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ABSTRACT *

We- study the temperature dependence of the coupllng
constant for the massive A¢® model. Using the Dyson—Schw1nger
equatlons at flnlte temperature we obtain. the behaviour of the
coupling constant in the hlgh-temperature-limit. We compare
cur results with the ones from the oueeloop approximation and

the renormalization group method and conciude that, due to the

" breakdown of perturbation theory at high temperatures, we must

improve the evaluation of the B function of the renormalization

group in this limit.
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2.

The dependence. of the running coupling constants

with the energy scale is a well stablished fact in Field Theory

‘through the use of the renormallzatlon group techn1quesr1]

Many important features of a theory can be infered from the
knowledge of such dependence. For instance, by looking'at the

asymptqtic behaviour of the effective coupling constant one can.

" f£ind out whether or not a given- thecry exhlblts asymptotlc

freedom.

Field Theory at Finite Temperature has .an . extra

parameter with energy dimension; the temperature ,1T)- Then,.

Vlt is expected that physical- observables wrll depend on the :

’ temperature This note deals wlth the temperature behavrour of .

the coupling constants in Freld Theory at’ Flnlte Temperature._t
One possible - appllcatlon of the temperature -
dependent coupllng constarits is . in 1mprov1ng the effectlve
potential computed in the sem1c1ase1cal approxlmatron. ThlS
improvement is dchieved by replac1ng the zerc temperature'
coupling constants by their runnihg values[2'33
In order toe fix: the 1deas we will consxder the

massive X¢* ‘medel whose euclldlan lagranglan den31ty is: given

by*

When We analyze thls system at flnlte temperature,

we obtaln that ltS mass (mz(T)) and 1ts Coupllng constant

*We are assuming that - X<< 1.
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(A(T)] are temperatureqdependent[ In the one-loop approximation
[4) '

Wwe can write

m? (T} = 2

)
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where all the: external 11ne5 in (2) cand: (3) are taken at: zero.

' momen tum, - ———qé——- stands for amputatlon of. external legs, and-

- % and. .'for the countezterms needed ko renormallze the mass.
and.thecxmpllng uxuﬁﬂnt‘.These,ceunterterms are fixed by 1mp051ng
the followlng renormallzatlon condltxons for the two and four
polnt 1PI Green functlons -at. zero external momentum .and at

ZEere temperaturew

'fﬁf?1?1=°¢fi¥9%f_ (4).

L*(py=0 . T=0) = =X . . (s

) Using theﬂfinité}temperature Feynman rules, we can
_compute m? (T): and-ik(T)a(given”by 12) and (3) respectively)
_whlch satlsfy (4) and (5), and we ohtaln
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In the high temperature limit (i.e., T>>m} the
asymptotic behaviour of m (T) and A(T} - ar iSI
2 __:'z AT? . ! _
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 The above calculaticns can: be. xnproved by uslng the

renormalization group at finite t:emperat&.une{4 61 The.equatxop:
governing the evolution of A ji$i4] '.
I - _3 ) _ Lo S o ?QLU) o

where +t=£n(T/m} and the leadir__:g't'erms“in ‘T of B, in. the

one-loop approximatiqn,.afe given by
.E"—.-—:3A'zl'1fet:.lt-. o _

S 553 T S (11} .

Solving. (10}, with. B given by {11}, yields

AT =

.ii?%
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As it is well known, the use of Renormalization

Group Techniques is an. improvemente with respect to-the. lowest
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ordér perturbation theory. This can be easily understocd in
our case since the result (12) is just the high temperature

limit associated to the sum of the series

An interesting feature of-(12}}.as.has.been pointed

l.[4l, is. that the theory seems to

out by Babu Joseph et a
exhibit aéymptetic freedom a£ high temperature - that is, the
theory at high temperatures has a aiffefent behaviour (with
respect to asymptotic freedom) from that at high energies.
Since the above result is quite surprising and in
view of the'fact that perturbation theory breaks'dowe”at-high
temperatures we would like to use a different, non—pertdrbative
seﬁeme fo compute the.running—couplinglcoestant. We w;ll
compute the ?unning coupling constant by finding an~appr0¥imate

171

sclution to the Dyson-~Schwinger eguations The Dyson-

‘Schwinger equations for the 2-point and d-point 1PI Green's

functions areia]:

(13)

LA -‘.e
6 L =

I
{(14)

6.

where --6}——- represents'the full propagator, .while o
stands for the free-one.- In the high temperature limit (T >>m}
we can. find a. selfuconslstent solutlon to. equatlons (13) and

(14} whlch is glven by

—_— . R amm T sy

x (D) ifrlwx(Pi=0tT) S SR VLN T ey
) . 3A o R | m(T) ! :
T+gme -[2m('r} 32 z“{,_‘;ﬂ- H

where - w = 2mn/B , n-= intefgef; eﬁd. m*(T) ©isogiven-by- (8}.

' As we can see;ftom3(16};_the-runhingjcoupliﬁg o
constant obtained through the solutioen to.the Pyson-Schwinger
egquations differs from-the_one-obtaihéd'fromjthe renormalﬁﬁnﬁpn

group equation (12). The solution'to the:bjson-SChwinger

equations represents an improvémentaof1the*renermalizationa

group results obtained with B given by {1])rfbrl(361_reduces
to (12) for AT*<cm® , i.e., for .TamAT® with O<ec<i.
The failure of . -the renormalizatlon group equatlons

at very high temperatures {T.= mA ? 7. s>14 is due to the fact
that B. has te. be. evaluated perturbatlvely and perturbatlon
theory breaks down in the-luaz.t--of'hlgh~temperatures~£9J :;iﬁq
fact, for very hlgh temperatures: we have to add the leadlng
contribution in powers of T .of: the f0110w1ng dlagrams bes;de

the cnes in (12}

is of the order A%, thus negiigibie;




The sum .of these- contributions wi;lrlead us .to .the rgsqLﬁj(15)J
This is;ah evidence-thét-(16k is an_impr@vément of the renor-
malization group result (12}). .
. It is. possxble to gek. the result (16} by using an
_1mproved expre551on for B. Im order-to achleve this we have
to:evaluatef‘ﬁf using the Expr&SSlon (15} as: the propagator

whlch leads VL The e S0

ax . 32 [ £

1 1 . .
et TovEElz TS mZ Y t
whéz:g..‘_ : S _.‘I-:, = En [ m;rT)] R _ : {18)

It: is. very easy: to vex_:j‘;fy;tha_t-"('.‘l_ﬁ ¥ -is a sclution to (17).
Therefofe=we]can-seeﬁ;hat;:asta:rgsultfof'the breakdown of the
perﬁurbativeﬂexéahsion at .very high- temperatures, the renor—

maiizationjgroup'equaﬁi¢g iead9to'thé'right,answer only if we

eva;uate:_ﬁmfca:efullym

Now we are pxepared to analyze whether or’ not. this

model exhlblts asymptotlc freedom -at hlgh temperatures From

CEre) we- obtain

CEAm AT) = e il : ' 119)

Trco _:
33(0) i A {0} 24
Vv SenT -if_n / T L3 /;\(0

where A(0) is the zero temperature value of A({T} . It is
clear from (19) that in the high temperature limit (AT? >>m?)
the coupling constant is essentially independent of the
temperature and nonvanishing.

A point which deserves .to be further exploréé is

the analysis of the high temperature.behaviour of .a quéi which

exhibits asymptotic freedom at zero temperatdre.. For the high

temperatuie behaviour of a diagram comes from its infrared it
is not trivial to see that the theory will exhibit asymptotic

freedom at high temperatures.
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