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1. Introduction

Recently, interest has arisen in very low energy {usion reactions of the type

d+d n + 3He

p+ e
p+d ——— 3He+ 7y

p+t —— ‘He+

Although the so-called cold fusion has not been fully veriﬁedl_5), it is still of
importance to study these reactions for their relevance to fusion energy application and for
nuclear processes in the early solar system and early univel‘seﬁ).

The fusion rate of two hydrogen nuclei in a diatomic molecule is invariably written
2 -
A= ARy 7] (1)

where ¢,y is the normalized wave function describing the relative molecular motion of the
two nuclei and A is related to the low—energy behaviour of the fusion cross sectionT), and
is tabulated in ref. 8. Finally f{dd is the molecular distance fixed for the purpose of
evalnating A, usually taken to be 10 fm. The values of A of ref. 7 are extrapolations
from low—energy fusion measurements to lower energies. [n the evaluation of (1)
de(ﬁdd =~ 10)]2 is calculated from a molecular model for the two approaching hydrogen
nyclei and A is taken from the extrapolation of ref. 8.

The purpose of the present paper is to calcujate A and accordingly A from a fulty
microscopic model that utilizes known low—energy behaviour of the observables of these
few body systems. The aim here is not so much the absolute value of the fusion rate but

rather to have ai hand a model through which the sensitivity of A to the short distance

(SD) behaviour of the radial D+D wave function. In the context of cold fusion, the effect
of the enviroment in which the D+D system is implanted, is simulated here by a change-
in the SD behaviour of ¥y,(r} .

The paper is organized as follows. In section IT a three—body model is prbposed to.
treat the D+D interaction. In section ITf the results of the calculation is presented and in

section I'V we present our conclusions and discussion.
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L ’.F_he Model -

- We cous;der the process. d+d — *He-+n as being that of the break—up of one of the

deuterons and suhsequeut mteractlou {or tusmn) of the participant proton with the other.

deuteroa nucleus

The couespondmcr amplztude ca,n them be written down as
T = <PHe, Ky [Vt Vg 19> (2)

where: III("') describes the th.: ee—body ﬁ—p—-d systen, k is the outgoing momentum. of

the:spectator neutron: and V and’ V4 .are:the. n—p and n—d 111texact1011 potentials -

raspectlvely We wnte the, three—body SCthd.lH“el equatmn 48

(E—K,~ Ky~ I(_di,—. Vip—Vpa— Vo ¥ = 0, _ (3).

where. K. 'is the kinetic. energy operator;  Then one can define the three Faddeev wave

function: Wop o ¥od » Tpg o where U= T + 0, + W,q ., are given by
+ o gt
v = 6Py, .
(+) ) +
‘I’Sd}i'?Gc(r g Vad ‘_I’[ _) _

@é? = G(g_HVpd gt

1}

aft (B-K, ~Kp =K +ig)t

()

Since .. + ¥,y = G((,H(\-’"p + 'Vud)\ll(“"} . we'can write for the amplisude

L "
T = <*He, k,|GSY | B{Fs + <PHe, k|G T elds -

{4)

= <e, 1\n\wpﬂ|@u

o g <PHe, k, [V, | US> & <CHe, anVpdE‘I‘ﬁ}f)?

where the approximation <[¥;,> ¢ <|¥,,> is made since y) i3 the most deminant

of the three Faddeev components as it contains the incident. d—d channel. Further we
have  used - the- identity <*He, . ku|Gé+) = <Me;, k| (E-K, ~K,—Xq) =
<*e, k, [( (E-K, -uK' K _\fpd)+\/pd—<He knfvpd.

' A DWBA t1eatment of \I'(+) is now in order;.

+ N M o o
ut(lp) lpdjl- : : (6)

N4+M
Piq

melecular+ nuclear distorted: wave fuucticm that describe ithe relative motion: of the two

where ¢y is: the intrinsic. wave function of the active deuher011 and is. the

deuterons. We remove the sh{ut—wnge nuclear distortion. hom @N+\{ and apply-it to the
outgoing. neutron plane wave . <k, | which then. becomes an. appropriate dis't‘.o.rted':,wa.\%e._-

<g7£;J | ~We thus write finally.

T = <G3He ! ('gl\n)l Qd (+} é > L . (7}

where: Gy, is the vertex function of - SHe,

|Gy> = VpulPHes

The reaction (fusion) rate, A' in units of fm® s, is then caleulated according to
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_ the exprdssion: .

pia] =
5l

® M._e.H. S T '
L%fdﬂknlﬂ._. : (s)

where: 0’"' i#-the- angle integrated cross—section, v is the relative incident. veloci'ty and-

,u 3H' is: the reduced: e mass. The-value of I, = 0.3438 fm™ is fixed by that of the

Q—value for. the reacmon d+d —n+He.

In the ca.lcula.txon below we conszde1 all relative motions to be in the S—wave states.

W:th this a,ssumptlon it is then possible to write T as

e L _
- gn?:f QR Rpg ARy Ry Gy (Rpa) 6(Ry0) AR g Ry) (9)
: SO
wh'é:ce-z:.' S
9(de, Rop) = f Geost o IRy -2l Mol —R521) o)

Rl

and de a.nd Rnp are-the pﬁ:l and n—p relative coordinates, respectively and cosf =
=R, de/R R |

Thie vertgx'fof-the *He nucleus is approximated by that of 3H in order to avoid
dealiug-_x#iph-'- Cdu_[dmb.problems. Using' separable two—body potentials with Yamaguchi

form factors it:can be s_h'owng) that the vertex function that represents AT
: 3M o~ BpaRed
: 3 T pae
Gyl Bpa) [“ GsHe(de)J =gl Cg (a— o) = “g;f ; (11}

pd

where ﬂpd = 0.9086 fm™! S

p=044851m? and ¢, =182 is the asymptotic

normalization of 3He.

The : deuteron: bound—state wave function. - g‘)d(Rnp)_" is-also coﬁs_tr&cﬁéd;':-;wiﬁh-_,ai-' .

“separable Yamaguchi potential and i given b'yw}'- '

.. ' - L fiq ' '.'é;ﬂd_R'ziR'-i.-.e‘ﬂﬁRnP:. F
: @d(.R‘np)_-_.: E)?Cd [

ap. np.

where Cy= 1.3 is the asymptbti'c-nozmdlizatidn of the deuteron, " g = 6:2316.fm" and
By=1. 45fm" . The distorted: wave. funcmon of the outgomtf neutrom: (dlstorted by the

field of 3He}, with the same Yamaﬂuchl rec1pe is given by L1).

sin k. R, '50—1’

o ikn.. n_e_ﬁBRR o
GaalRa) = g+ i, -

2:80

with 8y = 7,e™0] = 0.512) V8= '—_559—.1-1)'_' &Il_d':'ﬂ:n':_:—; v fmﬁl_ _13_)'

TR R (12}

- 1)

@
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IL Results o S

"'The-.;mole.cular-"wave function. -z,g‘\d[ﬂ{ - of: Bqx (5) should,. in principle, be found by

_solvm‘r_ Ehe four— and: th;ee—body Coulomblc :problem-for: Dy and. D3, respectively.

However 88 usualiy doae we: adopt the Bom—OppuxheimeL approximation. The d—d

ef[ect:ve poteutlal is reasonabiy wefl accoumzcd forlyy. the [ollowing e c\:pmssmnﬂ_
P ;I',_e‘_,’-:-_. S B
Vefrl= == C. 7 (14

where ¢x51.8eV for D, and 204 eV for 'D*' Then the WKB approximation gives

for the. ra.dla.l ‘Pdd the. foliowmg (note that llldd of Eqg: l lS F(,J /1
4

_ _ . . M W
in:the classically: forbidden. region the__paramehef cr::—ﬁ—' {fmM] with My the nucleon

mass,, m,. the.electfpn_mass_ and: fig}—.thé;=vibrati0nal frequency of the molecule. Finally ry:

is: the: classical tmmng point.. The integral in' Eq.{15) can be done in closed forms-if

" Bg{14) 18 used; giving {notice that: a:=,0.5$‘jA,.is the Bohr radius).

23

| i/2. L 2 T, ._ ‘—r /r.—.l)l./?' : | .
wdd(} [ } ) %@{p[ e N _0{ 0(1_0/1_) .+ tan (1‘0/;‘—1)1/‘2]] i {16)

LT

Notice that the . r multiplying the exponential above arises from. the inctusion of the term.

K2/4r? in the effective potential:.-This repulsive term represent what might be called ¢he

semiclassical zero-point centrifugal energy: - Siuc@ te~0.58°A for Dy and 0.9 A& for Dy,

in the r~ few m's region, we may expand the expoent and find

‘ 1/2 . 2Mo T ) My Ty 3/2
M = [ Nor] o 4
daglt) » {5=| —exp EXp .1
s»qd() 7w 50 [ | ) | pe Ul Y

Notice that o't 4(r), Eq.(15) is normalized, j:ol NIk dr =1. The above discussion
about, the small distance behaviour of gy4(r) s fully justified from a recent extensive
numerical solution of the DY problem casing the hypperspherical.methodm). '

Before proceding, we give the values of & for D, and Dj respectively,
{Dy) = 1.6 =107 fm? and (D)) = 0.55 = 108 fm . These values were cbtained from
the relation &= M /hw with ho(D,) = 0.38 eV and hw(Dj) = 0.23 V1), .

With Eq.(18) for vﬁ[d(y)_ , the in‘t.eg;-ra]s in Eq.(9) for the T—matrix are then easily.
evaluated. The calculation of . A : from: Eq.(2) is then performed: and- we;-ﬁﬁd. at
Ign da = 10 fm  after multiptying Eq.(8) by the: factor 4 to. account. for t.he- 14 and n
channels and the basonic nature of the two deuterons, A = 66.7 x 107 ¢m3 Thls value
is about 1.5 orders of magnitude larger than the extracted value T 15 % 10718 em? g,
Note that the neutron— and proton—channel cross sections are dleeLent by as. much as

gy, ~ 1.2 %) We have here ignored this difference:

" “The redson behind the rather large value of - A " obtained in our model calculation
may be the neglected of other processes besides the ones cunsidered-__.he_re,_ namely .
dt+d — p+n+d —p+®H  and  d+d — p+n+d —n + 3He, which might .interfere
destructively. Further work is needed to ‘clarify the situation. We should remind the
reader that the value 1.5 x 1070 emd 571 was exm"acted from nuclear reaction studies in the -
KeV regiom: . . .

The fusion rate- A for D, was found to be 3.3.x 10782 g , larger thanthe value
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obtained by Koonin and Nauenbergf), 3% 1075 s‘l. . Similar caleulation was petformed (ot
D3 -V“Vrher'e_-'\i:e'--foﬁnd : A =4 x 197t g
. OE eou'fse- Ou.'r.' C'a.lcﬁﬂlatioﬁ' have'a.ll" been' done in free space' T he recent itensive
mterest m could fus;on, whlch ROW- has cons:delably bubSlded prompts us to mvestwate
w1th1n bur: model f.he posmble mﬁueuce of aeg mybtal enviroment on A &nd A, We
decxded to 100k into- effects wlneh may chaiige ’she ‘sliort dstance behaviour of god d(r) .
7 We thetefore::-ambttranly-- assumed-—th_at _god d(r_ behaves like ™ where n I8 a certain
num_b'er deeid_ed ﬁpoe_by-the'ty'pe' of en'v'iremeﬁt_ in which the Dy or Dj molecule is
. .. o o
: Fig:. Iis.h(')\.m.seﬁf'.resuitf for A- as’'a furctionof n- for two different values of ﬁdd ,
10 fin- and- ls-fm'-' Iﬁ i's"cieai-tliat-there is-a.sfrong dependence bothon n and Ry . We

'should of COUTse stress that,. whatever. .1 is, (pd Cl(r must. bé properly normalized. If she

s represented by an. effeet.we degree 0£ heedom (be31des t). which. makes
Pa. d(r) beha,vee as o wu'.h n >0 t.he fusmn rate ;s Iowered '

g g is mczeased followmg the exponentla,l dependence shown.in figure
(lmea.r om & Iog sca[e),: In fact; the. dependence om.'n, . was. found: fo.be- 63.2 LN

288“ At ﬁd—'lﬁfm E‘OL ne=—05, A—213.7 x [0 cm® s

ﬁdd_l(}fm and: 63,267

for: l?f. P 10 fm: and 320.8:% 1076 em? g7 tor R, =15fm. For n=-10 we obtain
A=922:2 10716 cmss * for. R, da = 10:fm- ancl 2075.8.x 107 A6 cm s1 for Ryg = 16 fm.

Fmally a comment; about the nclear, S—factm at zero.energy given by 8}

S(E=0) = —‘*{gﬂc]:x Soa=(139 (18)

which pives: the- velue'._'. 445 MeV 1 'b'arh-s;- compared. to- the "experimental™ . value
LD 107V MV, bainsi The experimental® valug is of course an eitrapolated one from the

measured: value in the KeV's energy region. .

1V. Conclusions

In conclusion, we have periorned lere a microscopic calculation of the d--d° fusion
rate, A, in free space using a three—hody model for the nuclear process. The nuclear rate
constant A has also been calculated in free space. The effect of the enviroment on A has:
been assessed in a simple way by changing the short distance behaviour of the.. d+d- initial
wave function. It is found that if tpg:fd{r) ‘behaves like ™ with n > 0 the nuclear rate is
reduced while for n < 0 an appreciable increase in the rate is found. In 2 future work we
shall apply our three—body model-to  diseuss the data on. d+d fﬁsion: :e't ':Ke‘v" energies,_.
recentty reported in the literatureﬁ)-. For this purpose higher parﬁiai- ﬁa.ves_ _have' to be

considered.
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CAPTIONS

Calculated nuclear fusion rate constant, A vs. n {that specilies the form of

; ' 0 .
Paa = Rgd). Full curve for Ryy = 10 [m and dashed curve for Rgd = 15 fm.

—2.17n

See text for details. The full curve can be represented by  100.4 e and the

dashed curve by '100.4 e 280 ploied is 3/2 AL









