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Abstract

Using quantized self dual fields, we present an explicit operator solution
to the Liouville theory, and discuss the results.

. PACS numhers:ll.;l_ﬂ.—g,_l1.1?7-573{,03.70.?}-1:._

The Liouville theory[1] is defined by the action

§= j {1 (0,8 + hoet} )

with the field equation _ : .
2+ poe? =0 @)
This theory presents many problems; it is known to be integrable,
and we aim at an explicit solution. In the literature there are excelent
works, dealing with operator solutions to this theory -[2][3].We claim that
the present solution has the advantage to give the Liouville field ¢ directly
in terms of known fields, whose Fourier expansion is well defined and is given

in terms of creation and annihilation operators. In‘[2] a quantum bicklund

transformation is constructed, providing a noulinear relation between the
Liouville field and a free field. In (3] a solution for. the model in a strip
of width x is presented, a problem relevant to open strings. It.is very
important, especially in string theory[4], to have an explicit solution to the

Liouville theory, since it deseribes the conformal anomaly, if one shifts the -

dimension away from the critical value[4].

The classical theory has been studied i in considerable detail [8][5]. The |
point we will use in the construction, is the inverse map

‘ u'v!
e = —_r (3)

where u is a right mover and v a left mover

(Bt 33)" 0 : (te)
(it 3l =0 @
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which represent action angle variables in the hamiltonian formalism, ob-

tained from the change of variables

©-6 .

where 7 is the conjugate momentum

(t,z) = 84’5;’ 2 (56)
- The Poisson Bracket
{8(6,2), =(t,9)} = 26(z ~ v) )

leads to well defined Poisson Brm;ket relations for u and v [3] [6]:

{u(ed o)} = welo = lule) ~ )] +ofule)! - o) )

(o) o)} = —rele~ lole) ~ v} + b= - o)) ()
{u(a), )} = 2rlule)o(y) - v(e)? (7¢)

There is an Ansats which simplifies the Poisson Braclmt structure very

- much. It is
1 1u?

plts2) = \/— ST -(8)
in terms of which we have ‘
{ola),plu)} = '1r5'(z sf) @)
Moreover, p is a left moving field
a 0
(3 ~ 35 )7ts8} =0 (10)
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This system can be quantized by methods recently empfoyed['?].'l‘he'
hamiltonian can be written in terms of the field '

s=p 4y (1)

"= % f defolu] +ofe]] (12)
Where alv] is obtained substituting the left moving field u by the right

moving v in {14), obtaining a right moving q{t,x), such that

1 ”fl

g(t,z) = \/,_ ~30 (13)
{al=),e(s)} = 4¥'(z - ) (14)
and ,
a  a ; _ .
(-6? + 554t :c} =0 ' | (15)
With the hamiltonisn {12) we have the relation
é={H,8} =4 ' (16)
Therefore, in terms of the fields p(t,x) and q(t,x) we have
12 [ do{plo)? +ala)") (1)

The action is given by

§= % f dz f dﬁp(-’ﬂ)e(x ~ylely) - f #P($)2+
% / oz f dyg(z)e(z - y)aly) + f doafa) (18)
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The solution to the above model is given in terms of elementary opera-
tore[7]. The lagrangean describes constrained fields(8). We have the followmg
decompositions at t=0

p{z) =—+ [ dk\/—

g(z) = —1 ./; = dk‘/}—: [b(k}et= — ot (k)e™ 2] (20)

etk gt ‘(k)eilm] (19)

where

(a(k), el ()] = 8(k - ¥) (21)
| [6(%), 5T ()] = 6(k - &) (22)
A conformal algebra is generated by L(z) = }p(z)? as

(£ 1)) =2 + L]0 - 0) - 538"le—9) (29

Another algebra is generated for L{z) = ¢(z)?. We are able to solve the
problém for u and v in terms of p and q: :

ole) =g [ duelahen(~ [ lu-sboldi) (4

W)= [ drle= s~ [~ ely-alee)

=00

A$ this point one should notice the existence of two arbitrary constanta
appearing in the solution of (8) (resp. (13)) and in the integration of u’
(resp. v’ ). At the classical level they are harmeless due to the Mobiue
invariance, which in terms of u reads -

5. -

211% - 213 ' v

¢ OM S e ag . (26}
with an analogous expression for v. Thus, we may fix arbitrariness as
above (eqs. 24,25). However this is not the end of the story. In the case
of the slution discussed in [3}, there is a g-number constant multiplying

the exponential, which is fixed requiring due commutation relations for u.

We shall not dwell on this issue much longer, refering to a forthcoming

publication on the type of commutation relations obeyed by u and v, but

we keep in mind an arbitrariness at this point in our present solution. |
The full solution to the Liouville theory is thus given by

°W{Jmf@-w[mw+GMM®}
{‘I f_m dye(z — y)( - [ dly=2)p(tia)ds _ - f_“; e(y-f)q(t,z)df.) : |
@

et =

6!‘ B.ISO oo
$(t,z) = - [_ . e(z — ) [n(t,) + ¢{t, )] dy
ofd [ o Moty |

The integrale are easily computed -

xte) = [ da=shplea)iy =

i3

_‘L“’ \.:/l;;_[ (k)e'k“+a (k)c—-tkm] (29)
The field x(z} is described by a local lagrangean -
_ . . |
£~2xx 2x | a (30)




However, cancnical quantization|7][8] leads to a tion local commutator

(e xt)] = (s -1) (31)

The infrared properties of the field x present problems, since ite de-
composition is similar to a bosonic massless field in two dimensions [9],
q.{20). The vacuum of the theory, when defined in terms of the cre-

ation/annihilation operators of (k) and a(k) as
a(B)jo>=0 (32)

presents therefore severe infrared problems. The field 4(t, z)is very compli-
cated, and the computation of the vacuum expectation value of it depends
on the infrared cut-off., since the commutator

et = [ e (53)

is divergent. _ _
We hope to have answers to these problems in the future.
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