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Abstract

A two-level quantum mechanical approach is developed in order to explain how the
racemization depends on the interaction of the active molecule with the environment,

All relevant physical parameters of the molecules and of the optically active sample

“are explicitely defiried inr our calculations. Our general predictions are applied o

- study two particular cases: (a) dilute gases and (b) dense gases, liquids and solids.

1. Im_:r_oduction :

As well knéwn,l the optical activity of an op'r,ica.lly active material change with
time. The sa.mple. containing predominatly one stereoisomer, will become a mixture
of equal amounts of each isomer. We investigaie how this relaxation process, named
racemization, depends on the interaction of the active molecule with the environment.

Many approaches, dynamical and static ones, have been proposed to describe the
interaction o:f an active mt.)iec'ule with the enviroment as one can see, discussed in
details, in the paper of Claverie and Jora-Lasinio.? As pointed out by them,2 these
models are not completely satisfactory because they involve .some.phénomenologicé.l
parameters whose identification is not immediate. Claverie and Jona-Lasinio? have
developed a siatic approach that ‘ would be able io explain the fact that active
melecuies exhibiting s-y_mmetric-: configurations could be localized in one of them.

In this paper, assuming that an active molecule changes its handedness oniy by
tunne[lmg, a t.wo-levei quantum mechanical formalism will be developed in order to
explam thie effect of the env:ronment in the racemization process. Our approa.ch can
be applied when the active molecule is embedded in a gas, 11qu1d, solid or submitted
10 a generic ‘external fieid. 2 All relevant physical pa.ra.rﬁeters of the molecules a.ﬁd

of the optxcal]y active sample are explicitely defined in our calculations. Since the

.asymmetries in the spectra and in the optical activity induced by the weak 1nteract1on

seem to be small,l 3

only electromagnetic forces will be taken into account in our
model.
Qur generat predictions are applied to study racemization of samples in two

limiting cases: (a) ditute gases and (b) dense gases, liquids and solids.

2. Perturbed Active Molecule

Optical activity occurs! when the molecule has two distinet left and right con-

figurations, |L} and |R), which are degenerate by the parity operation, that is,




PIL} = IR} and PR} = [L). Left-right isomerism can be viewed in terms of a
double bottomed potential well®'® and the states IL} and {R} may be pictured
zs molecular configurations that are concentrated ir: the left or right potential well.

The coordinate z involved in the parity operation P, connecting the two potential

minima, may represent the position of an atom, the rotation of a group around a

bond, some other‘ cmrdiqate or collective coordinate of the ‘molecule.

Let us indicate by Hp the hamiltonian of each side of the double well and by
Vo(z) the potential barrier separating the two minima of the double well. In this
picture [L) and [R) are eigenstates of Hy, that is, {L|Ho|L) = {R|Ho|R} = E; and

will have a small overlap inside the barrier Vy{x) so that {L|Vh|R) = (R{V,|L} = 6.
V We develop now a theory to explain the racemization of an optically active sample
assuming that th relaxation process is producedr essentially by transitions between
the two vibrational states |Z} and [R). ' ’

The interaction potential of the activeé molecule with the environment will be
represented by [/(t). First, let us assume that Vy{z) and U{t) are, in principle,
equally relevant for transitions between |L) and |R) configurations. In this case

the state function [¥(2)} of the active molecule will be represented by

[6(t)) = e~ Bt/R [qp(t)|L) +ar(t)|R)] . . (2.1)

obeying the equation ihd|y(1)}/0t = [H, —,— Viz. t)]le(t)), where V{z, t) = Vo(z) +

U(¢). Thus, ar(¥) and aR(fj are governed by the following differential equations

ar(t) = (—i/R)ar(t) VoL + ar(t) ViRl ,
ar(t) = (=i/A)[an(t) Var + ar(t) Vsl -
where the matrix elements Vi, with n,k = L and R, are real functions given by

Vae = {n|V(z,t){k}. Due to left and right symmetry, Viz = Var and Vi, = Vga.

Solving Egs. {2.2) we get

ar{t) = e~0eelt) [ge—Wirlt) . peifinldl]fg |

ap(t) = e~ [gei0ualt) _ peifirll] /2

where - a and b are conéta.n_ts- determined Ey the initial conditions and 8.(t) =
BV dt/h. _
Ifat t=0 the active molecule is prepared so that [w(0)) = [|R) + LY/ V2, we

have, from Eqs. (2.1} and (2.3), ¢ = /2 and b=0. So, in these conditions, the

molecular state will be described .by the state function [t4(t)) written as [|¥.(8)) =
e~ |4, (1)) = e+ W e EtiMy) where ay(t) = [f[ULc(t) + Uza(t)dt/h, [+) =

:{ER) +|L)}/VZ and E, = Ey+6. On the other hand, if |#(0)) = [|R) — [L)]/V3, .

we.see that @ =0 and b= /2, resg.lting the molecular state Wo_(t)): b ()} =
e Ol_(1)) = e-2- Ve BN 1), where a_(t) = KUsc(t) — Upr(t) dt/h, =) =
(R — |L)/v2 and E_ = Eg -8 These states, with + and — partities,
respectively, are eigenstates of H = Hp + Vy(z), that is, H|¢pe(t)} = ExlpL(t).

Molecules prepared at- + and — parity states give a net contribution equal to

zero. to.the chirality of the sample. Since the initial left-right symmetry of these + i

and” — states is not modified. by U(#), no alteration of the chirality of the system
is produced by the external potential: _
Let us study now the case when the active molecule is prepared at ¢ = 0 at

left or right configuration. We will see that only in this case U(t) can contribute

" to the racemization process.. Thus, solving Eds. (2.2) assuming, for instance, that -

|¢(0)) = |L}, we get from Eqgs. (2.1} and (2.3), ar(0) =1, ar(0) =0 and a=&=1

Consequently, ar(t) and ag(t) are given by

ar(t) = e~9rLlt) cos(fra(t)) ,

| (2.4)
an(t) = —ie~*ul sin(f;a(1)) . _

Using Fqgs.(2.1) and {2.4), the state function of the active molecule, initially in a
left configuration, will be written as
o (1)) = e OnnlIr B feos(gp(t))IL) — isin(BrattDIRY .~ (2:5)
The racemization is described by r(t) that is defined by

r(t) = [{RlwL{t)? = sin®(Ba(t)) o (26)

#
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where - 8rp(ty= [(L|Vol{z) + U} R) i/ k.

“First, let us show that the weil known quantum mechanical deseription of |¥,(2))
for an isolated molecule is obtained putting U(t) = 0 in. Eq.(2.5). Tndeed, in this
case, Eq.(2.5) becomes: '

lr(£)) = e~ Bt/ [cos(St/R)| L) — isin(8¢/R)|R)] ' (2.7}

and, consequently, r{¢} = éinz(ét/h). According to Eq.{2.7), the molecule prepared
left-handed at’ ¢ = 0 will oscillate back and forth between left and right forms with
irequency w = 6/k. The quantum oscillation time 7 =27/w can be estimated in
terms of the tunnelling rate through the barrier Vo{z).4 Taking into account the

1 we see that it would exist. + of seconds, minutes.

range of molecular parameters,
hours, years up to. billions of years. For alanine, for instance, T ~ 10° years,
according to Hund® estimates. .

Now, using our general predictions, given by Eq.(2.6), we will investigate the

effect of the perturbation U(t) on the chirality of the system in two limiting cases:
{a) Dilule Gases and (b) Dense Gases, Liquids and Solids.

(a) Dilute Gases

By dilute gas we mean®

expressed in terms of binary collisiens with the perturbing molecules of the sample, -

the duration of which are very short compared to all other time scales, in particular
the tunnelling time. In other words, molecular interactions can be treated in the
“tmpact appro:dma.tion”.7

Thus, let us see how to estimate Opa(t) in the impact approximation. According

to- Eq.(2.6) we see that 6pp(t) = 6t/h + J{ Urn(t)dt/h.. So, if the collision times.

are much smaller than the tunnelling time and during the time interval ¢. thereis a

large number of collisions between the active and perturbing molecules, the tunnelling

effect becomes negligible compared with the collision effects. Calculating now the

collision effects, using the well known impact approximation formalism:? we see that

that the dynamics of interactions of active molecule is

r(t} = e~*, where the transition probability per unit of time A is given by

A= 25 N@ fo “ bdb jo ™ v P(v) dv (si®(Bpx)) » (2.8)

where N@ {5 the density of perturbing molecules, & the impact parameter of
the colliding particles, v the relative velocity between them, P(v) the Maxwell-
Boltzmann velocity distribution, the brackets (---) mean an average over internal

states of the colliding particles and finally,
Op = Ou(t = +00) = [o vrr(t) dt/h = jo (Lu()IR) dt/#

u(t) beiﬁg the interacting potential between active and perturbing molecules.

The racemization factor ), defined by Eq.(2.8), could be calculated in details®
taking into account all relevant p.'.xrameters of the optically active sample. However,
we inten;i to obtain here only the main features of the relaxation phenomenum. In
this way, let us indicate the interaction potential u(t} simply by u(t} = v/R(t),
wher‘e v represent the force constants of the interacting pa.rticles,g’ 10 R(t) the
distance between colliding molecules and and p is equal to 3,4, 5,..., if the
interaction is dip.ole-dipole, dipole-quadrupole, quadrupole-quadrupole and so on.
Since for thé. active molecule, the dipole matrix element (LId|RY = 0, we sée that

p > 3. Thus, usicg this simplified potential and Eq.(2.8), X\ will be giv.en byg’ 1
X o (o /R) 1) N (LT ) p-3) -1 (2.9)

where k is the Boltzamnn constant, T the absolute temperature of the sfstem
and m thel Ireduced ma.ss of the colliding particles. We see, from Eq.(2.9), .th_a.t the
racemization increases as the temperature increases.” We mist note, howevér, tha.t_
Eq.(2.9) can be applied only when the impact approximation is valid, that is, when
T > 1/A  This implies thf"st, when a dilute gas approximation is satisfied, collisions

would always destrdy rather than stabilize the handedness of the sample.5




(b} Dense Gases, Liquids and Solids

In dense gases and liquids multiple interactions dominare binary ones. To a frst

approximation in dense gases and liquids. as in solids, the active molecule will be -

assumed to be inside a small cavity surrounded by perturbing molecules regarded as
at rést. In these conditions, the interaction potentials created by the perturbing
molecules: inside his cavity will be taken as static and equal to I7(z) in the
region. of the double well potential. Thus, instead of Vy{z), the potential bar-
rier would be given by the effective patential Vig{x) = Vo(z) + Ui(z). Defining
b = (L|Var(2)| R) = (L[Vo(2}+U,(2)|R) 2nd using Eq.(2.6) we get Ipa(t) = but/h

and, consequently,
r(t) = sin*(6.g t/A) . {2.10)

Eq.{2.10} shows that the racemization time is given by an effective time
Teg = h/8.z. Depending on the perturbative potential Uy(z} the effective racemizasion
time - T.g can be larger or smaller than the 'na.tural.tunnelling time .

Claverie and Jona-Lasinio? have considered in their paf)er a perturbative poten-
tial Uy(z)} which is concentrated in a small space region compared with the size of
the double well. Tﬁey have shown that this kind of perturbation would be able, in
principle, to-stabilize molecules in a given, left or right, configuration. Nurmerical
estimates for thi-s locélization have been perforﬁzed for dipo.]a.r molecules (NH;, AsH;
and PH;) in a gaseous .state. The potential U/;(z) was taken as the following: once
2 molecule is in a given, left and right, configuration, its dipole moment dy locally
polarizes the surrounding which, in turn, creates, at the position of dy, as so called
reaction field E,,12 “which is collincar wita dj. This Ui would be given by
Uy = —(g — 1)d?/(2e + 1)a®, where ¢ is the dieletric constant of the medium and
e the radius of the cavity where the molecule is embedded. As U is negative it
‘tends to stabilize the conﬁgﬁration by lowering the potential energy of the localized,
|E) or |R}, state. '

Finally, let us study the effect of U(t) on active molecules prepared at + and —

parity states. In this case, as shown before, the energy difference E,—E_ =28 and
the left-right osciliation frequency w = §/h, depend only on the internal structure of

the molecule. In these conditions, as well knowu,s.-' 13 the state function [&(2)} of

* the active molecule can be represented in terms of the two eigenstates, 4 (t)) and

|#-(#)), of the operator H = Hy + Vo(z), that is

W) = ar(B)lg+ () + a_(D)l-(8)}

where [64(£)) = |£) e Fat/¥, |2} = (|R) £|L))/V2, Ei=Eoté, and Hlg.(t)) =
Exlgs(t)). In this context, {({)) obeys the equation iha|w(t)) O =
7+ U

In these condisions, as shown in Appendix; the net contribution of I (t) tothe-

chirality of the sample is equal to .zero, independently of the initial state - [#{0)).

&
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APPENDIX

We calculate here the racemization produced by U(t} when the active moiecules

arve prepared at the + and — parity states. In these conditions, as pointed out in
section 2, the active molecule state function would be represented by& 13
() = ay (D164 (1)) +a_(E)ig () . E8Y

where |éx(t)) = |[£) e EYF with &) = (|R) £ 1L))/v2 and E. = Eg+ &, are
eigenstates.of H = Ho+ Volx), that is, H|o+(t)) = Ex|oxit)). Since jw(t)) obeys
the equation RAY(t)}/8t = [H + U(£)}w(t)), ar(t) and a_{t} obey the following

differential equations

ar(t) = (—i/hMar(t) Ues(8) + a(§) Up_(t) e~ 20081

. _ (4.2)
a_(t) = (=i/R)a_ () U__(£) + a, () U_ (t) ™F]

where the real matrix elements [, with n,k =+ and -, are given by {(n{U{t)}|k}.
Due to left and right symametry, Upy =U__ and Uy =07 .
As one can easily verify,s’ 13 Eqs.{A.2) can be solved, in a good approximation,

taking § = 0. In this case we obtain .

ay(t) = g0+ (t) [o er-U) 4 petfe-ttiiyg
' y tA.3)
a_(t) = e i) [ge= 10 _ peife-) /3

where the constants ¢ and ? are determined by the inital conditions and 8,11 =
b (=|U)|k) dt /R
Assuming, for instance, that [¢(0)) = {+) we get. from Egs.(A.lj and {A.3),

a =b=1, resulting

a (t) = e ++ cos{d, (1)) ,

. (A4)
a_(t) = —ie %+ gin(8,_(1)) .
Using Eqs'.(A.l) and (A.4) we write |g(t)) as
) = O cos(B ()i () — i S0y (Do_(t))) . (AD)

9

We are now in conditions to calculate the racemization produced by U(#), that
will be given by the transition probaBilities between [1(#)) and the |L} and |R)
states. Using Eq(AE’)) we see that left and right configurations appear with. the

same probability, that is
KW = (BRI = [1 — cos(By—(t)) sin(Be(2)) sin(26¢/R)]/2 -

This implies that the net racemization produced by U (tj is e(;,luai to zero.

" Assuming now that [$(0)) = |Lj we get, from (A.1) and (A.3), a = 0 and
b= /3, resulting ay(f) = —a_(t) = e¥O\2/2, where O(t) = B, (1) ~ 8,_(1).
Consequently, we obtain from Eq. (A.1},

_hb(i)) = e o=t/ eog(5¢/8)| L) — i sin(bt/B)|R)] .

showing that the racemization independs of the perturbation U(2).
We have shown for two particular initial states, {1;’:(0)) =|+} and [¥(0)) = (L},
that the perturbative U/(t) is not able to change the chirality of the sampie, howeve.r,

as can be easily verified, this result is.the same for any |4(0)).
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