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The use of the y—7,; indirect angular correlation for the deterniination of the Eg
COmpOhGnt of the second transition is reviewed. A complete analysis hased upon the least
squares method is presented, and sex_isibility limits 10-the EO/E2 intensity ratio in
even—even nuclei are calculated for several combinations of spin sequences and E2/M1
multipole mixtures of the first and second transitions. The statistical bias introduced by
the Ic;ast squares ‘method is mapped an'-d correction values are determined. The method
allows one to stipulaie the winimun couniing statistics beyond which the E0/E2 intensity
ratio can be determined with a standard deviation Jess than 100%. The E0/E2 intensity
ratio of the 822 keV, 2' = 2 {ransition in “Ru was determined using this method, and it is
0.051(34). Older data from other authors on the 8§18 keV, 2' = 2 transition in 1°Cd were
reanalized with this method, and the value 0.39(6) is suggested for the BEO/E2 intensity

raio.




- 1. INTRODUCTION:

o The_-rp_o_ssibilir:y of using indirect’ gamma angular cotrelations for the determination.

ofthe E(]/-E"Z-inte’nﬁty ratio' was previously.ex&mined based upon the values of the angular’

correlation coefﬁcrents Ay and/or A 1 [1)- The work of Gardulski dnd W 1cdenbeck [2]
has shown thak the sen31b111ty of this- kmd of experiment to this ploperty is usually o,
causing the standa.rd devratlon to: be greater than or equal to 100%, and in some ‘cases only
an upper hrmt is possﬁ)Ie t0:quote. This caused the. abandon of that kmd of’ measurement

and- complla.tmns llke that of Lanﬂe et aJ [3] do not even quote its results. .

Our purpose here 1s to show that: there is a btatlstrcal treatment that, alhed to:

Monte Ca.rlo s:mula.tlons permrts the- study of the _counting’ stalistics requlred for a

selected sen51b111ty-_to the;EO[ EY mten_smy r_zmo, prlor._to_the execution of the expenment.

2. ANGULAR:CORRELATION FUNCTIONS .

The angq_l@f:__ce_rreiatioﬁ:: f_l.m.ctierr:_us:uéi_ly fitted to the experimental data can be

written. -

Was(O) = o1 A o Pooost) + A B Bieos®)] (1)

where: 'a'&- is: tii' 2

Ay are: the amsetrop' coefﬂc:ents, Qkk' a,re" he sohd angle and. fimte seurce size

correctmns, Pk(cos ]
between the: detect.ors, Flgure L shows &, schema,tzc diagram- of a- direct gamnma caqcade,
where: J; are the angu!ar momentum and parlty quantum- numbers of the nucldar sta,tes
res-pectlyei-y,:. and: Ly L.‘._ are_:-thea- tw.o:,lo-w_es_t_. p(_)ssrble gquantum numbers of the a.ngular

mormentune carried: by-the. emitted radiation. -

umber of commdences whlch would ber observed in the 1sotr0p1c case_

are-.the Legendre-poiynomrals‘-of--order. k and-- 0 1s-the anorle '

w here the th]rd transmoﬂ is suppoqed t.o be of pure multrpoianty

In the case of gamnia angular-correlations; the Ay, coefficients are given by

_ S Ay = Bk(_')’i) Adlm) - L ) L (2)
where T 1 R
. F(LLJJ)—zaiFk(L LJJ)+f5‘~'Fk(LLJ;r).5-"'
BR(%}_ = T n 5,, (3)
and’ ' :
. Fk(L I ;fJ) ¥ QJZFR(L L; JfJ) + JZFL(LZLQJIJ)
Adm)- = } B )

I+ &

B,{7,) is the orfentation parameter or statistical tensor of the inj_tiéi_'State'," _ath Ay is
the directidnal distribution coeffi cierrt for the second transition. The Fk-' symbols are the

Frauenfeldel coeffiments (4], and by is the mult,lpole mr\ture of transmoa i

n the partrcu]a.r case where the ﬁna,l nuciea.r 5pm is: .If-- 0 the Secorld"transmorr is

of pure mulmpolanty and" A (72) reduces to
) = Tyllalld) = BI00) Sy

'When the measured cofncidence involves the fi rst' and. third gamm'ér- rays of a triple.’

UILT), the

caqcade as in figure 2, the Arr coefﬁc:]ents acqmre an., extra factor,'
deorrentatlon coefﬁcnent represem.mor the sum over a,ll possabll:tzes fo :‘traﬁ i
SaMIT, COnVersion electroni, ete:,. o_f-. allr. relev an__t_ mulhipola.mles),, n(_)t_.:o_
are wriften. - o o B

Ak, = A = Bi(m) UlTiTo) Az}

IE"the 111termed1ate spins and parrtres are: equal ie J y 3= J (> 1/2} and



3. METHOD OF: ANALYSIS

T, = %y = &, the intermediate transition. will-have three relevant multipolarities, namely

- E0, M1;and E2: . In this:case, the: Ui (1J):- have the following form [1.5]: -

-...._q(E()/E‘)) ﬂ @
R T(Ez) ‘

and:

_ T} o B
T(E:z) s _

Fmasd

T{AL}y being the toﬁali,i;x_'a.nsition:probabiiity_,for the multipole: AL of the second. transition,

_the.-curly--bra.cketted—;-symhols:- aré-.ﬁj-coeff :cien_t's,: #: and. o arethe M1 and E2 conversion -

coefﬁments respectw y, the: </\L>,]r a.nd -<)1L> are the. multipofar. nuclear matrix

:The -'mgth{)d is:based:upan. the minimization of:

Tt 2

e\:p(a _‘1‘07- 22 Asy) S (10),

. 1-3 1-3 . ,
with respect t0 0, Ay and Ay, . W, and ¢y are the experimental values and their

uncertainties, respetively. Nevertheless, the Alil;z are not independent, but eqs. (6}
involving 4, 6;' and Q2 do reprcsen{ a COns’srain_t between them, and-the f_itr of both as
indepenr%lent parameters is not recommen(}é(i.,-_ For:the determination of Q? we also need
the multipole mixtures of the first and: secoﬁ'(.l':.transitions namely 6' (E"’/\ﬂ in general)
aud 6,(B2/M1). The problem can be made 31mpler if these two mixtures are prevmusly
detelmmed in alteumtwe direct corlela.mous geuerally present in the decay scheme If this
is. done, we. ha.ve oniy to. minimize S2 mth 1espect to  ap . and Q% The extlemum

eq_uatzons,_, 852/ day =0 .and. 88* [8Q% =D, can be wriften in marix form,

" and

gg-(UB}—%%ég(ﬁAU) =0 FR .{1113)

respectively, where the tilde represents . trausposu.lon a,nd the column vectors U; B and

the symnmetric matrix A are given by e

1 W, /ot _ _ 1o} poyfot pyfot
U= 11U, , B= .\Vipgi/gl}! _and A = Pgi/"? pzﬂhi/"%- e (19
LWL Wip, /o3 _ : piifotl

whele thEIQ are 1mphc1t sums. over the i = l,ﬂ, N experimental points, and the py; are

- g_ugen- by.

Pri = Bieln) Aulny) Qe Prfeosd) . o (13)

From the fact that- A is symmetric, it follows -




-1

)= 280 py __ | o

e aQ o
and we rewrite eq. (I15):
N pig AU) = 0 (15)
Itis easi:'ly,.ve_i_iﬁéd{.'tth‘atp
' e Bl (l—U) (16
. ar- Q2+/_\ +1 .
with-
17
I
. and eq..(15) becornés - . . : _
S 1—U)(B agAU) = 0 .- (7
QAT ’

Smce the denommator of eq: (17) is generally f‘ mte, it- can be left: behind, and the
remamder of the equ&tlon mwht bc seenas @& linear combmatlon of eq. (11a) with a simpler

one,_a.ud_-, we Can: adqp,t..&: new.set:of equat_lons_,_ :

L "ﬂ._(B._%ém'- z . : : -

and:

T(B-o A =0 ©(18b)

" The: qaanhty g can: be isolated in eq. (18b) and its insertion in (18a) ends mLh a
remark&ble, 1£ more or less previsible result (18&) turns out to be a first degree polynomial

_ m Q2 ’ whgch means tha.t the exact solutlon of the least squares problem for its
determma.tmn :mght be achieved w:th()ut thc use of iterative methods bug is linear and
then analytic.. The standard deviations of 010 and Q2 are obtained in the usual way,

calculating their covariance matrix.

A

Due t6 the quantity of arithmetical opérations, the computer code must bé all built

in DOUBLE PRECISION, wlen written in FORTRAN 77 or equivalent languages. -

A, §TUDY OF THE SENSIBILITY LIMITS - .
" With the analytic solittion of the: leéSt squares pfdbl’ém; we did-a study of-the effect -
of the counting statistics (0g, @ }, and of & . by and i‘heir uncerfajnties; for- se.vérai spin .

seqiences. This was performed via'a. s:mu%atmn of the” Q? d}stnbutlon ChoosuvT [ox3

Gy s O 32 and. . 06 ; generatmg & and 62 w1thava,u551au random number

generaior. (g-g ), and calculating the t\u coefficients and the W Fma,lly, each Wy

crencrated wxr.h a g £, around Wi, vuth st.andard de\r]a.tmn j Th15:_ at& set xs then _ '

submitied. to the analysis of the previous secmon returmncr Q“ and . values Repea,tmg: .

this procedme many times, we.are a,ble to study the frequency dlstnbutlon (f.d: } of Q'
caleulating its mean value and: standa,rd dev:atwn “The £d:of Q2 is shcrht.ly 4asy1mnetnc_

in general, as shown in figure 3.

The simulations-were done for- aro ranging from 103 toSlO“ Q2 fromO to 1, &
from. — 10 to 10, " & f1orn 107 3 to 10, and for the followmv spm sequences J; ranging
from %o 4, when. J; Jg: are 2 and o respectwel and Ji from 2106 when I J; are d
and 2. Each stmulatlon 1nvolvec[ severt: W(ﬂ) and. oy palrs, w1t.h 9 ranﬂmg flom 90" 0
270° in steps of 30°. _ L = .

The study of the. Q¥ distributions for the combina,t;ions of the- paréﬁlefers
[H(‘nt.]Ol‘i(‘d above, allowed us to write; down an a\pre<510n for the détection hmlt defined as
the standard deviation of Q2 or, in other words, the Q- value wlnch wouid be measured’
with a 100% standard deviation {~ 16%. probability of being vanishing small}. This limit.

is given by



- inm = ‘[clTG_ {t—‘g [(a Ji+b) log| 6+ (c-J; +d}] } (19)

where. the term involviag: logjé,| is- not. present when the first transition. is of puze

multipolaxitv 'or' of M3/E2 character ca, by ¢, d and e are coefficients Unfen in

- table 1, as fuﬂCthnS Lof: the 1ntermed1ate ancl ﬁnal splns of the cascade; J. and Je o

respectlvely The:. 1 N_ facﬁor fn eq (19} might: be Subsmtuted by the mean relative

standard: dewamon ofione's: data sefi;. o ’v/ W

When def.ermmmg the: Qz. value from one's datay one main point is the statistical

biag introdueed.in, the results by: the least. squares method dueto:the standard. dev iations of
the mtervemng (quantities- (mainly: the counting stat;mtms} We have mapped this bias for
_the vanous cases: sxmulated and some of the results are shown in table K Values quoted in
table2 7 ha,ve to be subt,racted from the Q% produced by the least squares method in order
to show the gorrect va[ue “This blas Was, stu(hed in all. smmla.tlons performed, showing low
~e1151b1]1tv to.the. Q- value.

It was.also observed that the sensibility of this method rapidly- decreases as the
absolute vatue of one or both the multipole. mixtures. §;., 6, goes to values less than 1. as

can be seen from eq. {19):

5. APPLICATIONS: 2\~ 2 TRANSITIONS IN. 10y AND' 19¢q -

A: R

A study of - 19%Rh: #F and EC decays to. """Ru was concluded recently by G..

Kenchian [6]; and. a number of angular correlation data became available. Two indivect

gamma. cascades were'chosen,- witi. the 822 keV 2' -+ 2 (ransition as the unchserved one,

10

and the angular correlation data are given in table 3. together with other information about
the cascades.

The multipole conversion coclficients for the 822 keV transition were taken from the
work of Hager and Seltzer [7], resulting o{E2) = 1.42 = 107 and ML) =149 =103,
The E2/M1 multipole mixture of the same transition was taken from Kenchian's work,
5 (822 keV) = 3.70{41), and it is consistent. with older data [3].

Application of eq. {19) to these data pro(luc.es Q?im = 0.041 for the detection limit
of the EO/E2 intensity ratio. The resulting’ Q2 values are 9.077(32) and. 0:037(46) from
t:he' 110?.7539 and 1153539 cascades respectively, corrected for the statistical bias. The
weighted mean of the previous values is the accepted E0/E2 intensity ratio of the 322 keV
wansition in "Ru, and it is  0.051{34), which has ouly zbout 7% probability of being

vanishing small.

B. IIOCd

Gardulski and Wiedenbeck [2] had used the method or ref. 1 in order to determine
the EO content of the 2'- 2 transition in several nuclei. All results shown in their work
are affected by a 108% standard deviation. Since they furnish enough experimental detail
in their work, we decided to reanaii_ze the greatest value quoted there, that of {1°Cd.

Table 4 shows the cascades they had used, their aunisotropy coelficients and resulting
Q? values, With the anisotropy coeflicients and their standard deviations we were able to
recover the _couuting statistics, simulate the measured data undéf !;he- c'bmiiti‘.uns clescfibed
by the authors, and reanalyze then,

Application of eq. (19) 10 the counting stasistics of both cascades resulted
Qim =0.13 and ini,l_: 0.073 for the 3220 and 4220 cascades, respectively. Analysis of

7

sinntlated datz produced QF = 0.183(59) and QF = 0.24(17} for these cascades, and the

. weighted mean of 0.19(6) is a recommended value for this intensity ratio.




i

6. CONCLUSIONS:.

The a_ana,l}_'ztic selution of the-'ext'rereum eq11a.tions' of the leest squares method applied
to the detefminatien of.fhe EQ/E2 inte'nsify ratie enabled us h'o.qtudy the sensibility of the
mdlrect cramma angular correlatmn to” QYE0/E2) as well as to map the statistical hias
preqent in- the result We were also able to ‘express this sens1b;1|ty in a closed form
(eq: (19)), representmg an esmmate of the. standard devmtlon that results from a chosen
" counting: statlstlcs, for fixed -values of 61 ) 62 “and c:pm sequence of the cascade. This
expressmn. can-be trusted- within a factor of _ﬁwo, as-can be seen [rom the applications done
in sect10n5 S . o

By a,pplymg thls method we have deCermmed the EQO/E2 intensity ratio for the
$22 keV/ tranmtum i %Ry and. also- proc[uced a: recommended value for the 818 keV

tranmtlon_m 1‘°Cd based -upon- measurements of Gerdulslﬂ and Wiedenbeck. We

recommend'the reana.lys:s of thelr data. w1th1n the fra,mework of the method described here.

The loss of sensxi:uhty a8 by approaches zer0 is related to the reduction of the E2

mtensmy and its presence’ in the denom _"ator of the: Q2 ratlo In these cases, the

sensnblhty rmght be restored by deﬁmng--a.' _EO/MI mtensn;y ratlo and applymg the same

ana.lys1s done in this work RS
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FIGURE CAPTIONS. -
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Z7200. and 20000 trials.

TABLE 1. Coefficients of eq. (19).

d by simulating. the. 1553539  cascade of




TABLE '2.".Q2::s.tar{istiéai- bias for vari__éljs combinations of thé_other,paramehers. For each 4, thefirst value
. istelated to' & = £1 and the second to 6; =+10.

fspia | 2
sequence| = J R B R I
P AL 222200 3220: . 14220 ] 2442 3442 4442 5442 6442

_ 3 ) _—.0_56- 031 _%—'-.040,.' 092% | 020 |—.057 | ~.011 |-.0035
108 R I EEE o
R e . .0046 | .0033 | .0082 | 010 | -.008 010 [ .0069

e B LN R S-S S 1% B
| oot | - [ 020 | 022 | -

058 — -

022 - .067

—.079 | —.039 —

—.0072 [—.0026 | 036

T YT T K

~ | 083" 065

(R A7 o

L 06s. 036 |-.063.|

_ This.value needs more accurate verification: .

. TABLE 3. W{#) values for cascades in 10Rx.

§ - | Cascade® - B
() 2(1107)2(522)2(539)0 2(1553)2(822)2(539)0

o0 UeIT(ms) oo 7360(iis)
120 eIy o 136(116)
0 6L73(124) S sy
as0 T sees20y T 6983(103)
a1 6131(12‘5)_ = T 7233(116)
'240:_ S 6454(.1'-2_5)-.,.._-   : C - 7339(116)
270 260(i23) ST Tar0(Ld)

3The notation. contains the spin’ segience and: numbers between
parentheses.are gamma transition energies, in keV.
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. *Same notation asin Table 3.
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