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Abstract: Using a boson expansion that includes app{opriate.anharmupjc terms, the decay
widih-of a scalar-isoscalar meson into, two. puendoscalar-isovector mesons is calculated, A

-confining mechan.iém,,léading to a-discretization of the modes in the quark-antiguark con-

tinuum, is incorporated in the model through a constrained RPA approach. The technigue
is applied to the bound state solution: as:well as to the discretized solution,

It is a well estabﬁsh'ed empirical fact that the Properties and interactions of non-strange hadrons
at energy and momenturm tranfers up.ta about 1GeV aré most efficiently described in terms of mesans,
and in particnlar, picn degrees of freedom rather than quark-gluon degrees of freedom.

As a consequence, mach- activity has been focussed gn the derivatiuu- of effective. Lagrangians for

low.energy hadron Physies [1-3% The basie starting point in the construction of a low energy effective

Lagrangian of QCD. is-the; chiral s_ym.n:ietry [4). The importance of chiral invariance is-realized by
moticing that it ensures. zhze_appearanc.e.'di; Goldstone bosans, and. the existence of current: algebra
relations and.of lqvu_v-,energy'theorgms._ ) _ o

- The lineah;.-cr: x;ilu.debor.igigaﬂy;s_uggeste_d by Gell - Maan and Lévy |5} allows for spontaneously

broken chiral sMetry and_;im;olyeg?__.b-esides- quarks, a.sigma field (Scaiar—isosca_lar}. and a pion

field (pseudosca.lar_-is_wector)‘, B y asli ght ,expl_icii_; breaking of _Fhe.dﬁral‘ synmefry_dne-can fulfii the
hypothesis of the partial consery'éﬁqn_o_f'the axial current {5,6). B o

The- aim.of the present ';'!a.;ier_' is'-t& calculate the de(:a.y. w-idth of 'the scalar-isoscalap mesons
inte' two pions within: the: _fraénéwo;k of the linear- sigma model:. To'dg this. :we will con;_sider a

besorization technique, . which. takes. int:d'_accuunt anharmonic terms; Iesponsible for. th_e:.cdupling

* between mesons. We will restrict ourselves to the time dependent Ha.rtree-Fock.(TDHF)_- approach. in
the small amplitude limit of the.-mes_qn.ﬁe_ld_ description. When we consider the effecis of the generator

up to second:order; we. get:linearized equations of motipn. for the excitation modes,, equivalente to .

Random Phase Approximation. {RPA}: An.extension of thiis expansion up to third order will include
anharmonic terms associated"with_the-ar_m coupling.. ' : ' o
In the-ﬁ:amevs_'brk of _fhe IDHF formalism the time evolution of Slater determinants _descri_bing'
s)rs_temsvin interaction with. external _ﬁeIds_ o, gfu',_is g_overngd by the Lagra\ngi_an B o e
L= it (Upolit) f E2(ol, + §1y) — Blp, 0yl 4, 1), )

where py is the one-bhody densi:ty matrix; equivalente to the Slater determipant which minimizes the

energy of the system, Here U is an arbitrary unitary matrix that provicfes a density matrix displaced

from eguilibrium. ) i )
o= Uptt, - @
and . . : : : '
Blon TG 11s) = tr(hp) 4 B(oy L, é,1,),
where Eo,1T,, £, 1,) is the energy of the free meson felds, and A is the oge body: Hamiltonian,
If we paramettize the matrix ¥ and the fields a1, 4, ffo- in terms.of the RPA operators (8ny 87)

and of the RPA ﬁelds‘(acrin,ﬂci“,b'&'i,,, ﬁdi,., the subsecripts + standing for positive and negative

" frequency solutions) i.e. :

U = ezp(i 3 (cab} +c38,)) = ezp(iS), - S (3a)
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w};_\ere < ¢ > and < ¢ > denote the equilibrium fields, the Lagrangian becomes
L= -2»2(1:,,x:,1 —chéa) = Hle,e7) - (4)
"

The mean-field Hamiitonian of the system, X(e,c™), is nothing else than the energy E(p,, 1L, & 1e)
expressed in terms of the parameters c.

It is well known-that‘anaha.rmunic p-rocesses are responsible for the decay of collective excita-
tions associated with normal modes of many-body systems [7]. Therefore, the description of physical
mesons as collective excitations of the vacuum, “hJch. is here regarded as a many- body systern, auto-
tnatically implies the interpretation of mesonic¢ clecays as such apharmonic processes, This plulosophy
has been followed in ref. [8] in connection with the Nambu-Jona-Lasinic medel and is taken again
h.ere in connection with, the sigma madel. In the small amplitude limit the Hamiltonian becomes
diagonal (harmonic approxjmationj. If the expansion is extended beyond the harmonic order we get:

H(e,c") _Ewnc e, + ka;m,,c(c ent

1, LnLn-

FhimntiCmtn + Emntitmn + h?m,,cgc,,-,c;) e {5) '

The term h,m"c;cmc describes the decay of a boson ninto a hoson [ and a boson m.
To study the decay of a meson ¢ into two ¥ we have to evaluate h", The correspondig coupling,

Foxxy 18 _by definition

Fiwrgr/ 20g §1 '

I (©)
where {1 is the normalization volume.

Using the Fermi golden rule, the transition a.mpiitufie for the decay o — o7, in the chiral limit,

3,
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Heze the factor 3 stands for the i 1sospm degcneracy
In a classical realization of the hnea.r sigma model, the scalar-isoscalar field o and the pseuscalas-

isovector field ¢ are classical fields. The effective Hamiltonian of the system can be written as
i = [ @287 + olole) +ins HENE)
+%fd3=(_n§+ﬁa’-€’a’+ﬂg+€’q’);-€'¢‘ fd:‘::( (e* + % — oly ~ca‘)

3

”‘ff (21)3 VP Pty (0*+¢)@(ﬁ2—z”), ' (8)

~ where Y= p& and <5 are the usual Dirac matmces, ¥ corresponds to the matrices of the fundamental

flavor representation SU(2); T, and I, are the crm_mﬂate momentum associated with the classxcal

fields o and é respectnely The last term in eq.(8) is a renormalization term, which depends ca a "

cutoff parameter A.The factor { in this term stands for the degeneracy of the system and will be taken
equal to six (three colours and two flavours). This counterterm caacels the eatire one fermion-loop
corrections, but the inclusion of the Dirac sea plays an important role in insuring the stability of the

vacuum againgt fluctuations {9}, The constants ¢ and @y in eq.(8) are given by
e=m:fr (9.0}

! 2
glod = M? - % . _ _ (9.5)

ﬁhere f is the pion decay constant, M =g < & >tmc is the constituent qua.rk mass and m, is the
mass of the phenomenological stiuctureless pion related: to.the psendoscalar-isovector field. With
this cholce of these constants the Goldberger-Treiman relation to this order : fr = Mo/ gy is-fulfilled.

" In terms of the generator § of the vacuum fluctuations, corrvsponding to-a.sum of generic modes
of excitati.ozl (see eq.(3)] the functional of energy E(p, 0,1l &;11y) expanded up to. tlird: order, in

homogeneous guark matter, is

Bp, 5T 3110) = Ba-+ 5l s SI) + ar(pulsh,S1) - 3 (T + (Ha)*)
+n(2M“(6a)2 + f‘;(aa)*) regn f (2—;;— (%(5&)2_-!- ;(w_)*) ot -8
L trlpolS, 18,18 hll) + (ool 60 51 + 209205+ (660 |

i (§(60)3+‘——~“2§5”)' oA, o)

e MQ j {2r)®

where Fp = tr(hopo) + E(< @ >, < F>), ho = p.E+ M,

Pa= }‘( ho)e(Az 2)

. is the one-body density matrix that describes the ground state-of the system (the: vacuum}, € =

p? + M2 and

bh = ﬂg5=r+tyﬁ"rsr 5, .

" The generators of the -scalar-isoscalar and pseudoscalar-isovector homogeneocus: exr.ltatmns for

zero momentum transfer are respectively given by
$, = PR ("0 + ifid e’ 1), (11.9)
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S = iBrsT.81 (P75 1) + 75752 (p? 1) (11.8)
When the RPA equations for these generators Are exactly solved {10] we obtain two types of
solutions:: 1) the discrete bound meson states, which have masses w smaler than the sum of the
dynamical masses. of their quarkfantiquark.(qﬁ)_ constituents {w < 2A), dnd 2) the quasi-bound
states embedded in tlie continuum: wh.ic.h have ﬂ'x,a‘sses larger than 2Af. A technique for discretization
of the continuum solutions.may be-introduced in the framework of a convenient variational approach.
This method, which may be regérded as a simulation of coﬁﬁneménn, since it represeats a constrain
imposed on the relative:motion of the g§ pair, relies on the assumption that the generators of the
vacuum Huctuations do not depend on p, except for the factor §-& occuring in §,. This asswmption is
not an approximation to avoid the exact RPA treatment but is rather an ansatz aimed at simulating
a confining mechanism. It implies.that the hadx_'.oni]: ra_dius is proportional to the inverse of the cutoff
parameter A. The assumption, S . 7 '
Fi(5%1) = f42), {12.a)
S(6%,0) = 500, (124)

leads. to- the replacement. of the the exact continuum RPA- solutions by a single normalizable mode,

that represents a2 kind-of cou.ﬁned mode.. The constrained RPA allows to deseribe the mesons above.

2M; without changing the miain features: which are connected with chiral invariance. In ref. [11]
similar assumption has been considered in. connection with the Nambu—]ona—Lasuuo Model.

The-orthonormalized RPA selutions far both, sca!a.r-asoscalar and pseudoscaia.r- isovector modes,

when the assumption given by eq{12) is conisidered, are g;\. en by :

a)scalar-isoscalar..

|60l D 1
+n| =
S /2, |n £92 13
" 1 + Wi, Igg—4ld
Hc:!:n = i“"ar-sdin:
) gl
fl:tn. !Pf w’ I! — AL, Eo'im
~ 291, o :
frtn = P AT uaavin . {13.0)
The dispersion relation is
2, 2y T
Win = T 2MMH & % \/ (w;f - 22 - fs’—’é) + &gl (14.0)
where n= 1,2, )
bjpsendoscalar-isovector
1 1

|6$¢n] =
V2wl 1+ 8¢9 12 10
G i)

n;i,, = Fiwg, ¢,
gy i
wi Iy - 4fu En

d. = 251w
H#n T M(w? I — 4lg)

"lin = tiugn’

§6l, (13.b)

and the dispersion relation is

z Mo my + 269l . \/(E{fz _mE +—259210).2 Yy

W = I;, 2 I(] 2 rI (14‘b)
In eqs.(l‘.".) and (14) the sym‘uois In, I, and Ln, n = 0,2 stand for the following integrals
7 . & arr AZ -
In= (21)3 € ( P )
. d® &p
i 2
I (21:')3 G(A 7
I e @) 2
(2 j = Eephe 0(AT L 7).
With these complete sets of solutions we can construct the RPA operators (eq.(3)) as:
i = Pafiiw+iBa an , (15.q)
E:n = i"B‘Tsfjs{-i-n + ")"‘51'"‘5%‘_,_" " . ' L (]‘5'b)
From this we get . . : o |
’ S = E (c"lorr: + crrlgrﬂ) 7 v (15":)
r=a,% ’
a=12

We can also expand any arbitrary oscillation of the scalar-isoscalar and pseudoscalar-isovéctor fields,
in terms of the RPA solutions. It gives:

i = Z(Cﬂ'ﬂb‘a-ﬂl + ':rrnao'—n) ¥ (16-0)
n=1 - . .

84" = 3 (eenbtly, + ernddl,) . (16.8)
n=|{ i

- Using eqs.(15) and {16)in eq.(10), and identifying the coefficient of ¢yycxcl,, as ko px ( that means

that the pion is taken as the RPA bound-state solution), we get
B = Mo0(2 - 65 1864160, ~ 4640(Fab ]\ (] Ar-nt

b fan) = MIFigd) + (Gre)Yom) . (a7)




From egs.{8) and (7} we can evaluate the o — o coup.ling censtant ond the width for the Jecay
of a sigma into two piuﬁs for bath, the bound-state so}ut::o.u and the discretized solution, gives by
eq.{14.a).

In table I, the numerical values of Wy, gorx and Coxe, are shown . In order to reproduce the
experimental pion decay constant, fr-= 93MeV, for a constituent.'qp:ark mass M = 3207V we
get from the Gnidbergerffreima.n relation g = 3.44. If we want the bound-state solution of eq.[14.5)
to reproduce the physical pien mass @ wy; = 138MeV, and the diseretized solution to reproduce
the pion ressonance, wep = 1300MeV, we get. m, = 179MeV and A = 1.62Mf, These are the
valtes of the parameters used to derive the numerical resulis presented in table I (§ Our results are
lower than the ¢ model result : goyr = ;;7:, in agreement with results obtained by others authors
18,19] in the NJL model. This is expected since the ¢ model result only giveé the coupling bétween
‘the phenomenclogical structureiess sigma and pion fields: In our approach the mesons must be
unders_tood as composed. of two ingrediénts : the structureless field plus a-coliective g7 component
built or the non-perturbative vacuum, Therefore the cou‘pl.iné comstant betweer these mesons riust
be different from the coupling between the fields. ‘

' The two lowest established scalar-isoscalar resonances are the fo(975) and fo{1400) whick decay

widths are respectively I' = 34 MeV (= 78% into x and = 23% inte KK) and T = 150 — 400Mf eV

(= 94% into == and. = 6% into KK} (13} The rumerical results provide support to compare the

* second mode to the, fo(1400), which is more commonly interpreted as a true resonance [13,14]. The
decay width obtained is in good agreement with the experimental one.

In: conclusion, we have used the linear sigma model to i#‘iéi:i’gate the decay width of a sigma
meson into two. pions. In this approach mesons are composed by phenomenological structureless
fields plus ;:xcitations of the vacuum. They are described as RPA solutions of the linearized TDHF
equations. Decay procesées of mesons are descrihed by -anharmonic_contributions of the vacuum
fluctuations energy. The problems of dealing with the RPA modes in the tgoutinuum, associated with
the lack of confinement, are _ci::umvented by i'mpos.Ing_a_, simple restriction on the generators of the

’ vacuum: fuctuations. The discretized modes of the continuum can decay in s?eciﬁc meson channels.
Despite the fact that the present results should be regarded as ésséntially qualitative, the decay width
obtained is.of the same order of the experimental one: .
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TABLE CAPTION

Table I Values of the scalar-isoscalar meson mass (uw, ), signra-pion-pion coupling constant {gy«.) and
the decay width of a sigraa into two pions (I“,"'), for bouns-states {first line} and discretized
solution, calculated for the pion RPA bound-utale solution using M = 320ALeV, g = 3.44,
me = 178MeV-and A = 1.62M. '

TADLE 1

Wo(MeV) | gonx(MeV) | Toin{MeV).

550, 780, 67.0 |
1280. 3150. 470,
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