—relat1v1stlc hypothesis that has led to the final form of

the potential. These problems are not pre sent in the redefinea

version of the potential, that is denoted by W.

IV. MATRIX ELEMENTS

The two—body potential V (eq.(dS}) acting on the

-principal‘ 5 state (eq. (18)) yields

. . 7 1 : - ] . . ]
‘ 1y
o+ % [Vgs (r1z) -Vg:. (rn)]_r_%i(m"} -2 Vga"1 (t22 )Y, [”!—DI} + C.p. {64}

| TS B
oo
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In this evaluation we have used the following results

)
(=]

$12 {rij 'fij); }m—u>s

(65)

A s + = o
Slz(rij,rij) fen u>g 2vZ nij .

The contribution of W, is given by

e -I--;' . '!fn
WS|S> = 5{x,y} C_ 4 ~cosd; Uilras)Uilrn) Lli{a}

v 2 Uy lras Uy {rs:) 9‘; [m_-i>1} + C.p. : o (66}
where we have employed

S?Z(Eki’fjk) |m~w>g = terms with & =1

(67)

812 (ﬁki ’Ejk-] |m+1-1.>s

3

272 ﬂ}i: + terms with- £=1 .

':The action of ﬁp yieldé‘
AP - 1w
'WP[S> = 80x,y) "“3‘E {— Ulrz3)U{rsa) + 2 Pzlcos8;)Us(ras)ls (1.'31)}]‘_]2__1 {a)
a2 [Uz(r:a)(U[f;ﬂ -Uz(ru)) abs + (U!raa)—Uz(rza})ﬁg(ral) ob,
+ 3 coshy Up(raajUsirsyl QE] Ir.;.-i>1} L ' ] (68)

Finally, ‘Wé produces

. l\ . - - . ) .. Su
WI;IS) S(x,y) —B { [U(rzﬂﬂ(r_a:l.) - Pz(cosﬂgil?z(rzawz(ru] I'_;i(a).
. d 2
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4c? 1

3

+

U, (_rza)U(_rul oh, [— g |m+i>I - % ]_m‘i>1]

‘- b [V es -
U{r2s}U2{r3y) 91311 [—2 |HT+1>I -3 | i>g ‘
+ Uz(rz3)Us (rs1) [3c0s6s 25 = m';a;sz‘;l)]i;n—i>1} + c.p. 169)
where we have .used

S3p(E31,851)823(F23,E23) ].i;rl—ll>5 .

1}

S31{T31,£23)823(23,823) /3 Im+!-l>s

i3

2% | cose,nl - (ﬂg_3+9§1)] - 4V3 Pjlcos 83)
x _[_ 1§r|tra".‘|,1>5 + -{ZE |m'.;;>s] + terms witl? £=1 . (70}

211 the preceding results are summarized in the

following expression

s = s&D {[—% (G, = 40 U3 3)0(ran) - C, a8ty Uy irg 3}, (raa)

. o . C7 g
-.% (Cp4 ch;l P2 {coshy} Ua(rza)Uz(rn):l P—}i{a}

+ [z Cg Urfras)Us(ra;) + 2 (cp + 2c£"} cos6; Us(r, ), (rn)]ﬁgl.m" i>;
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+%5 (CP+ ZCE) EJz(rz 3 (U(r_u)—Uz (r“.))ﬂl:a ¥ (U(rz $)-Uzlr, 3))u2 (rnm]:‘ Im—i):[

. 4c! : ' : :
=2 Uz (r25}Ulrsy) By, {' % Im+i>I - g |m"i>I]

A Tt 2 ?
 Utre)Oatrsn) 25, ["j’-‘ e D} dem (1)

The results given by egs. (64) and (71} produce the
following expectation_ values for the total potential between

|S> and the S and D states
. . N .
<stv + Qfs> = ES(&’.?)] {% [V;atru)- + V6 (rm]

s |

- % {ép + 2CI_‘3) Py (cosB3) Uy (rp5) U, (ru)]} + C.pP. . ‘(72)

(Cp— 4CE',) U {rs3) Ulry,;) - C, cosfs Ua (rp3) Uy (rsa)

L

'V + s> = 51y SE.Y) {% [vfa (£12) ~ V1 (rgz')]} +ep. (73)
<DV + WS> = D&, ST {—2 Vi (£12}|2 ~ Pplcoshy) - Pztcosea)]' |
+ ECS .U1 (t23)Uslrsy) + 2 (Cp+ ZCI',)qc')sea Uz (£33} Uz (r31£|3(oosalcosez-coseal

P

+ 210, +26) Vs (r29) (Otrs1) - Uz m5a)) (22 (c0s02) - 1 - By foosty)) |

o (e - Bty (27, toosy) < 1 - (cose,))] R

Ry
-
o
4
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P

+ 4c! [Uz(rza)U‘raﬂ (Pz(co'sag) - Pz(cosez)) ‘

4+ Ulres)Us(rs1) (2lcosty) - pztcosel))]} + c.p. (743

D'V + s> = b,:(?c&ls&&){—z Vii(riz) |1 + Pylcosty) + Pz(cosﬂz)]

_— [zcs U;(rzs)m(rgﬂ +2(CP+ 2 CI‘,)cos&,UZ(rn) Uzlrgl):I%(cosalcosez +cosh;)

+2 (cp;zc‘é) [Uz(_rzai (Utgl)' - Upfraul) (paicostz) + 1 + pz(cose;s))'

+ (ti(rza) -"Uz(raa_)) Up(rs) (P.z {cosB1] + 1 + Pz(cos(i;)):l}

ooact . ' . . T
- _7_2 {Uz {£23)U(rsy) (P2 {coses) + 1+ P2 (cosd,)) [@ D! (£, ) -% D:(x,;):]s{x,y)
3 } . : :

+ Biras)Us {ra1) (P2 (00883) + P fcoses) + 1) [§ DI + 3 D_'(§.§l] s&,?)}

rep. : A o : (75)

. <D"IV + F‘!}IS> = {— 2 Vr‘:lﬁru') [:(E,;) (2 —-Pz (cosel) - Py (C'OSB;))

- 1/-5 D:(;,;) (Pz(qosell - Pz(cosez)):l},s(;,;)'

[3

S

+ D:&,:?as&&) 2C, Uz r23)Us faa) + 2(C,+2C}) cosby uzerzg)uzgr,,):l x

x 3 {cosby cosby - cosBa}

¥ %— ‘CP +ZC£,) {U;(rza, I:T(rn)-.—'Uz.‘.ru)] E: (-SE;§) (2Pz (cosz) -1 -‘Pz(cosﬂgl) +

e J

3
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% /3 D (X, (1'-'p2(co‘sea))] + '[Uirza) - bztras)] Uz {rs1) x

x Ex; 66, ) (282 foos8;) ~ P, (0os8,) - 1) +/3 D (%, 7} (P2 tcoshy)- 1)]} S(%,¥)
4 C ¥ .. )

—= {uztrnw(r_m'-[/i DYEF) (1- P lcosea)) + D2GET) (2Pstcosts)

+

-1 -Pz(C‘.DSﬁz-)):'. + Ulras}lalr;yy) I:/? D:(§,§} (‘I - Pz(cosﬂl)). +

t

D (%,¥) (2P, (cosBy) - 1 pz_(cos'el))]} 5(X,¥) + c.p. ©(76)

In the next section the matrix elements displayed

above are used in the construction of the equipotential plots.

V. EQUIPOTENTIAL PLOTS AND CONCLUSTONS

We study her ve features of

inucleon systen

i

soupling between S and

; . Y
Zn two and three~nucleon
with the help of the energ already employed by

Brandenburg and Glockle( n and by ou:rselves(8 18) and that

are very useful because of thelr relative slmpllclty.

‘The equipotential plots are constructed by fixing
the positions of two of the nucleons and tekinq the third one
as a probe. The coordinete systeﬁ used to describe the tri-
nucleon is shown in fig. 1. All diagrams are symmetric under

rotations around the X ‘direction and under reflections about the

¥ direotion. Hence the specification of a single guadrant is

.28,

enouqh to determine unlquely the complete spatlal diagram.
We adopt the value r;; = 0 88 fm for the. fixed internucleon
dlstance, corresponding to the minimum of the Reid two—body
potential(16] '
The prlncxpal S state - expeﬂtatlon value of the

two—body potentlal is the bas;c element in the constructlon

of the gﬁound‘state wave function of the .trinucleon. . The

corresponding energy diagram has already been studied in refs.

-(Zi)'epd {8) and is shown again in fig;2_for the sake of

completeness, The.present diagram.is slightly different—from
that of ref. {(8) because’ here we have used an alternate form

of Reld's potentlal._ 'The exdrinaticn of “ha figure allows us

" to conclude that the trlangular conflgura 1on is favoured,

since it corresponds to the mlnlmum poten-lal enerqgy.

In figures 3a and 3b we show the plots for two

" versions of the matrix element <S|W|S> , where W is the

TTE~3NP given by egs. (48,60—52) and we have addpted the value
Ass fm ' for ‘the perameter of the form Zactor. In the former
figure we. used the fuily redefined version of the potential,
denoted by # -and obtained by neglecting G{r) everywhere.
In fig. 3b, on the other hand, we ﬁave eliminated G{(r} in

ﬁs’ keeping it in W_. and wﬁ. The motivation for this

P
choice is that the role of G(r) in <S}N |s> has already

been studied in ref. (18). Comparing both figures we fing

that, in the case of the principal 5 state, the neglect.of

Glr) in & and ﬁé does not prodhce the same dramatic

1 . .
changes as observed in .ﬁst18).' The reason for this behaviour
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"is that thé'sﬁreﬁgth parameter % (cp_ icéj enteriﬁg eq. {72)
" is smaller than the others, minimizing the effects of the
replacement [T -G(r.)j + Ufr) . 1In fig. 3a we fiote that
<g|f|s> is attr?étive_in the tfiangular.cohfiguration, adding
constfuctively té the two-nucleon pqtentiai. ._The same .
conclusion. can be drawn from fig. 4, where the joint effect of
v 'and # is displayed. _
The energy diagram describing the éoup;ing between
‘the wave -8' and the principal S state. is shown in fig. 5.
This coupling is due only to the two-nuclgdn force, as indicated
‘in eq.'(73),‘and invelves the unknown functions S;(;,§i and
sl(ﬁ,;). So, in the evaluation of the diagram we have
approximated thém by the first term of egq. (21). One important
.feature of the coupling hetween §S' and S is that the trans- _ S i
formation properties of the former under the permutatidn group
force it to vanish at the . triangular configuration. This .
means that the wave S;_ is conétrained to be small at the
‘points where the principal S state is large and hence the
coupling between them is relatively weak. .
‘The coupllngs of D waves to the. principal ] state
are also.stronqu influenced by st:uctural constralpts. As
‘ discussed at the end of section II, the D states are such T

that |[D> vanishes in the colinear configuration, |[D'> in

- the triangqiaf configuration and LD"> in Eoth of them. These
éonstraints determine a hierarchy among the stafes, since . & i
figs. 2 and 4 allow us to expect the principal § wave function

to be large when'the nucleous fdrm a triangle and small when

they are aligned. This means that this staté will couple

-
{f
%l
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strongly to those not constrained to vanish in the triangular

configuration, as is the case of |p> , which can be called the

_'?rincipal D state. The state |[D'>, on the other hand, is

" more important than |D"> because the latter is doubly

constrained.
The equipotential plot describing the coupling of
the principal D and S states due to the two-nucleon force is

given in fig. 6. This is usually assumed to be the basic

coupling for D waves and is the point of departure for the

inc1u51on of the ‘effects of three-body forces. 1t is ﬁorth
po;ntlng out that the absolute values of the energies appéaring
in thig figufe do not mean much and, in particular, should not

be directly compared to those of fig. 2, because they are

i‘nul;iplied by spatial wave—'functic_ms with different normalizations.

The energy diagrams obtained from ﬁs ' ﬁp and

A :
Wﬁ , the components of the fully redefined version of the

TTE-3NP , are shown in figs. 7a-c . Examining them we note

~that only eguipotentials with positive sign are present, meaning

- that at‘any given point all contributions add constrﬁctively.

Mofeoﬁer, the maxima of these figures occur roughly at the
same region, namely that correspondiﬁg to the triangular
configﬁration. cenfirming that the cduﬁliné'betweeﬁ Jp>  and
|s> 1is strong. AB far as‘the magnitude oﬁ the wvarious terms
‘is coﬁcerned; Wwe ¢an coqclude that .ﬁp_and ﬁ; are much more
v1mportant than W '

When deallng exclu51ve1y with the princ1pal 5 state
we have noted that the elimination of the Function G(r} from

wg and Wb in egs. {61) and {62) has very little influence

ity

i
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on the_energy;diagram. In the case of the coupling of the

principal D and § states, on the other hand, the situatioen

is quite different, as it is shown by figs. 8a and b. The

first of them describes the matrix element <p w + W 4-ﬁ;]fs> )

‘where, as before, the symbol (A) indicates the neglect of

G{r) . ,Thus flg. Ba corresponds to the superposition of

figs. 7a-c,whereas fig. 8b represents <D| W + W 4-Wé]ls> .

‘Inspecting these diagrams we conclude that the presence of

G{r} is noticeable and determines the short distance behaviour
of the potential, The.close association of this function with
"contact"” interactions having a rather lcose dynanicel meaning
suggests that it should be neglected euerywhere in order to

aliow the TIE-3NP  to be interpreted as .being due to pions

.propagating between different points in space(18).

The joint effect of the two and three-nucleon
potentials is displayed in fig. 9. Conparing it with fig. 6
we .noter that the inclusion of the nnE—BNP produces significant

modifications in that equlpotential plot ' The extent of this

‘modification may be better'grasped by inspecting fig. 10, where

we show the curves descrlblng the potentlal energies aleng ‘the

Y axls of fig. 1, representlng the intersection of the energy

-surfaces of figs. 6 and 9 with a plane pexpendlcular to X

and contalning Y. The continuous line is -due

“ro the two—nuoleon force, whereas the broken one is the cobined

contrlbutxon of two and three-nucleon forces. It is possible
to see that in the regions around the triangular configuration
the. effects of the wrE-3RP are of the samme order of magnitude

as those of the two—boay force.  This means that the usual

e
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treetment of the’former by means of perturbation theory is not
justified.. As an illustratlon we also 1nc]ude in fig 10 the -
dotted curve corresponding to <D] v+l +i&)+ w'|ls>.

The coupling between ‘the states [p'> and |s>

.. due to the two-body force is displayed in fig. 11a, whereas

that .due to the comblned two and three-nuc]eon potentials is

. given in flg. 11b. Slmllarly to the case of ]S‘> . we have

approxlmated the unknown functions D+(x,y] .and Dj(§,§) of
eq. .(75) by thée first term of eq. (43).--Conparing both

diagrams we note that the influence of the THE-3NP is strong.

- Nevertheless, the energies around the triangular configuration

are small, meaning that the coupllng is week. The same
qualitative conc1u51ons ‘are valid for the case of the state
jp"> , corresponding to the equlpotentlal plots glven ‘in flgs.
12a and b. _

In tnis work we have studied thre couplings of the

D-waves to the principal S state of trlnucleon systems. OQur

" two main general conclu51ons are the follovlng £irst, -the

redef;nition of the 7mE-3NP by neglecting "contact" inter-
actions affect 51gnif1cantly the results, gecond, the nmxmtmxm
of two and three- nucleon potentials are comparable and hence

the use of perturkation theory is not advisabie in this case.

‘As a final remark, we would like to mention that the test in

realistic caleculations of the conclusions presented in .this

B

work would be very helpful in improving our understanding of

‘the problen.

B
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