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.. This. paper. reports the-procedure' to.extract an upper Hinit of a peak area in a
mutmhaanel spectrum ThlS procedure ta.kes into-account the ﬂmte shape of the peak and

the um:ertantles both in the backgrouad and in the mpccted position of the peak.
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L INTRODUCTION

" Many experiments in -physics are Tunning in order to indentify a peak in a
multichannel éi)ect.ruﬁl. However, it is not rare that these experiments give negative
results: the sought after peak is not clearly observed. This fact can occur when the peak is
hidden in the statistical flutuation or in the uncertainty of the background or also hiddér;
due to its own statistical flutuasion. In some cases, the peak position is known with a non
negligible standard deviation and we simple do not know exactly where search for it. In
short, the peak can be lost in a statistical jungle. In these cdses we can only determine the
upper limit of the peak area with a chosen confidence level.

Extraction of the upper limit of a signal in the presence ofa background where both
signal and background obey Poisson distributions, was already discussed in a prev1ous.
paper (1).. In this reference it was shown that when the background B i known with a
neghglble error, C events are ‘observed in a bin of the multichannel spectruin, a.nd a is
the (unknﬁwu) intensity of the searched signal in the same bin, then the posterior

probability density function of a-is given by:

~(a+B);, , mC '
gla) = .-lf'eA—LC' a+B ) _ )

where ¥ is a normalization constans such that:
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f gla)da = 1 . (2
0 . .

If C» B, that is, the peak is clearly seen, then g{a) is peaked at a value &= C—B with a

corresponding standard deviation equais to yC. However, there are many experiments




where B ¥ C.. In this case, an: upper Iirhit A o for a: can be defined [1].' by. .
. oo . .
o= [ e, o
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* where 1-a i3 the cbnﬁdencé-le,{rel (C.L)). It can be shown [2,3] that eq. (3) is. equivalent

to- . .
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There are three pcunts that were not conmdered in ref (1] the shape of t.he peak in
the multlchannel spectrum -and the- nonv&mshmg errors in the background {that were just
considered i m the:limit- B3 1 - and C-»-l) and: in the expected position of the searched
. peak. - | . L

‘ Recently Av.igmme [4] has also discussed this. problem using a maximum likelihood
'ﬁrdcedure: and including. the shape of the peak. However, his results were restricted to a

" ‘normal: approximation of the ._Poissoﬁ.'distributiqn and. statistical uncertainty of the

background was not taken into account. Also ref. (4] does not consider the existence of a

. possible standard deviation in the position of the searched peak.
In this péper- we: will extend the _results' of ref. {1] in order to take into account the

three points mentioned above. The results will include the case of small number of events,

II. ANALYSIS:

a) Non vanishing background error :
As stated in'ref. [1], when' B i'snot'exa,.ctl'y' knowr but obeys'a probabiiity density

function f(B'), equation (1) must be rewritten as

e = ¥ f —“JUB a8y anr, ®

0

where. ¥ is the normalization constant.: It will be supposed in- this paper that the-:
knowledge .of the background has a Gaussian shape with mean va.lue B and standard
deviation Ty

~(B'-B)2 2 . ’ ’
f(B) (B }/?a _ (6)

Using f(B') above in eq. (5)-and using eq. (5.)' in eq. {3) we can determine” A o Figure 1
shows A o B8 function of B. for some C va;lues, for op = 0 and for o= vB. -

Figure (1} must be read as follows: if € events are observed in a multichanzel
region where the mean background is B with standard deviation Oy » then A o 8 the
upper limit of the signal in the region with C.L. I—@. As can be seen from figure (1) A &

is always positivealso if C<B. If C»B that | is, if the s:gnal i3 actually observed, the

-upper limit A is compatible to t.he s1gna! mtensmy C—B. We can also observe that

for fixed B and C, when oy increases, A " increases.




b) Finite resolution .

If we: A:e searching for a peak in a multichannel spectrumn we must consider the
finite resolution of the detector system.. If the searched peak. has a Gaussian shape.centered
ag.; oy and; with: resplu_tiqn-_(FWHM)l 2350, thgn_,t];e exp_ec_ted_nuﬁber of events in a bin
Az around z, is ) . '

Ty +Az/20:; -(r—zo)2/2a:2p'
P= Pof_ ey 7 (7

) Lo VQTr-o'r_
ry-Az [ 20, :

where- Py. is the total peak area. Thus, if A o i5the uppe'r fimit of the number of counts

in the Az region, the upper limit of the total peak area is

A

P - 8)

® P/P,

As can be seen: from:-figure: (1), A, increases if both: B' and" €. increase.  Since B
and: C increase with - Az then Ad aléo increases with- Az. Or_i the oth.er hand, the ratio
P/P, increases asymptofica.lly with Ar. Thus, Pa has a minimum value as function of
Az. We will discuss below how: t-o; determine this optfmum Az bin in order to obtain the

smallest P for a given.C.L..

¢). Unceriainty. in the expected position of the searched pea.k
If 7 is-not exactly known and we ku0w oniy an experimental result 7+ 5 this
lack of mformamon must be taken into aceount in the detemunamon of the upper limit of

the-- peak -area. Ad_optmg- the -Bayesion approach and supposing that the posterior

probability density function of z, is a Gaussian one with the parameters Z and &E weé'

can rewrite equation (7} as

® T+Az/20, —(2—9:0)2/20; e—{z—io)g,/Zo% .

P = POI f g . dr o QL (9
J2_7r0$ Jﬁraz,
> :.'."—A:c/2ax

In this equation the inner integral takes into account the fraction of the peak area in the .
Az bin around % if the true position of the peak i3 1z, ; the outer integral takes.into
account the probability that 1z, is the true position of the peak.

Integeation in. 7, is readily done and equatioﬁ (9} can berewriten as

__A:cqu e_u2[2

@ T

-Azf2e

Uzv‘aiﬁ»_a% : ' . (11).

where ¢ is given by

This last equation shows that both the peak standard deviation, Tps and the uncerta;nty

in the peak position, T3 have the same rule in the statistical problem

III. OPTIMUM ENERGY BIN Az

As stated above there is an optimum Az bin to be analysed in order to obtain the

smallest upper limit P @’ This optimum bin can be determined experimentally for every



case. However, a3 we are dealing with an hidden peak, we are able to generaily determine

: Az s'ﬁpposing-thats
* where b is-the-ba.ckgr’oand Tate {in counts pe'r.chanriel),
-~ ig thié analysed bin; and

ig the standa.rd devna.txou of: B : a"b is the: sta.ﬁdar"d deviation-of b.

Using B.-and €' from equation (12} and oy

: :from ﬁgure 1) a.nd Az from equation (13) to obtain P/P;, we are able to obtain P

from equation (14) to: obtain A,

] :. from. equation (8) as a function of k. " Figure 2 shows how P, depends on k inan

example-where b'=5:counts. per channel, bNS-— 0.5, o=2 channels and B=C. As’
can be seen from thls e.xample there is an optimum k value (and thus an optimum Az
' bm} to be used. _ _
_ Figure - (3) shows k; the optimum k'\.ra,lue_, as function of ¢, b - and a,/vb
caleulated- for o-=0.05 a.nd"sﬁpposing ..B =C. .Some_ care must be taken in the use of
figure (3} since when dealing with multichannel spectra we are limited to use integer Az
bins:: .So“ k va.lues from figure 3 are approximated values that must be rounded-off in

order to obta.m mteger k- -values. The a,ssymp'totic valﬁe of k, when. o, = 0. and

= s, 2 8 wha.tever b.is. The-dependence of & on & is very weak (only few percents .

if . goes ‘from 0 T.to 0.01); tbus, k from figure {3) can be used for o values that are not

' 'very fa.r from 0 05

B=C=kob _ ' ay

CAr=kes | - 3y

oy = koowgy ' - (14y

IV. GAUSSIAN APPROXIMATION

In the followmg sectlon we wxll show how to genera.lly use the preseat resulis. in the'._ :
ana]ys:s of a hidden peak in a multichannel spectrumi. .~ Before this, we wilk show the'
Gaussian appmmma_t-lons valid in the case of not small number of events.

I b1 th.e éosterior probabiiity density function of a from equation (5) can be. 3

writtén as

o = y;'e_(a'ua)_g/%i":' L)

where 47 is a normalization constant '

i=C~B 7 _ - (16)
and o . : | . o
o = CI+.('E et . _ _ o (17}
In the case of a hidden peak, B2 C o kbo and 350, Aa i given by
A, = '\a'/z VEbotkoye)? - o (18].
where SR s .
B . ) T L
%=-J‘___e /du. (9
of2”

The first term in the square root of equat;ou (18) corresponds 10 the statistical ﬂutuat:on
of the number of events in the analysed Az bin and the second term corresponds t0 the
standard deviation of the mean value of the ba,ck"round IL is mterestmg to observe that

both terms have the same rule in the determination of A o




When b s well known, aiyb, k=2 8. ‘In this case P/P0 can be readilly .

detenmned from equa,tlon (10) and thus flom equamon (8) we have

P, = 20k b} + aE SR )

where the dependence of - on: o and o from equation {11) was explicited.

In. the appendix we compare the presént result with that from ref.[4].

V. HOW TO PROCEED:

.. Suppose: we are -searching for a.Gaussian peak in a multichannel spectrum at
T+ o, Suppose that the system resolution (FWHM) is 2.35 Ty The following steps

must be performed in'order {o determine the upper limit of the peak area:

. a) . Determine the background b , in counts per channel, and its standard deviation &b ;
b) Determine., ¢ from equation. (11} and use-figure 3 .to determine the best Az Ko
region to be analysed. Az must be _rounded%)ff to an integer;
¢). Detérmine' B = Az:band &B = Ag-oy,.. Determine also €, the number of counts
inthe bin Az around. ;- .
d} : Read from figure 1 the upper limit A @
e)'_ Determine P /Py from equation (10} using error function tables and use equation (8) to

determine. the upper limit of the peak area P o

. As a prat:cal exampie, we can analyse the data from - the o1 2T 76Ge

.neutrmoless double beta deca,y study of the Milano group [5] This experlment consists.in -

10

the observation of a very low background Ge detector spectrum accunulated, during.1.76y.

of running. The signature of the Ge 0™ - ot

transition is a peak at Qﬁﬁ - E7 , where

Q,G,G is the mass difference between "°Ge and %Se (2041.4 = 0.5 keV {6]) and. . _E_},_ is the
energy of the first 21 level of 76Se (559,11 .0.05 keV [7]), with 7,223 chamnels. The.
fidugial volume of the. detector is 138 cm® [5]. From figure 14 of ref. {3] it. was possible to

evaluate the background from a 20 keV bin as 11.24 0.46 counts per channel.

There is an important point to be discussed about o : there are some different
nuclear reactions linking 7®Ge to ™Se allowing different experimental Q 48 values for
the 01 27T _transition [6]. However, those ones with smaller standard deyiations give .
imcompatible values, suggesting that probably systematic errors are presenﬁ. in the
experiments. A constrained last squafe fit of the TG_Ge.—— 765e mass difference quoted by '
(6] gives a reduced chi-square value of about 12, suggesting that 0.5 keV. is probably an
understimation of Lo Thus, we will adopt here Op = 1.6 keV .

Using the above values, performing steps a) to e) and supposing as 50% the
probability that deexcitation gamma—ray escapes from. the, detector, we obtain the:

following half-life limits to the _0+ =21 8Ge decay:

Tty > 09110%  (at 90% CL.) .

> 0.7610%y.  (at95% C.L) . . (21)

In the case of 90% C.L. this result.if about 1.7 times lower than the limit quoted by (55 .
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VI. DISCUSSION '

‘Thei'rea’sbu:’to.aﬂdptjthe Bayesian statistical approach, in this work, is not.

"'docmﬁair'e’bﬁt pi'a.ctical " The Bayesian approach allows direct and easy answers to the
problem: of* the: dlfierence between ‘two Poissonian- numbers without the necessity of
appromma.t:ons, as happens t0 the Classical approach [8]. The inclusion of non vanishing

uncertamnes both in the background and in the expected position: of the searched peak is

also djrect. We also observe that in the case:of: expenments with small number of events'

_ the Bayesxa.n a,ppmach secms 10: be closer-to the expectatlon in experimental phys:cs tha.n'
. the clasmcai appmach (9]

Consudermg quahtatwe aspects- of the present procedure we can observe that:

" a). The: standard deviations -of the backgrpund'- lias. the same rule of its statistical

" futuation. in- ‘the - peak region (as can be clearly seen from equation (18)) in the
'determma,tlon of the upper limit of the number of counts in the analysed bin;

S 5) : 'Tbe standard deviation of the expected position of the searched peak has the same rule

e ':of the detector resoluthn '

c) “The- present approach can be-used also if a ‘peak —or a bump—ls observed in the
- a,nalysed_ region.. In this case the upper limit of the peak area is compatible to the

S %timated»peaak-'area; B .
T d) In any case the: upper limit is uegat.we or zero, even if there is a (statlstlcal) depression
" in'the anaiysed region.. '

e} fI_‘he resuzlts_can be applied in the case of small number of events.
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Bordeaux—Gradignan for their mterest in this work. This work was pa,rt:a,ily supported by
CNPq and FAPESP
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APPENDIX. .

T ref: [4] the maximum likelihood: technique: was used in order to determine the
- upper; limit of. a.Ga.ussia.n‘- peak na multicha.nnel Sbectfum ~That: result can be compared
with’ the: result shown i thkS paper after-the conect.ion of a mistake in ref (4} and. some
appxo;uma,tmns. ' ' '

_ Equatum (6) of ref.. [4] is better wntten as

)’ .
=V
g
—

. _df’!_ =
TI e

J ,.\&_ _(z _Io.)2/2.ar - .—(-\"_Firoizfzgfg. ',. . {Al)

*"’4'1
[=1
g
’
3
o1
Wh
¥
L1
-]
(5]
t

' where ‘Tz a.t t.he denommator of the ﬁrst term: in- the: nght hand. side of this.equation was '

omitted: m-_r_gf.[ri] Equatmn (9). and ( 10) of this- reference must be rewritten respect.lvelly
as:

- awioer

Cmrm)fel

. 21”120?2_6 | | o (A4)_

' The mea.mng of the symbols of equatlons (AT)— (A3) are explained in [4].
C T As t.he peak is 1ot seen, ax0. If Ty is suffictently larger than 1 and if the -

number of cha.nnels used in-the ana1y51s, n, lncludes all the pea,k region then

-(1' —20)2/ 20

i —r. (A3)

(A3)

i4

Using this approximation the upper limit ch from the approach of ref. (4} can be written - ‘

as

o

P _=_,\a'/2,/ 97 bea, '-  (As)

where the meaning of b, 7, and ’\ar /2 are explained in the texs.

The result from ref. [4] can be compared with the result from this paper using the
above equation (A5) and equation (20} with- ¢ = 0. The numerical difference between. -

both equations are about 6%.




—

2
4y
5)
6):

7):

9
s

y

2)

15

REFERENCES

0. Helene, Nuel. Instr. and Meth: 212 (1983).319.

‘M. Aguilar—Benitez et al., Phys. Lett. B204 (1988).

G.. Zech, Nucl. Instr:-and Meth. A2TT (1989) 608. ..

“E.T. Avigrone ITL; Nuck. Instr--and Meth. A245-(1986) 525.

E. Bellotti et al., Nuovo Cimento 95A ('1986) 1.

R:J:-Ellis et -al:, Nuch Ph.ys A435 (1985) JEN

C.M: Lederer and V. S Sh]rley, Tab[e of Isotapes 7“‘ edmon (Wllley, New York, N.Y.,
1978) _

H.B: Prosper, Niiel: Instr end Meth. A238 (1985) 500

B. Escoubes'et aL, Nucl Instr. and Meth. A25T (1987)-346.. :

16

FIGURE CAPTIONS . .

Figure 1. .

Figure 2.

Figure:3.

 Upper limit' A as a fubction of ‘B- for differént G values for () 95% G.L.

and' (b} 90% C.L.. In both cases A o WS determined for o5 =0 and
U'B ='_V'E' . o a

P a.=.0.05, as a function 'of k- for é,'hidden peak with. ¢ =2 channels. _
The' optimum, k.. value is about 2.2 whlch corresponds- o A= = 4.4
channels. Approxm]atmg thJs va.lues to A:c 5 or Az=4 has not. a very
important- consequence.. However, if 2 bad Az region is choosen-then the .
upper limit of the total'peék‘ ar.ea wﬂl be signiﬁca;ritly g'reater- than the better

one.

- K values are shown for dlffereut va.lues of b o and abNE The asymptotlc

hmlts of ¥ for b-cw areshown in. smaIl symbols at. the rlght snde of the .

values for b= 100
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