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ABSTRACT

We show that the d=4 , U{T})=lattice gauge theory with
the Villain action may be represented as a locally neutral gas
of topologiéal {plaquette) charges which interact via a legarithmically
cbﬁfining potential. Using this representation we then perform
a renormalization group analysis as to show the existence of a phase
transition of the Kosterlitz-Thouless-type. To that extent we
present an improved hierarchical version of the model which
‘displays (unlike the usual Migdal-Kadanoff approach) a s+table
line of gaussian fixed points at low Eemperatures, which should

correspond to the usual deconfining region of these systems.
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2.

The existence of a deconfining phase transition in
the d=4 U(1}-lattice gauge.uﬁxny:was first proposed by Wilson [1]
and rigorously shown by Guth [2], Frohiich and Spencer {3],.and
C. King [4]. Concerning the order of the transition_theré is
however a standing controversy [5,6]. In this letter we first
show, using duality and solving soine trivial qohomological
equation, that the model can be written, at least if we use
Villain action, as a gas of topolog§cal charges satisfying a
local neutrality condition and inte;acting'ﬁia a logarithmically
growing potential. This makes tﬁe;éystem look very much like ’
the 2-dimensional {(neutral) Coulomb gas. We then present an
improved hierarchical version of the model where it is possible
to exploit these features to show thé existence of a stable
line of gaussién fixed points for 0< Bc< B<e. It should be
remarked that the standard'Migdal-kadanoff [7,8} recursion
formulae have no stable fixed‘ppiﬁé other than the T=« cne [9,10}.

To avoid this difficulty a modified hierarchical model was

developed in [11] in the study of the 2-d Coulomb gas. The

methods used here are a natural extension of those in [11] for
the problem at hand.

For simplicity we discuss only the Villain form of
the action; we believe, though that the physical picture under-
lying our results remains true for the Wilson action. Under a
dﬁality transformation (see for instance [3], whose notation we

follow) the partition function can be written as:




Z“—‘- Z e—_%_(dn,dh) | (1)

where. the summation.-is made over all integer valued 1-forms, n,
on 2% ‘satisfying. the gauge fixing condition fn=0.
“ our notation is as fol16ws;'FGf"agEFEdrm, o, we

define: |

where . C, are the oriented unit.K-cells in. 2% (k=1 links,

'__k1:2'p1aguettgg,'tr,)rapg'.ack é:e the bpundgries of .Ck; and

The. 4 and’ & operators are adjoint to each other

in the scalar product:

(o,p) = Z"iﬁ(mp(_ck\. o

Ch

- (edy) = (So,y) S s

where o, B are k-forms-and y is a {k-1)-form.’
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‘Notice that the latiice laplacean operator (second

difference operator) 4, satisfies:
-6 = d§ + &d | e

Now, the gauge fixing condition. én=0 <can be
integrated, i.e., there exists (by the Poincaré Lemma)} a Z-form ~

m (plaguette variable) such that:

h=ém ' (7a)

The choice m is made unigue by_fufther requiring:
dm =0 (7b).

In terms of the m wvariables the partition function

reads:

- 3= (-Am,-Am) :
4 = Z e | (8)

m:dm=0

where used has been made of (6) and {(7b).
The physical picture asscciated to the m-variables
is better appreciated if we perform a sine-Gordon tran_sfo_mation [2,3],

after which, (8} reads as:




Z = Z Gﬁ%(q_f(‘A)-zq) - RS

q:dq:o

fwhéré”thé summation is performed dver a;l.integer valued 2-forms
{plaguétte éharges!) satisfying the local néutrélity conditicn
dg==0 . -
The rélevance of expfessing the system in terms of
-the q charges lies in that, in 4- dlmen31on, the asymptotlc

behav1or of thelr interaction 1s glven by:

2 1 | ip{x-Y) . ) :
(-A)-(X,y)_f\_/ o dllo-ﬁ__z____ ~ _é;i]n\x | o

and therefore the m;fields are aimensionléss as are the
fundamental fields.in the d4=2 sine-Gordoh.field theory. Wé
.are therefore in a position to repeat.tﬁe analysis in [11] for
tﬁe'hiérarchical version of the model, which we now describe.

. At each 1attiée site x = (x1,x2,x3,x ) € 24 we
lntroduce a hypercube with faces parallel to the coordlnate
‘ax1s with a vertex at ¥ and edge % ' {y:xi <y <x; +~;~ ;
i="1,...,4}. HNotice that the hypercubes h,  and hx' do
not intersect if x#x'. The (oriented) plaquettes of the
h?pergubes at x will be denoted by piv(x) with p,v=1,...,4 ;
UFV, piv(x) = —piu(x) and i =1,...,4. The index v

labels the “"plane" of the plaguette and i numbers, with some

.6,

pPrescription, different parallel blaquettes, in such a way that
p;v(x) when translated by a € 2? is transformed into pl (x+a).

A configquration of our system is determlned by the
real-valued 2-form :n, which assxgns to the plaguette p ( )

the m u {x} , with the condition m y(x) = —nwy(x). The

'"neutrality“ condition dm=0 reads, for each lrun:i,t‘:—cube C

2.
inside the hypercube at X,

: Z m{‘”(x)' =0 . . __ (1)
Copcx o

hméfe the summation is taken ovér'éll plaquettes; piv which
are faces'of C,

Now, f£ollowing ‘the ideas of Gawedzki and Kupiainén [12,13 1
as adapted in [11] we introduce the hierarchical correlatién ”
funct‘_idn for:the exponential fields .expi(c:,m) = exp{lz aiv{x),mgv(x)},—

. v,
for an arbitrary 2-form a : %f]

La Z‘, «.,u(xx e Oi.w(y)

£y B

(o, ) ek, _ i 20
Caws i 7= e

o it dupo

(12}




7.

The measure duc{m) ig formally given by

1 S -1 i I_ R
exp{—_z— Z Z mu\)(X}C (x,y)mw(y)f vghere Clx,y) = -—-—8"2 NL{x,y) gnl
Xy wv, i . .
. . . 2,
plays the role of a Green's function for the “hierarchical (-4} .
Here L >1 1is an integer representing a scale parameter in the
model and NL(x,y) , the "hierarchical ‘distance" between x
and y, is the smallest positive integer N such that
(L %1 = (™ y), ([2] denotes the vector formed with the
integer part of the components of Zefﬁ), and so NL(O,D) =1,
i

As in [11,12,13] we check that the field mpv(X)

admits the orthogonal decomposition:

mad = Muld) + Eulld) o9

where: .a} the "block spin" variables Miv are ‘gaussian with

correlation functions determined by:

| (HEmy = (UMY ()

and b} the "fluctuation": fields, El

uv are also gaussian and

determined by:

il do=0

)

<e£(%g }). g (ﬁ) e«;(o(.&)- :

0 | ’ dq%o_‘

(15)

Notice that (15) implies that Elv(x) and E;v(y)

are indépendent for x#y apd that the contribution of 'Eiv{L[%]) B

appéaring in (13) is constant over x varying in a given block of side L.
The Villain model would be obtained by requiring

the m vwvariables to be ihteger. We will, as usual, consider

sine-Gordon type of local perturbation of the gaussian measure

dpg(m) by a multiplicative factor:
Am =TT Amb ) o

That is, our perturbation is local only with respect to the x

variables with XA depending on all mlv

variables inside a
given hypercube. A is a periodic in each muv separately
and we may expand in Fourier series:

. I va-
Nimpt) = ) zg e'®
q

(17a)

-

D S T
Py, v

where q;v are integer and, for simplicity, the summation is
taken only over "charge" configurations g: dg=0 ; for

: R 1 :
convergence we require qu &, i.e.:

Szl <
7 |
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Because of the hierarchical scheme, the renormalization

‘group transformation:

X'(b_:}) - d\;(é\)\(mi-f) ' (19a)

-~

acts locally, and i' = E z
4

P o
. =t q-q :
t o _ _ﬁ“2~ ~ ' . :
zg_ L E zq..‘zqe - s
)
;=9

R

Mt
[ 3

-y
[t
=

Notice that the constrant dg=0 is preserved under
the Renormalization Grouyp Transformation! It is easy to analyse
the stability of the gaussian fixed point AGE 1, i.e., (zo)q =

=g =1 6 3

{Kronecker §). Linearizing the transformation
q.0 Ity quv'o
i

z + z' around 2y we obtain the linear operator A given by

the diagonal matrix:
4-La9-9
Sq,q‘- L ez L | 940

.10,

and therefore the fixed point is stable if and only if B'>Bcf; N
= 54“2/§0-§0 , wWhere 9 Ais the non-zero configuration of

charges sdtisfying the constraint dg=0 which minimize 9.9

In fact it is not diffiéult to show that the fiXed boint is
globally attractive, i.e., 2im z‘n) 0

Iiroo . .
mathematical details will be presented elsewhere [14].

=zy 1f B> .  Pull

It is also possible, following:the;methodé.ofn[IT};
to introduce models corresponding  to ZN—lattice'Qauge-theories,
and to show the existence of an intermediate phase associated
to an interval 0« Béil< B < Bé2)< o where;the gaussian fixed - -
point is stable for N sufficiently large. )

VIf we exclude the possibility. of many’ phase-
transition in the "d =4, U(1) lattice gauge theory, the tnnﬁition
here described should be the usual ‘deconfinifig phase transition
observed in these models and therefore further analysis of our

model should be helpful in understanding the open question’

concerning its order.
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