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AbstracL 

We analyse the;equlvglence. bétﬁeen-the Thirring model and
the fermionic.sector of"thé thesory of a Dirac field interacting
'Qia'derivative coup?iﬂc'with “two bosﬁn. fields. For a certain
choice of the bafametérs the twq.‘modéls have the same fermionic

Green .functions.

n
In a recent work ~we analysed some properties  of

nass pefturbatioﬁ in ‘the Thirrinq-model, as .an . example of - a -’
perturbative scheme in uhich'the-unperturbed'syStém:iS'ﬁbt_a;

free field model but already inCorbbrétesxsbmé-.interééfidﬁ.

‘For practical reasons, instead of;wotkingsdirECtly Witﬁi-thé'

“Thirring model, it wasg: Conveﬁient:to-ﬁﬁse:.an eqitvalent

theory, the derivative coupling (DO} model. ThHis —theory

describes an interaction of .a Pivac fielar fzyﬁnwiﬁhfﬁtwd Vf

fields, one scalar, 77 , and thebothér pseﬂdo'scélﬁf{ﬁdﬁi'
For specific values of the cﬁuplinqs; the'fferﬁidﬁiér
Green functioens of the DC ‘model .tufn ,rout';tb-rbé:”
equal.to those of the Thirring  -iodél -as given, . £of o
éxample, by Klaibei2). fhisreduivﬁlehce sgved-us'a“iatﬁiéf'
technical complications making it pgsaibléJ_with yelétdvé:

easiness, to derive our results. -Howevéer, in spite of ‘Lhis

‘success, a basic question. concerning . the -aforementicned:

equivalence still persista. éssehtia}ly.-the question is ‘the
following: The'Thiirinq model has one degree of freedom, 1n
the sense that.the basic f£ield cah bhe wrjtteﬁ-eﬁtirely in
terms of just one 'freé sbalar fiéld. The DC mbdel, =341 the 
other hand, has, in principle, three degrees of :ffg§ddm.x'
which can be taken to be 77 , 94? and ;hé,pbtén;}élr

the free vector current. So, the numbers.of degrée




freedom. of the two models: do. nol match. Tt is our purpose to-

clarify:this:_situatiqnugnda establish the: precige way 1n
which “the=_eduigéléncgm_ oﬁﬂ-thec two: . models should -be
_undérstcod,_Antecipat;qg;our,yééultég we are..going to prove
thatuinpthe;.fétmiénib.sagtar;a.-ceffain_comb1natidn of -fhe
fields 22 , - and C::is sbu§ion, or better: saying, it
qomﬁutés:withgall:theﬁelémentsxbﬁffthe,alqébravqéneréted- by
The fefmionic coﬁponents-ﬁf the De model..Besides that, to
produce the same_Green~§ﬁnctigns'-as in-the Thirring ngdeil
we-ére forced to use énother -special-combinafidn ;f - these
:fields These:- Lwo- conatralnts effect;vely reduce the number
of" deqrees of- freedom from: three .fo.one.

o The masslgss;Th;rrtnq; model: 15 defined by .the
APy = - 5 W (e L)
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where Z is a wave ‘function renormallzatlon constant and the
symbol N 1ndxcates a normal product prescr1t1on to be

defined shortly. Both Klalber 5 and Johnson 3 solutions

be wr1tten as

can.
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with the constants a, a, o and o< girven by,
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where g is the usual parameter of. the .sine-Gordon (3) model

that is related to k by :

- }7’(_& ) ' (6)
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The fieldS.&Q . i and T are massless free fields.

They are not independeht Elelds. Indeed, as €an be verified,

they satisfy the following commutation relations
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. where ﬁ ¢) = - :_ ﬁ‘,a“’[x&— (2"-4'3)&] 15 the ‘two
.DOIDt funct1on.of.the gcalar fields j and . 3{ The 3m point

'Green7fun¢tion. o -
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can be'. then computed: making ihténsive use of the above

" commutations relations and of the identities
.a‘xp(A) . .Q;g‘gif(x?)" = 2xp (@) exs (), exe(Ca,é)ane
cC. .g,.};.(b) = .exp(d) e%(zb) C which hold if

EA 8] c-numbet_- and - EC, ﬂ] =d D wtd o = .c—number,

respectlvely.

For future refersrice we also observe -that the mass

operator can be def1ned by
"/4’(5354)(:) oy .vyo{ (o a)&(s)} SO (48 ) > (5¢)
' %.ax;ofd‘g‘x a‘g(j}sb,'(x) (9)

:Let u;wnow focus our attention to_the DC  model.

- oo - . 4
Classically, the model ig described by the Laqranqian< }
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and its quantum version cotresponds to the equétions
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where, as in the Thirring model, the'zfs renorma}izétiqn

(11h)

~constanls .as well as. the normal. product" prescription, ’

indicated by the symbeol N,'ére_ specified together in  the
process of _501vth_tﬁg,_mpdelu'iJusthfor.;donvénienCEuﬁ.thé
couﬁling constant k was factorized on the right hand.:side of

(11a). Actually, the model .is solved by  the following

ansatz:
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The normalization factor for the current in {l13a) was chosen
to simplify the egquations relating the DC and Thirring
models. Moreover. it follows alse from (13a), (lib}) and
(11¢} that beth Q? and - 9&7 are free fields. We can always
redeflne them, changing at the same time the couplings g and
¢ =o that'%: = Z§W=]“ The case in which one of the 2's 1is
negative, corresponding to a negative metric field, will be
useful in our ferihcoming discugsion‘of the equivalence to
the Thirring model. .

Using the above results, one may derive the
following expression for the 2m point function of the

fermion field:
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We may also define a mass operator
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which should be compared to the analogous_expreaslon for the-
Thirring model, equation (9).

It is now time to dissect the equivalence between
the two models. Their fermionic Green functlons turn ocut to
be equal afeter the identification:

1. For k>0 (@°>v7)
& go’i [ 2>, ;d(o)] Z)(*-
=-9° Dy )= -260 oy
2. For k<0 (@< v#)
=-5° [00, 7] = - Do
a = 3-2 E.—,((,)’ n((o) ]= @(:n) (_lf;)

0

We have kepf ¢ and § real at fhe gxpenses; of
introducing an additional source of 1ndefinite mefryc for
the scalar fields, |

The above Green functions identificatioﬁ does  not
held at the operator level. To understand.why:thls ié 850, 1t
is convenient to employ a Mandelstam’ like.:representatlon

) - :

for the free Dirac field. Az mentioned earizer in the'_case

of the Thirring model the fields sdé. Pooa and J_arg_.not



independent. 8o, in order to be compatiblé with (6}, we

shall use the following boson representation

df?‘s ,= %{x"zj&fﬂﬂ", %) c)-«d .—'-' CB—; j-’

17y -
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-where/{i-s a normalization constant and X . a:column  matrix

satisfyin_q XK = 7.

. AL

Using the above expressions.-the.fields ga..J

.can-be written entirely in terms of the potential J

f"’ =-/ W{-Aﬁi’f (j(*>+*-— ﬂ"" (*J] X o

Ak

(20)
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For the DC model we use a bosom representation
similar to- (1:8__)_.t_)'ut':'"e:mploy_ing a new independent field €

204 /VGZ¢2(

U

(remember” that * in " the .DC -modei'-' 5&0' S 4 and 5/ :'aj*e:
independent) . Introduc1nq a field ag related to a( the .
same way as J is related to 3 in (17). we qet

ey
/vcséségc_ = 2 cos (v;?c _5

Defininq the fields
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The models equivalencé in the situation specified by

{16-17) follows from the similarity between éf and 31 The
extra field G-, relevant outside the fermionic sector of the
DC model, is a spurion in the fermionic =mector having no

role there. Really, it is easily verified that

[fe, Fd = Do
EBP(‘-) ’ G"(o_')l

[, @] =0 . -
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