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ABSTRACT

We obtain an improved expression for the dipole-
dipole London dis@ersion force between closed shell atoms for
small, intermediate and large distnaces compared with their

linear. dimensions,

RESUMG

Obtivemos uma expressdo mais correta para a forga
de dispersio de London na interagdo dipolo-dipolo, para ato-
mos neutros, a distdncias pequenas, intermedidrias e grandes

em relagdo as dimensdes lineares dos mesmos.

On léave from- Departamento de Fisica, Universidade do Amazonas,
69000, Manaus - AM, Brazil and CAPES fellowship.
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1. INTRODUCTION

The'London(1) dispersion force theory for 1arge
distances has been treatéd, in details, by Longuet—Higgins(Z)
for. intermediate and lérge distanqes. Since the usual multipole
expanéion fails for intermediate disténées, he has written the
interaction matrix eleﬁents without expanding the interatomic
potential in multipoleﬁ. LaSSettré(B) suggested to apply this
method to célculate the interatomic electrostatic pofential
between neutral atoms. Féllowihg Lassettre's suégestion Csanak
(4) have.appiied this methqd to calculaﬁe_the éir5t
terms df the transitiqn matfix element of the charge_denisty
operator'-xn'p(q) , also called.poiarizétion poténtial.. They
have also successfully obtained expreésions for the polafizaﬁion

pbtential for the electron-atoms scattering.

(5) (6}

Jacobi and Csanak were the first to calculate
the dipole-dipole term of the londen dispersion force for
intermediate and large distances using an analytic representation

of the Born amplitudes in momentum space and a general. analysis

of angular momentum.

According to Csanak and Taylor(4) the matrix element

%1 (@) 32 glven by:
' q : 2q3 & 6 .
X ,la) =D = a0+ —29% g 9y

(a2+g2)®  (a2+g2)? " n(a?eg?)®

»




However, as will be shown'in section 2, the matrix element -
an{q) defined in Eg. {1.1) is not correct and it must be

replaced by:

. 3 3 3

2T -l g 2q 6 ; 32g a
x . {q) = = D - o M
b 3 _.“[(a2_+q.2_)3 } (a2+q2)4] 2 (a2

{1.2)

In section 3, the dlpole dlpole.lsteractlon energy
between two neutral atoms in the ground state is calculated
using caly the term /21/3 D:[q/(m2+q2) —-2q./(a2+q2) }q of
Eg. (7.2), 7 since Dn >>M , as onhe can easily verlfy We see
that for large dlstances our results agree with those of
Dalgarnc( }, as expected - On the other hand fcr smaLLdlmjmces
we. show that our results are dlfferent from those of Jacobi and

Csanak(S)

2..THE MATRIX ELEMENT Xp(q)

We use here the method adopted by Csamﬂcand ﬂndor()'
to 6btain (q) . Accordlng to them, the coefflclents B and
Y are- determlned by taking X 1(q)' that is given by,
. - -3 .

Xl = Ay &y
- ool . . . -
R ,(,c12+q--2)'3 ‘ (.c12+qz)4

4.

in the limit g—+ 0 and comparing it with the exact Taylor-series

' . 4
expansion of XnL(q)' around gq-+ 0, dJdefined by( ):

= x'%q)
. x

Ky la) = Z—xl < o (2.2)
n=J,

where

%) = am iy J13)3(3?1..._fN)jL{qri)YL’M(fi)$n(?1...rN)dr1...drN '

{2.3)
is the spectroscopic multipole oscillator strength.
For IL=x=1, FEg.(2.3) follows as
L S ' '
X N 3 P {2.4)
‘where
- EI{_ . %2 - . ~ -+ e - =
b= /E Y J¢0(r1...rN)riY10(ri}¢n(r?._..rN)_dr1_...drN :
i=1 . N
) ' (2.5)

is the dipole oscillater strength.

For x=L+2, L=1, Eg. (2.3) beecmes

N .
1 (a) = dmi z Jr.%("fi.;.}*N.)L(qri)&‘.m(.fi)%-('ﬁ..__..'fN)dE_? ..._d'r’ . (26)



where

L

= lar® e oL, (2.7)

3plar) = 5 (ar) -

is a spherical Bessel function of the First kind{ioj.
Substituting Eg. {2.5) in Eq. (2.6), for. x=3, L=1,

the following result is obtained

(3) o .
Xn? {qy = 5 an + ... . (2.8)

negleéting higher order terms in q.
From Egs. (2.1) and (2.8) we see that the coefficient

B is given by

B = 5 Do . (2.9

In the next step y will be determined by using

~the exact first moment M. that is defined by(4):

Moo qum(q)dq . (2.10)

0

Then, substituting Eqgs. {2.1} aﬁd {2.9) .into.

o0 o0

Eq. (2.10) we found
. J '_Y_J , 4 _

M = /&8 dq + —9 4. 2.1

B /3 n (1-+q2/u2)3 : as (1+ qz/ctz)4 :

0 Iy

that permit us to f£ind

3
o 32Mna

= 6 '
Y = - /5 D (2) t— -(2.12)

taking into account the integrals(g}

J' dn _ ({zn-3)11 _.q
(x2+22)0 2(2n—2){! a2n-~‘i

{2.13)

where n = 1,2,3 and 4.

Now, ‘substituting Eqs;(2.9)‘and (2.12) in Bg. (2.1)

we get,
k@ = /Eol e Je, Ehae
nl 30 (424q2)3 (a2+q2)? larg2)?

(2.14)

Comparing Csanak and Taylor(4)

result, given by
Eq. {7.%), with our Eg. (2.74), we see that they are different
by a factor ¥21/3 in the first term and by a factor 2 in the

second one,

In the next section we use the matrix element

X ,(q) given by Eq. (2.14) to calculate the interaction

enerqy W(T'1){R) fpf two neutral atoms in the ground state.

L



3. THE bIPOLE—DIPOLE THERM

Following Jacobi and Csanak}B) the second order
dipole-dipole interaction energy between two neutral atoms in

the ground state is given by

; - : e L' 2}
w1 (g) -=—%J'duJ'&q j_dq' z Co .
_ ™ ’ 07 0. 0j.

o
0 o 0 LL' &

{2L+1) (2L'+1) (2041)
; Y o

. jL(qR)jL,(q’R). [

(1) (1) * .
Z [Enr_.- -~y ]'XnL'(q.)an'(q")

[ELI?__EéT)]Z E

n#0 ‘nkL
(2 2N, * .
Z [EmL - By ] XrnL{q') XmL‘ (q') (3.1
) (2) _ (202 2 - ! :
mE0 E%E' EO } + u -

‘where R is the distange between the centre of mass of thé_two
systems, EnL refers to therunperturbed-excited‘state energy of
the atom.wipb eng;gy.in the go;und state EG N Xn(q) is the
spat;al Fourier transform of the transition density matrix
between the ground and the nth excitéd state and jL(qR) is
the.Beséel sphérical Euﬂction.. .

In Ref. (5) ‘only the first term of X } for

nL'd

L=L'"=t was used to calculate the -dipole-dipole interaction

energy and claimed without any justification to be the leading

‘term. . Indeed, as it will become apparent from our calculations,

the first and the second terms have thg same order of magnitude'
for all R wvalues. -

Substituting Eg. (1.2) in Eq. (3.7}, for L=L'= 1;
the following résult is obtained, takingrinto account Ehe .

g~integrals shown explicitely in appendix A:

24 - :
wle gy o :Jiﬁﬂgii {{IE(QR) + 2 %?(uR}] +
3 o

+ B[ZJE(QR)-—I?(mR)J1(aR)-+2K${uR)-431(aR)K1(aR)-+I1(aR)K!MRﬂ_+

+ 15{2J22(CLR) - Ir2(aR)J2(OtR) + 2K22(0'.R) - 4J2(0LR}K2(0.R)+I2((-XR)K2(E!R)}} ‘

(3.2)

where the functions Ii(aR), Ji(aR) and Ri(aR)\ are seen in
Appendix A,
Cw _
A = J dwa1(iw)32(im) Ty : {3.3)
! . ) .
with aj(iw) . denoting the frequency-dependent deoié
polarizability, defined by

3y _ (3
[EnL EO JQ1QI

RTINS _ Lo
ay iw} Z [E(j) ¥E(j)]2 . 42 : } ) (3.4)
n nL 0 . .




Taking into accouﬁt Ii(aR) s Ji(aR) and Ki(aR),

shown in Appendix A, Eg. (3.2) becomes:

(1,1 (1,1)

disp

(1,1)

W
disp

(R) = V (RY + U (R) (3.5)

where

2 2
al1,1) _ ~3h ~aR 2 6] -aR -
VdiSp (R} = E {[1 -e P?{O‘.R):l + ‘9— {aR)- [e PA(UR)] } '

(3.6)

6 _-2oR o 2
U 1) =3A J{oR}" e 1 :
Yaisp M = — g {7’;‘— LTU [oyten - gtam)” + 2t oy e 'Qs“"Rﬂ} '

-2aR 2
+ ;TE_—E {BQ(&R) - Ag(mﬁl] +
.3
_mR -
e o OR . :
:ﬂt;;; [A (OLR)—AS(GR)] [ P_,.(uR)]} . : (3.7)

and the Pn(aR), Qn(aRl, and An(aR) are given by:

_ 1 7o a2, 2.3, 1 4 :
P, (x) = 53 (7+5 x7+ 3x + T X ke %) P {3.8)
_ 12,1 .3, 57 4. 31 5
P_/{x) = (1+x+2x:+6x +——1536x +——-3840x +
33 .6 1 7 L
T 77280 Xt a0 X (3.9)

10.
QG(X}=(49+3x+%x2+§x3—ﬁ]§x4—%xsl 30
Q%(X’=‘“3§§“%x+% ’ .'11”2“"3.“._%"‘4 "-%."5’"6;6 S aan
..Ag(x) = (%-#4 - %%~x5 - ;g XG + %—x7.+-§% x8} Lt ;7{3. fz)i
Ag()f)=(x4;—%x5—568—16x6 22190 7—.2%;:3.—'1—.2.’-6—5_#9) LA

Comparing our Pg(x) and _P7(x) .with those

calculated by Jacobi and csanak 3!

we verify that some of their

coefficients are not correct. We must note also that the

pelarizability integral.W, definedﬂby them in_page 370, is

not correct. Indegd, comparing W with #he_polarizability,

that is indicated Sy A,_ip Eq. (3.3), we verify that, in the

R>( limit, W mugf be_multiplied by=a ﬁactcr 1/9. _
. Considefing.Eqé.f3.6) and (3.7) we have the ﬁﬂhﬁﬁng

Jimits for R0 apa R+ :

(1,1} (1,1

vdiSp (R+0) = Udisp {(Row=) = 0 , (3.14)
and
6 2
(1,1 _ _ Aa 7 :
lesp (R+0) = & (5§€} . (3.15)
Gl 1) _ _ 3a '
dlsp (R+m) = — . {3.16)




From Eq. (3.16), we see that for large-R distances

our prediction for  V (R+w) = ~ 3A/nR6 coincides with that

obtained by Dalgarnc 7 as expected. Por smail-R distances

,Vé;;;)(R—$0} = _(336/6ﬂ3(7/256}2 is different from that shown

by Jacobl and Csanak( )
In.-figures 1 and 2 are  seen our results for

w'"V(r)y/a, given by BEg. (3.5), for two values of a, cdrpared

with those of Jacobi and. Csanak(S)

Jacobi and Csanak(S) results agree for Lntermedlate and large-R

. We verify'that cur and

dlstances, for small—R dlstances they are dlfferent Accordlng
to our predlctlons the 1nteract10n potentlal is very much more
attractlve than that obtalned by Jacobl and Csanak(S)

- In future works we 1ntend to 1ntroduce hlgher order
dlsper51on forces terms, such as the dipole— quadrupole, dlpole—
actupole, quadrupole quadrupole, and to compare our predlctlons
with experlmental results in scattering problems, in virial

{5) ' S (11)

coefficients and for compressed solid hydrogen

2120

APPENDIX A

THE g-INTEGRALS RESULTS

The g-integrals that appear in section 3 are the

following(9'10):
o \)+1 ' _
J (ax) atgY
___1 dx = —= \>-u(ak) .
(x2+k2)H* Mr(p+1)
0 . .
i Y (ner) '

) i -2z ntr)!

Kiz} = E—J e . - ]

2z Z {n-xyt{2z)"
r=0
" sen(ax) SR SR N '
senl{ax :
ax = 1= — F_{aB} '

J x(82+x2)n+1 232114-2 2n.n1- n )
G .

FO(Z) =1 ,F1(z) = z42 , ... F {z) = {z+2n)F (z] - zE;“1(z).

For %zCJ we get:

: " qfliglar) o maR :
I {(gR}Y = d = _P4(aR) .

1 J (a2+q2)6 o‘9

4]

oo 4 . .
g .j,{gR} -aR
- Jy (aR) j'dq 2 = I (aR)
0

Q
(a2+q2)7 . 211 36

(1a)

(2R}

. (33)

(4a)

(5A)

(6A)



K.I(QLR)'
IZ(aR)
J,{aR)

Kz(aR)

13.
[m qs;ja(qR)‘ me oF
dg ' = Q. (aR) .
(azfqz)s 211a9 7
o .
) 2 . .
dg ? ‘Jz(qu) ?; 3 [1 —e_-U'R P.?_(OLR)]
) (a2+q2) 2a "R )
0 .
. a .o
4 q .]z(qR) 1 e OR (R
q A, {aR} r
B (a2$q2)7 21[}..“12R3 8
o
o 6 . ;
J g -1,(qR) 1 e~OR )
dq = - A {aR .
.((12+q2)8 2TO uu 30
a

“(7R)

., (8a)

{9A)

{10a}

where the polyriomials Py (x), Po(x); Qgtx), Q,(x), Ag(x}, and

Aglx) are indicated by Egs. [(3.7)-(3.12)].

For i=1,2

3, (aR)

Ki(aR) = Ji(aR) + == [

we have,

‘ g JdIjtar)]
LileR vt

o
14

dJi(aR}
do

Substituting Eq., (2.13) in Eqgs, (5A) and (8A)

I}(GR) =

[N

(s

.
256" 9

(11a)

(12a)

results:

(134)

3n
3

I,{aR) =
2 2R

.14,

4
T2
o

(14a)

Mow, we will derive the _Wp]'1)(R) limits for

- small-R and large-R values.

For small-R values we found

-2u24A

3n

w D ra0) =

that we will give

(1,1}
disp

(1,1}

v disp

(R-»-O)l = fU

6 2 -
(R.+o)l =24 E_E;J :

&6n (256

2. .2 i g -
3 [IT+8(2J1_ITJT7+2K! ,—4J1K:] +I,!Kl):| '

(152

{16A)

taking into account Egs. {112-13A) and the fbllowing-inh%ﬁals(g'10)

Lee ]

] (p2ean®y
4]

.S
A BEenax dx =
) (832
0
ron
sanax

55 dx

J neex?)

;
gosax_ gy . O 3l

L] aB
= —— (1-e )
282

For large-R values we found

{178}

(18a)

(19R})




.15,
(1,1) _ (1,1} -
W .' (3-+w) = vaisp {R-rw).
that we will give
Wl (Raw) = - 2
. CTRT

taking into account Egs. (11A-14A) and {317A~19A).

I

{20A)

{214)

(1)

.18.
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FIGURE CAPTIONS

Fig. 1 - The Van der Wéalsl potential. ?lOu%_predictions
W(1'1)(R)/§ (®) are compared with those of Jacobi
and Csanak . Vé;é;)kR)/A (Q). at large-R distgnces,
for al =_§.391 and a® = 2.896 .

.Fié.‘Z'— The Van der Waals poten%ial. Our predictions
W(?’])(R}/h (®) are compared with those of Jacobi
" and ‘Csanak Vé?'1)(R)/A ({O) at small-R distahéés,
. 1sp
Cfor o = 3,391 and of = 2.896.
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