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ABSTRACT

Using the conventional toroidal coordinate system..

Laplace's-eqpation_faf_the“magnetic'spalar potential due to

tordiaal helical cq}reﬁts_is_solved.__The_potential is written
as a sum of an infinite series of functions. Each partial sum
represents the potential within'scme accuracy. The effect of

the winding law is analysed in the case of small curvature,

1., INTRODUCTION

Magnetic field configuratiohs due to a toroidal
helical field have been considered.for plasma confinement in
stellarators (Ohkawa.et al., 1980). . In these devices the pitch
of the magnetic field lines reverses .inside the plasma. The
pitch reversal is mastly due to external-helical_wihdihgs.:
Toroidal_effects are not taken intc acocunt by Ohkawa et al..
(;380). According to Sharp et al. (1979) some-effects. of
toroidicity can be-important for small aspect ratios [25 z 4)
and negligibie when 2? > .12 . Also, .the influence ﬁftnruidiqity
is altered if the helical winding.pitch is medulated. :

In tbrsatrons magnetic field;configuration'is_bésfly
due to regularly sﬁaced toroidal helicai conductofs carrying. .
equal currents in thé same direction. Gourdon..et-al.. (5970)-
suggest that choosing conveniently the pitch Df-the helical
winding, one coil could be enough to produce the reguired stable
magnetic field configuration. For thgse:and other_reasons
analytical expressions far the toroidal helical field due.to
specified windings have becdme necessary. Approximate énalytical
expressions. for the_tnroidal helical field can be.obtained -
considering helically symmetric system bent into a torus (La.
Haye et al.. (1981}, Morozov and Solov'ev (1966) and Sometani
et al. (1983)). The resultant systeim. is:neither helical_nﬁr
axisymmetric.. Therefore, bending'a‘straight-system-leads to. a.
complicated equation in terms of a local polar coordinate system.
Approximate Lapiace's equation. far the.;agnetic scalar potential
can be used near the torus. .This approximation yields a problem:

the boundary conditiens for the magnetic field outside the torus




become undefined. Sometani et al. {1%83} in thei:-caleulﬁtions_

exc}y@gwgolutiunslof the approximate equation outside the winding
region that diverge'at an infinite distance from the torus axi;.
The réason does not ‘seem obvious.

In this work, exact Lapiace”s'EQUétibn for the ‘
magnetié'scalar potential is solved uwsing a'more natural -
codrdinate_system; A particularly siﬁble winding law in this
- coordinate system i5 adopted. The potential is-writfén as an

infinite-series of functions. Each:term is’'of the oOrder of a
power ‘of the inverse aspect ratio.
In the case of small curvature system,'the.First
_order teroidal effect on thé-magne£ic fiels is specially
analysed. Also, the effect af a non-uniform wirding lav is
considered:in this approximation; ‘Both-effects can be of the

same order of magnitude,

2. TORGIGAL RELICAL CURRENTS

In-this work, a-humhe; cF.thin-conductde'wdﬁnd on.
a circular-torusy carrying currents [ in-alterrating directions
is considered:
- The.toroidal helical ﬁinding'is characterized by~

the major-and.-minor ‘tadii of the torus- RU' and b, respectively,

by the number of.periocds-of the helical field 'in the poloidal”

arid. toroidal] directidns m, ‘and n, and by a winding law.

‘The most- appropriate coardinate systefi seems tg be -
the ‘usual toroidal coordinate-system defined by &, w and ¢

(see figure. 1):

Ré sinh §
= ¢oshg - cosw

R' sinw
OS

(2.1)

and _ _Z = tosh £ - cos w
where r, ¢ and z are the polar coordinates. (Appendix AY.

If &= £y defines the toroidal surface, then:
coshe = <9 and  Rrr o SioBn (2.2).
B = b o "ﬁg‘ . B .

Here, a linear relastion between w and ¢ is taken
as the winding iaw:
mw + Ny = qpqs?ant_ . _ co (2.3?
Alsp a new toroidal helical coordinate system is
defined by £, w and u- where u = mow+n .
The 'surface curtent density due to a thin heiicél_

toraidgal conductor with current I has the components: .

.m I:

oo . __u__.. B T
B g = qir-fcqéhip: cqﬁu?zé(mq@.+ no?) o
and. : ) (2.4)
nOI‘ o i
l_:.u = - = 6{m0m+n0q3}
. . ' s - 2n 2m .
i and i have periodicity <==,= and 21 in
] w H] l‘lo .

the variatles w, ¢ and u, respectively.-'Therefore, the

§-function can be expanded in Fourier series:

&(u) = é% {1 + 2 Z cosNu] . (2.5}
N=1

The resuylting current density is




L Nt
] 2UR!
. .0 N= 1

(cesh.‘;0 -ccsw)[r + 2 E:cos-Nu] . ' (2.8)

Two simple ways may be considered. of producing an

n-th harmonic field [51nng}__

cos N
(i) by a pair of conductors with current flow I in
opposite directions. The winding must be such that mo=n.

In this case the curfeht-dneéity i@ is givén by:

m.1 e : ) s
. 0 w .
1$ = Tﬂ? (ccshi0 —cosm)[ﬁ(mdw-+n0¢) - S(mc{m-ﬁg)-+n0¢)],

(2.7)

(ii} by n pairs of canductors with currents :I alternately,

n. must be some m_ul_tiple_of‘._m_D - In this case:

m I n=t ' 2
s a m
i, = 7{§ (coshEo -cosm)_[ Z G(mo(m TK"TT) + now)
®=0
n-1-. ’
27 T . !
- [ gS__(mO (w-K—ﬁ-—--ﬁ) +nom)]. . . _ (2.8)
K=0 ) . '
The reéuitant_current-density ig:
2m 1 @ . ‘
fs = R (cosht’,0 - cosw) z cos Nu : (2.9)
o N=1

where N = 2p+t; p=0,1,2,...o 1ipn the case (i) and

m I &
i = 2n ;%f (cosha0 - cosw) z cos Nu (2,10)
0

N=1

where N = (2p+1)%1 ; p=0,1,2,...e 1in the case (ii).
a .
iw is expressed in terms of cosNu in similar

fashion., In both cases
"o
cosNu = cos [(2p+1) n(w-+ir-¢)]
o
and the field presents an infinite number of harmonics. MNear

the axis, the predominant contribution to the magnetic field

comes from the lowest harmenic term,

3. BOUNDARY CONDITIGNS

In toroidal coordinates, boundary conditions on the

magnetic field at the surface Dfithe_ﬁoxus are given by

i
BUJ - E'.UJ = —ug_lw
e i
Bcp - B8 =-u i
e i .
and B, - B = 0 . : Lo .
. : - B | | SRR ¢ 1 D

Quantities ihxthe'regioh outside the helical-winding
are given a suffix e and those in the région inside the hélical:
winding a suffix 1.

Magnetic fisld may be described:in the.twb-fEQidhs=
by the scalar potential &{f,w,q) : B =grad o .

Here, the field of a single harmonic:




and

7.
mOI
i, = Fﬁg (cush&;0 - cosw) cos Nu
(3.2)
n_ 1 .
i = - ——— posNu , NZ1
w Tr

is deduced.

Boundary conditions for the scalar potential in

toroidal helical coordinate system {(£,w,u) become:

LML
3L 3L B
e i u_I
L AN L - i cosNu (3.3)
3u au
20° 3ot
dw dw -

The zero'th harmon}c 1cp = Eiﬁg'(COShEDg.iosw)
produces zero field inside the winding and iw = - 5%?' pro-
s u

duces the toroidal field B; = 2 2nC| I

an

4. THE EXACT SGLUTION

is:

In torpidal coprd;nate system, Laplace's eqguation

sinh . a3 sinhg 3 3 1 3 _

coshE-cOSw dw ' BE COSNE -cosw OE. ap SInBE(COShE -Cosw) 39

(4.1)

Introducing a complex function F(£,w,p) related

toa % by the expression:
$ = Re(coshg -cusm}% FIE,w,oq) (4.2}

where Ref means real part of f, we can write for £  the

equation
BE LB g B e, 1T
B sinhE BE _ Ak & sinh%g Qp®. 7 - oo
Boundary cénditions (3.3) suggest solutions of the
form: '
Fos Z F,(coshg) et otV (4,8)
v '
Fy{coshg)  is found to satisfy_Legendre*s associatea’
equation:
d dF

dcosh £ (1 - cosh?g) m + {[(-U‘FNQN)Z "E]

ntN? - :
0 : : _
h 3—cosh§E}F\: = 0 . (4.5}

If divergent functions are excluded in.each regidn
we obtain the following expressions fer the interior and

exterior fields:

e e
FU = Av P(coshg)
and (4.86)
i i
Fo = Av Q(coshk&)




_were P and @ are the associated Legendre functions:

) n_N
P o= F'DN
MmN+ v~ 4
rbN
v o= [IJ.mONfr‘J—é

The constants AS and A3= can be determined using

the boundary conditions:

5 . AR TER S B
ivw, e i - 1 e” -3
.z e N (Fv ij)_ = - i_?ﬁr (poshgo —cosg). _
and : _ (4.7}
Z Eivw(g_ e 3 'Fi) - uol. . Slnhgo
9L R |

v 3 Ty T 2N
o AR :

. -
'(coshEb ~cosw)?
deduced fram (3.3).

o R
0n the boundary, coshgé-: ﬁ? .

The right hand side of each of the equations (4.7)
is expanded in;powers of the inVerseiaspect_rétim and in Fgourier

series in w. (4.7) Decome:

. S+ 3
. u I 2
N P R E c [E—J
v v 17 s,v IR
5= |v|+2K @
K=0,1,2,...=
(4,8)
w i S+-"f
1 8 e 3 P N < c 25+1 (b
sinhE A3 v " 88 v) T T TR E s,v 2 R
sz |v[+2K °
K=0,1,2,...5
where o
C ~ (2s-1)11

$,v.7 _2s8(s5-V S+V '
2 f—ﬁ-J! [ 2th S

.10,

. If the functions (4.6) are to satisfy the conditions

(4.8), the expressions for the potential inside the winding

region must be:

E 3 ) {(4.9)
e
5=0 ' '
u I S | b s
Q. P 2 - .
¢S = I (cosh £ - cosw) Gﬂﬂ X
2 C R R
8Y? “s,v |2s5+% 0 o ., {0
) [ROJ T[‘T F_’[F] tp T [_'b]] X
v

x Q(coshk) sin(Nu-+vw)_

where v = «s,=-5+2,,.,,3-2;5
and. -W = P'Q -~ PQ"'
Near the surface gach function @5 is af the ogrder

af GTJ {Appendix B).
[0}

5. SMALL CURVATURE APPROXIMATION.

In the case-of small curvature the scalé; potential

can be represented by: -
6 = o+ 0. o - (5.1)

e '

7 u_ I &

- [coshé;;cosw] o [e ] . sin Hu
cos 50




. . - g |TEN+T
o - [coshi - cosw)® Bl op J7 qii. e ) ° sin(Nu + w)
1 cosh £ 27N 4R m_ Ni i ei
m N EDmDN-%
+ o i sim(Nu - w)
m. N-i eg

2 .
‘Terms of the order > G?J are neglected.
: . 0

The potential can be deduced for a non-linear

winding law of the form:
mo(m +60 sinw) + n,e = constant

The surface current density due to a single coil

becomes:
. My L ' : ; .
i, = —R«;— (cushED—cosm)H + Gocos L.J)‘S(m[)(un}d0 sinw) +nucp)
and ' - (5.3)
. . nOI ) -
ig =~ |/ G(ma{m-+6051nm) + n0¢)

Q

instead of (2.7}.

Expression (2.10) must ‘be substituted b};

mI

(5.4)

: 0 X ) B ) L - . .
%:ZnﬁTEMh%-mywﬂ+%c%w)z mﬂm+%N%SMw)
o . . Not
Using the formula:
explixsing) = J_(x) + z (e 3,000 SHiKS

K=1 -

and taking account of only the first two side-bands {5.4) becomes:

(5.2}

where

and

[

and

¢

+

i(o)

J_ and J1

REXD
P

(5.5}

m_ I

= 2n Ja(mo N 60) —ﬁ (_cc;shED - COSWw) COs N(moq: + nocp)

§ ‘ ‘ ' m_ 1
9] v 0
:, Z2n {T Jo(moNao) t 31(m0N60)],ﬁ X .

X cos(N (motﬁ)m " noqa-)

.
1

are the cylindrical Bessel functions.

The potential due to this systém'of'currents is:

e

2

TN

nE N L[ BTNt e
) S ) sy s

eoshab 3

e

0 T
ﬁ;W:T {7E-Jo(m0_Nﬁﬂ) + J?(moblsn)]] sin(ﬁu+ml -

EO mDN"% moN b .
(TJ aN-T TR, oMo N 6g)

e} G

N 5 . SRETE I _ .
NI [7§ JD(motﬂée} - Ji(md NGO)]]'Sin(NQJw)}'. {5.6)

' The: magnetic field can be obtained by:".

B coshf “cosw 30
w R! B
0 .
(5.7)
cosh& - cosw 29

£ 'Ré 3E
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In our approximation--Bm- becames:

B = B, +8B ' (5.8)

w {A}D U}.I
with
s 'UOI . EEQ mON-'-.‘I.. st N
Bmo = n T'o- 7 [;E_] Jogr"o N 5q) cos Nu B

’ | THD S mD A
o g’ b 1
B = -nm_ — [__] N ri— [24..___J idm NS
w .o Wb eg | AR, mGN 00 o’ .
2

s -
o (B agtmgnsy 31(-m0N_GO_))]'COS(-NUHJ:)' '

S Door e -m I.\|_2 . ) .
‘ Mot efoy o “b | o rebe 2 T
-na, - (e—g_] Tﬁ; [3 - m—OﬁJ[;é-?-] = 1| 3 m N6 )

- [—5_9- _“-lo(_moNéo? - :lj(m_0 NIIIGO}:I}CDS(NU—UJ)' .

'"Ba'n'ébﬁﬁéiﬁsha first order toroidal effsct. BE can be obtained
a L ‘ :
in a'simila; way,

"“Near the minor axis the magnetic field can be

approximated by:

B = B. =~ nm iq_. E.E_o e b J {m_ N8 )
LW ey o ub. ot JAR Yot o Mol

§ : L : .
o :

o ?]0-(!'“0 N_60) - J.I(mON GU)J cos{Nu-w)
It does not vanish in the case moN_=2 T

If the approximation:

14,
e %« gta % and @ =M - (8 +€Esin 8y
p? +b?% : it . _ P
where € = 55— (Appendix A} is-used, near the ‘toroidal

2Rop

surface, the magretic fTield canm-be -gxpressed in-terms of local

polar coordinates by:
g = . B - B and.
where

c 0 5 (p).
- Bg = (-0 7 am, & (&)

X JD(-mD'NE) cos(moNs -

e
o]

L :T ..
.Sm = -.B3 - {5.9}

N=-1 - . 7 .
Jd(m0 NGO} X -

noNrp)-

myN=1-

o m. N w.o I . i .
S g s” (e - :
- B9 =+ (=1) nmo [b]’ JO(mGN 60).x

x ‘}?('mo NE€) cos(mo.N%—— nN@t8)

" and -

I {m N+1)e ).F:'o_s(mbm -f'_ndl_wl.cp +&)

| Rl F TR E e e
..x [ﬁ; .[2 ) ’“oN]._J.O(_‘?_o N'._t-s_o,) N [ z Jo{M N Sad

: il UL My
+ J1(m0r460)}} + (=1)

LT mfNJZ

o

oo

N . U
e
"My b (

xJO(UbN—HE)CQﬂmOSS-nbN¢ i&)

b o p?
X {[W |:(3-—mo—N) BT

s}

1] Jo(moiﬂdo) -
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&
U .
- [7 3 (m NS:) < 3 (m N so)]}

B corresponds :to .the cylindrieal_approximation.w'

.-The corresponding scalar petential:is:

R .} m N+l np I o m_N
- (Lo o __9© p) ©
b = T {-1} JO(mUNGO) JO(ITIONE) 5

nN
Mg N+1 _b_fff, J(m_ NG§ )
: aRD m0N+1 o' o o]

oo

x sin N{mos-—n‘;cp)] - [

m_N §
] 0
+ W [T Jo(moN\So) +. J1(m0N60)]] JG((m0N+1)E)

b : .
-5 JﬁmBN8}51nﬂumaS-n0a?+§)... o o 5
m_N-1 m N &
4 b 0 0 o]
. [E] {[ﬁ; TRT JolMoNey) + s [ 3 (m N§_)

- 3y (m N 50)” Jp(m N-1)g)

+

% J{m N e)} sin(N(m 8 - n_p) -&)} . (5.10)

The first harmonic field Bm contains a first
0
arder toroidal effect The magnltudes of the side bands are
found to be strongly dependent on the w1nd1ng law parameter 6

©The winding law (5.2) in terms of polar coordinates

becomes:

§ o [ﬁ_ 'Go] sind - =2 g = const | {5.11)
Mo
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The value of the winding law parametér Sd:
describe a linear relation between & and ¢ as in Som
madel.

La Haye et al, {1981} studied the effect of the
winding law on the magnetic surface structure of a configuration
having a large toroidal plasma curfentrand_a set of helical
currents, A windinp.law af the form &+ €sing -;E ¢ = constant
was considered for different valves of the pa:ahetgr €. From
the results of numerical calcuiations ofi the'magrietic field
using the Biot-Savart law they concluded that the pest magnetic
surface structure occurs around € =0.18. The-aprfaces of
constant i§| would be nearly circular and nearly centred
about the minor axis af the torus

The values of the minor andnmajor radii of the
system considered are b= D}Z}Sm and RD = 1,24 m..  This would
correspond to taking a;;cj“i-n the equation (5.11), that is
to say a linear relation'between_the to;p;dal angular_coonﬁnatesy,,

The use ¢f tbppidal coordirate system in orde: tq
get a series splution of Laplace s equat1en has an advantage
over the other approach by bendlng a straight 0111nder intg a
torus: the boundary conditions for the approximate soluktians of
approximate Laplace's equatlon outside the torus are not elear
The problem is compllcated by the Fact that the contribution to
the side band pptential by a nan-uniform winding law may be of '
the same order of magnitude ‘as the other'ﬁoroidal effects.

Comparing results obtained using different methods
may help to understand the nature of“distortion caused by

bending a straight system.




APPENDIX A

cotanm = ('1 -—-—r]

';' oz - psing T

R R ST z.
[cotan(ﬂ-&) + p¥+ b’ ']

RO . .2.R0p51n3
[ 2
1?§#c%9+2?%%-
cotanh £ = °'¥ =
1= b’ H - coss
RY R
ol cee 0 T

g = e

—E -EU % w

m+
1
1

2
1_-R—°~ co's\‘}-—zg ebo [1'—%:-]
025 _ o-2Eq o ) .
- B D b -E [ p]
| ~=—= COS® -55— € "O[1-2r
Ro 2R0 b
If %L << 1 (large aspect ratie) and % >>
0

(not:near the torus axis) we find

= m-(8+€sin8®) ; € =

ang for the unit vectars:

¥

o

Relations.bétween toroidal and loéél polér'system:

(A1)

(a2)

(A3)

(A3) may he substituﬁed-more_conveniently by:

(A4)

(Ag)

s ol
. [B)7 (coshi-cosw)® o _
’s 7 [RD] ( coshi } 21N Z Bs v £, (E)sin(Nu+vu)
AV

Loy Mg N+v+3
e
f'v(E) = [:é_) “qv(E)
qv(s) = EL e("-'or\i‘*\"”%)E Q(coshk)
0
naN & E .
B (1_3-2£) o z Eh o~ 2EK
k=0 °
1
n_ N T{{m_+0 _}N+v+s)
_ 0 g o 2
Eg = (-1 7 v/ Fln_N+veT)
B 1 P(nGN+K+%) TO(M +0, IN+V+K1) r(n N+ws1)
Eo K1 I‘(nﬂNq-%) I‘((m0+n0)N+\)+—%—) I‘(mON+\)+K+3)

APPENDIX 8
Legendre functions:
R T
NN . P((m0+n0)N+v+§) 5=2NgN {mgNev+1)E
P Neyoy(COSNE) = T. T(TsnNJ ©
o] T({m_-n_IYN+ves) o]
0D 0 3
I o '
) -2 1 1 -2
x {1-e E) o x F{GON+§ ,(m0+nD)N+v+§; 1+2ﬂ0N ; 1-e E) {B1}
' 1
n_N n N T((m_+n_}N+vez)
o _ o a” o 2 -(mgN+v+3)E
QmDNnJ-%(COShE) =T (__1) I‘(moN+\?+1) € o
n.N
-2£, 0 1 1., . =2F
x (1w ") X F(nGN+E_,{mD+n0)N+u+2 jmoNsvsi g e ) (B2)
F are hypergeometric functions.
Expressions (4.11) may be written:
{B3}
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-gocm$N+uf§)

By g [25+¢

—_— ) '
s,v " "Cs,\) coshEo W 5 P+ccsh£0PJ e

(-1) © I‘((moma)Nw;g).
© . sinh? t T((mo-ﬁD)NHH%)

. ;
If terms of the order of [—P-—] are neglected, we

have: B

. I'I'I(;JN-l_-\)+S-" .
.. Ds,\) = 'Cs,v ——_mON+\J P m0N+\J £ 0
and '

Ds,v = ZCs,v(i+5€b) : i moN+v = 0

Near the surface (& =£d) gach fuhctibﬁ"éé' is of
5

the order of [Ri] L

Q

_chrdron C., Humbert P. and Marty D. {1970} C.R. Acad. Sci.
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Fig. 1 - Coordinate system.




