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Abstract -

A matricial method to obtain heavy ion fusion cross sections from
off-line -detection. -of | X-rays emitted ‘by -the evagoration residues is
presented.. The  method: uses analytical Ffunctions ~for the: decay
expressions. It can treat all decay branchings and any number of decay

chains or any number: of nuclidés.

1) Intreduction

Heavy ion fusionm cross sections can be measured through the
off-line detection of the characteristic¢’ X-rays emltted by the
evaporation residues in their decayfl). These X-rays identify the

elements. present in the-decay and the-analysis-of- the time: dependence -
of the decay using the known half-lives and the absolute X-ray yields:

furnishes the isotopic identification. Until now, this enalysis has
been carried out by fitting simultanecusly all experimental data with
only the activity of each residue at the end of the bombardment as
unknowns{l.z,a,hj. However, it is possible to maﬁe the analysis in =
more precise aﬁd elegant .way through matrix algebra, as we show in
this paper. Mdreover, our method-gives the possiﬁiiify to simulate the
physical process to choose irradiation bcmbardiné exposure time and

counting time int;er\'rala to obtain the Iowest sta{:istical errors.
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The mathematical development of the method is presented in
section 2. Section 3 deals with its application to en experimental

example.

. 2) Mathemuatical development

In order to introduce the methematical problem wé begin with &
short description of the experiment. It consiasts of bombarding a
target with & beam of particles during a cg;tgin time, As a result of
this bombardment compound nuclel afe‘formed and after evaporation of
particles the residues are trapped in a catcher foll. This foil is
then removed from the vacuuﬁ and placed in front of a detector. The
X-rays produced by the evaperation residues in their decay path to
stability are recorded at different time intervals. :

Few let wus take a hypothetical example to establish the
differential equations of the problem. A target with two isctopes X,
and ;X._; is bomberded by a beam of particles biq with a flux F{t),
during a time t,. M and M' are the number of isotopes a¥e and X, 4
hit by the beam, respectively. The fusioﬂ process of these nuclei
ieads to the compound nuclei z¥y and 7z¥y.1+ Where Z = g + b and
N =c + d. These compound nucleil evaporate one or two .neutrons
producing the vresidues z¥n-1 z¥N-2 and'zXN_3, ag shown in figure 1.
Let °h1n and ”aln be the cross sections to produce the residues
after the evaporation of 1 neutron or 2 neutrons from the compound
nucleus gXy (yXy_1). Now, calling N (t) the guantity of the i-nuclide
(evaporation residues and {ts daugthers) present at time t in the

process and A, its decay constant we can write that[5)
So W (E) = -AN(E) ¥ F(t) M ol

: ' . 2 .
g7 Male) = AN (E) + F(E) (Mo} + M o))

A (=%
I

‘;—t Ny(e) = =ANj(E) + F(E) W' ol -
SoN(E) = AAN(E) & AN (E) : ()

SoNE) = ANGIE) £ AN (E)

. g—rNa(t) = AN (E) ] AN (E)




where F(t} » 0 for. 0 = t = t, and F(t) = 0 otherwise. . matrix A. Suppose, for exemple, & :process -in - ‘which the i-nuclide
We define now the vector N{t) as - ' decays to j-, k- and m-nuclides with partial decay constant A}, A¥ and
Af, respectively. To take this into account, the i-column of the

matrix A has the following elements &, = ) i &, = A, oAy, = 2 and

CNp(E) : ’ A, = X7. As a consequence of

N.(t) .

2 S .
Ny () | - S . A, =T A3 Ttforiall d 7

Nee) = NJ(t) ' . (2) (T LN . @
. A . . . . . P o o
N(e) : . . . the matrix A has the property’
N, () '

};A”- [« SRR e {5.)
R as
for all columns, except those whose respective nuclide is the last one

considered in the chain,

M o'} ) Coe 7 . The formal solutjon of equation (5) ‘through 'the intégrand :factor
Mol + M oS iR method with the initiel condition N{0)} = 0 can be expressed as:
1 i1
. M' g2 L ’ L
R = o1 (3 t .
: 0 : o : : K(t) = et [ o AToprery Raer. 0 o ey
0 0 '
0 . - ) The exponential of the matrix A can be written as
IR ol L) I out SIS s (10)

where C is the matrix that-diagonalizes-Avand "[e)‘t] is”-the' diagonal

=X matrix
¢ "\2
@ 0 =3y _ . e
A= (4) _ _ )t
Ay [t} 0 -y L : : Bl
At
a0 0 =X etz .
t L
i) - . - an3 K . PR
L 0 A, 0 0 Ag [eit] = . (11)
: et t Lo e
Then the system of equations (1) cen be written as . : SR grst
et
SoN(t) =AN(E) £ F(©) R for 0stst ER
so, inserting equation (10) in eqtaticn (9) and remembering that” C and
R are independent of t*, we have
%E N(t) = A N(t) for > t,. (8) ?

Nt} = ¢ [ [erE-E')) F(er) aer ¢ R (12)
More general processes cen be described by the equaticns (5) and 0

(6) with a sultable construction of the vectors N(t) and R and the




where ieA(t"t')] is expressed ag equation (il).

*“‘The equation (12) gan bas ﬁfif;én”ih 8 compact form as
B(t) = C (£} C* R (13)

with
B U "' : o
oty = [ (Mt ) Eeeny apr (143
AT TR P L
At this peint wg'have'the' solqtiﬁn-"of“ equation . {(5) - once. .the
function F(t) ia known.

Now we solve the equation (B): Its dinitial condition is the

solution of equation (3) at time t,, sc
COHGE R C Ty CP RO S (15)
I§-mgke the notatich ‘@asiel: we-take 't. =:0- for equation {5) at the

end of the bomberdment. Them the initial condition, equation {15}, can
be tewritten as

COUUNEO) = OBy CRR e L (26

The foimk;“sh%ution‘bf“phefequatid# (6} is then

H(e) = AR Neo) . (17,

. z: ,Substituting the.@quatidﬁ?(}ﬁj-i# f;?):"leads to
Nee) = e ¢ ar) CU R, ' (18)
or using equation (10)

SNm -l Ry

The eguation (19) gives the quantity of all nuclides ﬁreéenﬁ in -

the process at time t. Now we can obtain the X-ray recorded by a
detector with efficiency ¢ at the éne:gy of this X.ray in the time

interval between toend. t, + At.

The X-ray activity of the element of atomic number Z at time t

can be written gs:
AR(E) m TIEAE N (e : ' (20)

with the sum restricted only to 'the i-nuclides that p?ﬁggce3'k-r§y of
element 2 in lts decay, Af is its partial decay congtant and If isg
the po:responding absolute x-:gg yield.

Using equation (19} in equation {2Q) we have
a%(t) = fo 2% (C [ 2(t,) €' R 1y Co Sy

whefe=( 3, standg for the i-vector component. -

Calling £2e the number of X-ray géuntg of element Z expected in
the time interval between t and ;p'+ At by a detector of efficiency ¢
to this X.zay, we have

£'+Af
£20 = ¢ [ AT(E) db . (22)
t

Inserting equation {(21) into equation (22) leads to
ttAL '
£ w e TTEAF(C T (M) ar Bg) TR, (23)
- £, 3 .

The vector R includes known and unknown cress sectiong, so wg
gplit it as '

R.‘;ﬂ MF"EN‘%'H!' i S . Sy (28]

where 7 for n>l stands for the known cross sgotiong and 5* - for
snknown ope.

Substituting -equation (24) ingq'equgﬁion (23), ane has

e e FUAN G e ety (25)
where
tp+At - .
g s J (e*] de* M e(e,) € (26}
t ’ '

P

The vector &* can be optimally obtained from the measured counts, .
Z
yZ®

¢ through a least squares procedure because f2P jg 3 -linear




function of o* and the probability density function ‘ of Vhthe
expe;imental velues are approximately nermal. The estimates of 7 are
unique and the calculated variances, due to statistical errors in yz?.

are almost exact. Then, let us construct the function
5 T (% -yt o (27)
4 : I

where ( w"® )"Y2 {5 the error in y%®. So, 7* is then obtsined from

the minimum condition in § .

L s=0 . ! 5
o . B T

Substituting equation (25) in equation (27) and writing

v = ),.Zpr - e g Ag’ﬂ; L o ok ' e
and a
Fi\; - e ;xrzi A.fgﬁl | - C (30)
and carrying out:the partiel derivative of 5 with respéct to a;. we
have .. Lol . .
%;;-s-=2 ;;,(EF‘Z"P ot~ Yy PR Wl L (31)

The condition of minimum, egquation (28, -becomes

ip wip P e Zp pip v . Ip 3
ijY £ .wz g};p FIP FIP gL WP . (32)
or in a compact form
Dy =Ll V! ljen (33)
or in vector form
D=yt (34)

where

s - vZp. JIP. . f . o sy
By };pY E'j,wz'. P 13

end

(V™ e = (VT 1y = LR EPEpe® . (36

¥V is the covariance matrix due only to the counting statistics.

Finally we have the .unknown cross.sectlon as

“Thisg procedure can be extended with little modification to obtéin

moré  than one unknown Fusion  cross -section since the evaporation
process produces different decay chains to each target isotope.

The total- ¢ovarince matrix . is. obtained as- .. .. .

Yo -y 41 R & D

where 7 is the covariance matrix. due to the deviation associated with
the parameters Ii and li. The element I},. covarience between the
cross sections oy and ,U?m originated. . by. . these parameters,  Can be

estimated in a linear approximation by [6]

. day ao%
4 _‘-__,_i‘s?.:.___'l____‘_‘_ . s vty
1 Z ap, Fe'ap, Thoes (3

where p, stand for the X-ray yields Ii and for all independent partial
decay constants A%, see eguation (7), and .sbk:”st&nd”‘fﬁf the
corresponding standard deviation of p.. The derivatives in -equation
(3%) are evaluated numeric%lly;'Thé.idtﬁlsstanaard deviation s, of o}
is giving es

‘s

0y . : s :
L= (V_u) . _ (%0)

and the standard deviaticn of the total cross section a§

B VD ... 3Ty




e R v . LD

The standard devistion s, and s can be also estimated by Monte
Ca¥le method. To ‘this, it 'is only necessary to calculated 3% with
several sets of the parameters I%, A% and y% randomly drawed around
fheir éxperimental values aséﬁﬁiﬁg gaussisn distributions with the
variances equal to the eﬁpériméntﬁl measured ones. The standard

deviation s, are estimated from the obtained cross section histograms.

3) Application to an experimental exampie

Experimentally the Beam'flﬁx.F(ﬁl and ‘thé number of isotopes hit -

by the Dbeam are not measured. Instead of these quantities the
Rutherford scattered beam particles and the beam current es a function
of time are measured to carry out the calculations.

The beam current, I(t), is recorded as the beam charge culle;tgg
in a Faraday cup in a multiscaler form (see figure 2), so it is
represented by the step function

Ty
I(t) = — for l<i=<m (42)
At

where T, is the charge collected between times t, and t tAt, At = tblm‘
and m is thé total number of steps. The Rutherford scattered beam
particles, N, .. are detected through two detectors placed in the
horizontal plane‘symmetrically to the beam axis at 45 degree.

Suppose now a chemically pure target that contains the lsotopes
T, T, Tos v 0 o T, with mass percentage e, P,, Byw o« - o , B,

n

reapectively. It is easy to deduce the equality to each isotope

. N P
M, F(t) = —Rush. B 7(e : (43)
Truch
w51

where gp ., is the differential Rutherford cress  section integrated
over the sclid angle embeded by the two detectors.

Now to complete the anslysis to obtain g% it ig necessary to
evaluate M, #(t,) to insert Into equation (26). So, taken ey} from
equation (14) and using the equality {43), we have

.

10
Nowen P t AlE =-t') . ' +
MoO[®CE) ] - e [e**y ' I(E) dt (&4)
- TRurh
utL ;—:T{‘
Substituting equation (42) into equation (44).we have
M B, DTy At o -
M, [q’(tb}jnn--——w“h z {e’k(th_‘t )]nndt’ ’ o (45)

= =1 AL 03 -
j-1L)ae
g
Ruth T R .
" Ell

or

N, P Ty etulty-ian)
M [E(E)], =—“‘ﬁ§l‘-:l‘-— v — CeMt L1y s
URur.h;: fi i
-l -

Now we appiy the method to the fusion experiment 60 + '%9gm
carried cut at the Buenos Aireé Tandem_Acceierator, TANDARI with the
participapion of one of us (V.R.V.). The‘cempiete description of = the
experiment will be published elsewhere, . . )

The fﬁsion process of this system leads tb the cc@ﬁnuﬁd nucleﬁﬁ
185vh, that after evaporation of. 2 to 6 neutrons decays producing in
its decay chain the elements Tm, EZr, Ho &nd Dy. The decays are §
decays or EC, except to some Hn_iso;ppe; that have:isome:ic transition
alsc, Téble 1 pre;ents tﬁe nuclides produced iﬁ thé process with its
half-live and cor;esponding X-rays yileld. The ch1 + K“z X-rRys Eounts
end counting times frem the experiment for the energy E = 59.64 Mew
are presented in table 2, The:peakg'uf_the:speqtrum are fit;ed with a
gaussian functiﬁn plue a first degree ﬁolyncm#al uginé. the éémputer
code IDEFIX{10], The beam time profile recorded as fhé.cﬁllected
charge by the Feraday cup in bins of i minute is show in figu;e.z. The
calculated Rutherférd cross section _df the monitcf__detector is
0.0724 mb and the corresﬁonding recorded counts is 5,16x10%,

In the present work the Dy isotopes are not included due to the

large errvor in the counts or the lack of them, The total fusion cross




section and the vpartial evaporation residue cross section after
evaporation of x neutrons are shown graphicéllj in figure 3.

The effect of uncertajnties in the half-lives end in the X-ray
yields evaluated by the Monte Carlo method show a standard deviation
arpund 117 on the final cross sections and evaluated by the linear
approximation around 11.5%. In beth cases the uncerteinties of 4% of
the X-ray detector efficiency and 2XI of the recorded Rutherford
scattered beam particles are included.

This methed was also applied with success to obtain the cross

section for the reaction ¥!Pd(y,xn)[11].

Conclusions

We show in this paper a matricial method to obtain sub-barrier
fusion cross sections from off-line X-rays messurement. Ameng the
features of the method are: 1) all the data can be used
simultanecusly, 2) the decay expressicns are analytic, 3} all decay
branchings (for example: g decay, EC, IT and « decay) can be treated,
4) it can be wused with any particle evaporation (for example:
neutrons, protons, a), 5} the deviation in the half.lives and in the
X-rays yields are taken in account to cbtain the devistions in the
final cross sections, and 6) any number of decay chains or any number
of nuclides can be treated. The method can be applied also to obtain

the cross section of (vy,xn) reactions.
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.TABLE 1
Half-live and X-ray yields of the fragments and its daugthers produced

by the reaction % on !%%sm. Half-lives are giving in minutes and

; TABLE 2
those greater than 2 days are not printed. Intensities, printed in

italic, -are- expressed as the number of X-rays per 100 decays. ‘The

i L - K, + K, X-rays counts of the reaction !0 + %9sm at Egy = 59.64 MeV,
neclides decays through p-decay and or EC, The deta are from reference it ]

i T, is the starting time measured after bombardment end and T_ is the
[7]., exceptions are indicated. . . ©
counting time. Results with bad fit are no printed.
A 164 163 162 161 150 159 Ts Te oy o ’ Er - Im
. min min
Element™ : .
o s _ 5.58 5.0 34417 79:27 1380445 1035444
Yo . 75.8+.7% | 11.05£.25 | 18.87+,19 4,242 4.8%.2 1.5£.2 . '
- B § b b 11.01 5.0 84421 1366149 953%44
83.x13. - 57.7+1.3 66.8+1.6 76.818.4 75 75
) : 16.35 5.0 4BELG © 1271443 777236
' : 21.68 5.0 6315 1176441 629433
Tm 2,0%.1 108.63%3.6 | 2L.7+.2° 38,14, 9.2+.4 9.0%.4
27.01 5.0 40£13 1094240 516130
#4.243.5 . | 1157+16.8 728412 148.944.7 r/AN 11448,
: i . 32.35 5.0 2512 1067+38 . 389127
i : o g ) 37.93 20.0 99130 218+33 3184165 988445
Er - 75.00%.42 ’ - {194.40%2.40] 171i5.16. | 36.%1.
) . . 58,25 20.0 28117 205+29 2012:k55 - 480+33
w005 o 714+116 58.5+1.3 63.7£3.6 . . .
. . ' ) 78,59 20.0 103422 146423 1369443 194423
Sl ' : ! - . ’ 98.93 20.0- 91+18 213422 - 862+37 113421
Ho... ™ B - 149.%3. d . 33.£1. . .
) o 119.26 7| 20.0 59416 153420 542328 . 6314
69.6+18. 117.+11, . .
' 139.59 20.0 505424

a) dat‘a.?‘ta:ken from reference [8) : : : .
b) data taken from reference [2], standard d_eviat'-.i_.on'of 207 was a:‘ésdméd

<) data taken from reference [9)




FIGURE CAPTIONS

FIGURE 1

Diagram of a hypothetical fusion folloﬁed by mneutron evaporatien and

decay. See the text for details.

FIGURE 2
Beam charge collected in a Faraday cup for the energy Ep = 59.64 MeV.

FIGURE 3

Fusion cross sections for the fusion of Y0 + %¥sm. Squares are the

total fusion cross section, triangles are  the partial evapdration
residue cross section with evaporation of 2 mneutrons, circles of 3
neutrons, lozenges of 4 neutrons, crosses of 5 neutrons and X of 6

neutrens. The error bars are only due to the couﬁting statistics.
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