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We compute the ﬂuctuatmns of the order parameter in the Curie-Weiss version

- ofa s:te d11ute a.ntxferxomagnet Our results shew
- 1). Gaussian; ﬂuctuatlons away: &om entlealxty or at a first order cntlcal pmnt w:th
. Vsample and thermal ﬂuctuatmns eontnbutmg in same: order

o u} Nou—Gauss:an ﬂuctuatmns mth mtmal expnnents modlﬁed by the presence of

. } ddutlon at the second. order- mtleal pomt In tlns ca.se sample induced fluctuations .

are enhanced as to domnate over the thermal ones. Cnf:ical exponents are the same

.85 in Cune—Welss Random Fle].d Ismg Model
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1. INFRODUCTION

Considerable theoretical effort has been made in recent years to understé.ed :the.
Ising model in the presence of a..randem magnetic fietall—8] (RMF). However, ran-
dom fields cannot be dlrectly produced in laboratories. After the original paper by
8. Fishman and A. Aha.rony[3] and the arguments of P, Z Wong et al. [9] there is a

' generahzed behef that: this model is somehow eqmva.[ent to site-dilute antiferromag-

netic Ismg models in the' presence of an applied uniform magnetic field (DAF), which

are experxmentally accessible system[-lol : Pa.rtxcularly, the degree of dilution and

the mtens;ty of the ﬁeld which' are. supposed to- be rela,ted to the RMF parameters,
can be well controlled

Wlth few exceptxons[lll the: works on. th.xs eqmvaleuce ha.ve been centered m_'

-the usua.l mean ﬁeld a.pprms:lma,t‘.xorx[3 9 12] A complete mappmg between the

para.meters a.nd phase chagrams has been obta.medm for Cune—Welss (C “W). versxons.

. of both models -which were solved[4 6] by a-method due tovan Hemmen[]'s] In spite: -

of bemg mean: field models, the Iatter are somewhat: subtler from the: probablhstlc- :
point of view. 'Rigorous work by R.S Elhs and C.M. Newman{!4—16} studymg large:
deviation in classical Ising- hke C—W models has shown. that they dxsplay non-tmrza.l
ﬂuctuatxons of the order parameter at crmca.hty These results has been extended
to disordered models such as RMF{L 2, _

In this work we study the: fluctuations of the C W versmn of the DAF model a.nd
compa.re our results with 1'.Imse{1 2] of the: correspondent RMF model,

The Cune-Wmss DAF model we use is descnbed in a finite vqume A C Zd by'

fthe Hamﬂtoman

HDAF = —5—" Z Eg{:ﬂ'.ﬂ'}"- N Z: E:EJO}‘T +

‘.JEA= ) uer

+"" ZEIEJU|GJ+HEEI0-1 . o | :.7 (1)




where_i\‘;(u) ANZYg with Z2(Z§) being the sublattice of Z? for which the sum of
coordma.tes of each site are-even (odd) integers. The interaction is antiferromagnetic
(J =-0) between s:tes in dlﬂ'erent sub]attlces and there is.an exphcat ferroma.gnetxc
mtera,ctxon. (Vo >0) between mtes in the same sublattice. The random variables
§, € {0,1}. describe. the site d:lutmn and they are:taken to be independent and
zden_txca.lly dastnbuted,._wnh_ o _ _
{ 1 ,: -'rprobability.'p- :
& =
Q, proba.b:hty 1 -p -

The spm vanablea, oy, are, for s:mph(nty, taken to- be of Ismg type op = %1,

: The external magnetlc field H is umform a.nd deterrmmst:c, and N deuotes the-

: rmmberofpomtsm A SR _

. The'.Hauﬁltbnian- (I) ié sﬁghtly-differehf fro.n.i Iti'lsa,'t .used‘ in-.'a pi‘.evi.ouswork[‘i] it
per:mts, by makmg Jo= 0, the sﬁudy of a more natural 51tua.t1011 where no exptht
ferroma,gnetm mteractlon mSIde the sublattices is consxdered

" The RMF model to be compared to the modeI gwen by (1) is descnbed by the

Hamltoman

N 1L,jEA" .' €A

‘where: h;, i€ A, are independent ideﬁticaﬂy: distx;'iButed.r'a.ndqm 'va.riables.,' being

: equal to +H' with probability 1/2 _
This paper:is orga.mzed as follows Insectmn 2 we compute the thermodynaxmcs
of the DAF model defined by (1) and compare with the thermociynamlcs of the RMF_

defined by (2). as computed in references [6] and: [1] ‘I particular. we recover their

complete equlvalence observed in [4] for Jg =J. T}us thermodynamcal equivalence

however is somewhat mlsleadmg, as it remains true even if p=1! [ The solution of

this: a.ppa.reut paradox is presented in. sect:on 3 where we compute the asymptotms

of the fluctuations of the order parameter for large N asto verify the equivalence -

Hpur S Z 0;a; + Zh oy . (2)

of both models for all va.lués-df Jo,; 0 Jy<J, onlyif p#1. For p=1, even

if the two. models are thermodynamic'allj equivalent (for. Jy = 7J), the statistics of
their ﬂuctuation—\fa.riables and in particular their critical exponents are completely
differents.” In particular for 0 < r< 1 we obtaiz non self-averaging. (i.e. sample
dependent) fluctuations. At the critical temperature sample fluctuations dominate
forlarge N: over the thermal ﬂu‘ctuationé and being of the same order for T# T,

These-are the results in [1]:
2. THERMODYNAMICS OF THE MODEL _
- We compute; for both models,rtheir. free energy- Fgiven by

N—-oo {0'}1,;_- =

' where g is the mverse of the: tempetature, {cr} denotes ‘all’ the- possible spins

conﬁguratmns, and’ H s the Han:ultoman. 'IS.Inng H HDAF as in (1}, one may . o
write- T RPN ST |
o n S,'+S  J(Se— s _
Hige.= —l\%(—“z ). 1\? ( 5 °) + H(S. +5) .
where " : ' .
- J]. =J Jg
e(o) - E f 0'$ and: .
et R L A
" Then _ i
. . . _ 2NN . i N .
ZgAF = %e BHpar _ .‘?ﬁ”Jljzjdmdq e N§&, pla, )_.
where . . .
: o (gt + T\ FEN ,BJm—qu 2,BH
doar(m) . = g(lq—zt—) ~ 5 In cosh = 21 )=

B [ﬁ(sz tilig)+ 2ﬁH] f 3_"'-'(3)

4. :




with:. . - _
2
e(O} N &L

'E"‘e(u)

Here we: have, twice; made: use. _of : the identi_ty_ :

exp(a’i | f dz exp(——-i-\/_ aa:)

: mth ;z = —:\/% (§=-',“,§1) i one case and a —\/_(—Li""l) m f:he other, together. o

. with a. smtable change of the mtegl:a.tlon vana.bles

_ It can: be: shown[r?] that Lapla.ces asymptotxc method ig-valid: for multxple mte—'

- gra.ls thus obtammg the followmg express:on ior fice energy
B oar(B g, p','m = sqsm'_(q: mey

B wh'ere- )

""’*‘F(q’m) = Jm ¢m(q,m} = g(wﬁ)

{[ %ﬂﬂ] m{n

T 3

: a.nd (g%, LM ") sa.dd.le pomt of énw(% m)

In the new vanabl&s s

: _the-.a.bpy:_f_e_ expressions take the fqn:ﬁ':.._.
S o _ .BJn z .z. . o
= B foar(B, T, Jo, p, H) = S mi+ml) s gImem_

=B cosb(Bm BT, 4 8E) +  cosb (B4 B - )

‘with my defined by the eciuations .

Cms = Bigh(s Jorng+ B ms % BH)

This result can also be obtamed w1th the use of van Hemmen s method asin [4]. In

partlcular for Jo =J we have

B fonr 6,0, ip, ) = Laanst 4 un cosb(BIM K cosh(BIM =] (5)

with M =m, +'m-__- deﬁ__nedby'

=£ [tgh(ﬂJM + ﬂH) + tgh(ﬂJ'M ﬁH)]

However, it is: known[l 6] thaf: the free energy for the C-W RMF model gwen by . _
(2) 15 . . X . X .o

ﬁfmup(ﬁ,.r H) = = ,éiJM2 -= [].n cosh(ﬁJM + BH) + ].n cosh{ﬂJM ﬁH)] (6).

. w:th M determmed by' the equatuon

; _._M {tgh(ﬂJM+ﬁH)+tgh(ﬁJM ﬂH)];_._.-...-

From (5) and (6) it follows that

fmp(ﬂ,-f L1 = pfm(ﬁ, oV, H) G
for any: p € (0 1] (mcludmg the detenmmstlc case p= 1 ')
Remarks

: i') It majr seem. _surprising that the equivalencé holds true.even for' p.= 1, the

: detenmmstxc case. Howeve:r we w:ll show in Section 3 that from the-point- of view

“of ﬁuctua.t:ons the models mth p=1 a.nd 0 <p < 1. are dra.stxcally dlﬂ‘erent in.

pa.rt:cula.r with dﬂferent crmca.l exponents

T8




u) The exact mapping between the thermodyuam.lcs of the two models was only

possible for Jg'=. J.. However we w111 show in section 3 that from the point of view

- of ﬁuctuatlons the equahty of critical exponents holds true-even for 0< Jo < J

(P?él)

The a.bove remarks mdlca.te that no great Jmportance should be assigned to thls'

A thermodynamrcal eqmvalence

3. FLUcrUA?r'I'ONS.

. The st.udy of: ﬂuctua.tlons in the Statlstlcal Mechamcs of d:sordered systems is

much more comphcated tha.n in non—random models "“This remains true even for

' Cune—We:ss models . For the RMF model th.lS Hasg. been rigorously discussed by

Amaro de.-Matos: a.nd Perezm extendmg the: techmques and. ideas used by Ellis and:
Newman[14 16] in.the study of. non—ra.ndom C-W modeis

Here we proeeed to compute the asymptotxcs for: la.rge N of the ﬂuctuations of '
the order pa.ra.meter m the. DAF. model In: reference [1} the reader will ﬁnd the _
: rxgorous Justiﬁcatlons for the heunst:c consrderaf.lon we will present here.

. Let:us fiest consider: the case Ju'— J We wﬂl later on. show that rega.rdmg- .

ﬁuctuatlons the models with < J'o <.J', are essentlaily eqmva.[ent

The.order_ p_a.rameter f,. the difference of magn_.emz_a._hon in the two strbla.ttices,_

i {exp(=BHpAr) S5}
ey {e_}‘P(*ﬁ'HDAr)}: g

#Ni

in.the limit ¥ — oo satisfies N

| o emjme

where p is-definied. by -
“$var(0,4) = inf {gpar(0,m)ime R} .

7

The analysis of Auctuations of the order_parameter consists then in the determi-

nation of the probability distribution in the limit N — oo of the random variable:

: 1S5 i’ (5.~ S = Nu
= N7 (S - ) = SRR

- Here the value of e is to be determined as to gria'ra.ntee a non trivial limit. for the

“dis t.mbuhon of y e

" The proba.bihty d.:str:butlon of y w for la.rge N is related to the functlon

_'¢g;u..(n,'m) ;1‘1?1%25—- %ﬁflﬁ’coéh(ﬁ]m-'—' 55{) ~ FT" lncosh(,eJm+ﬁH) (8)

as follows{}'] Introducxug an a.umha.ry Ga.ussxan ra.ndom_ variable W of zero, meat

and variance 1, §. e W~ N (0 1), mdependent of a.H others variables we ha,ve, for

real. a- a.nd 'r.

W (S .S'D) Na ~ dxexp{ N¢DAF(Ua w5+ )}
‘/B-—Nl—'r o NI—')’ _'.:: fdzexp{—NéDAF(o,N.,-l-a)}

(%)

where the I. h 5. is the proba.bﬁlty dlstnbutlon of the random va.nable in the i h.s..

For large N, al! relevant mformatlcm is contained.in what ha.ppens a.round the

' pomt Ky, the minimum of quAF{O m) ie.

é.gAF(b’P:‘;v) = iﬁf{¢gAF(0am)':'fn'€R}

So we first compute fluctuations around P> using{9) with ‘a = By and éxpémding_.

N (0 L&+ F"v) around’ :c =0, so obtmmng the asymptotic dJstnbutlon of the

random variable

(8.~ Sp) = Nu

(5 N
N SNy ’




e

) '_ﬂuci;uatmns of : i

and

The: raadom';raﬁable-‘ Zy will be said to. represent the. thermal fluctuations.

. Notme how:_ver' ha y;N 1t.se1£ isa ra.ndom va.nahle because of the intrinsic random-

ness: (dJlutxon) of: the' ﬁmctlon qiDM.-(E) m) (see expression. (3)) whose minimum. is

'af:tamed ati "“N The ﬂuctua.tmus of g a.roumi the asymptotlc value p (non-
ra.ndom!)_ wﬂl ca.lled sampie mdueed ﬂuctuahons .,Therefore the Y ﬁuctuatxons

E Wx]l be obtmned as:a: compos1tmn of the z thexmal ﬂuctuatxons and the sample

We beg;ln thh sample ﬁuctua.txons ﬁ'om .

”5":'E1E:;

gh(p;._r;;N.—,_ﬁH)F,‘?’_ + k(BT + BH)FY]

e ’i itgh(ﬂ.m pHy+ tgh(ﬁJ#+ﬂH)]

- First, the:Law-of Latge Numbers: guarantees that p N vnth pmba.blhty -one.

Expanding then . tgh{#J g\, & SHY): around ].L we obtain.for: > TCF where p=0,

the fo]lomng expresswn :

Poara(0,0)

e e = SHBBHYEY = ) + B seck¥(BEVEY + FY - 2p)py -
- 032} segh?(ﬁﬂ) tgh(BEYFY — F¥)p? - @ffﬁ iy
¢DAF4(0 0) (FN+FN—2p)#N : o (10)

~312pBJ

) wherc: GDAF i is the. derivative of j-order of. ¢pup.

Now, since F¥ o(0) ATE Sums of independent identically distributed random variables

' converging both to . p- (the dilution), we obiain from the Central Limit Theorem:

gty - B = D a

_al

ie.

where

U o~ N(Ofglz)

ot = HoPigriom).

Wé now define the “type” of the-_i;_xﬁlimum_. _pi___of‘ #par{0,m), as the smallest
intéger k: such-that ¢par2e(0, ,u) #0. .;. From (10)_ and {11} it then follows that for

T> 'I[-, ie. =0, the sample fluctuations are. ngen by:-

. i) for k=1, ie: away from criticality or at a first order critical point.

8 UI

by o2, ¢w,{0 R (12.0)

. ii)for k.=-2;_, i';'e-.,.at. a seeondﬂ@l_'.dén cri.tical point :
(12.5)
(13)

'where.
. . J
. . 1 B ¢DAF,2 G,U)Ul fOl‘ k= 1.
O gy R

3187 va .
-:-'[¢DAF,4 0,0)_”1]- Cfer k=2

Let us now deal with thermal fluctuations.  From (9) with a = jt;. they are

- given by:
W, (S=So)- NuN N dz exp {-Noffs 0, 3 + )} 4
mNi‘T Ni-y Jde exp {_N¢§AF,(0 » _f‘% + '”N) } . ‘

1




We then: expa.nd qSDAF( ) T +,uN) around z =0 to obtain -

' _ ¢gAF(0'm+#N) = ‘;bgAF(O':,LN) + 2]\[—2.,. ¢gAF.Z(01”N)x2'+“' - (15) .

'Notxc& that ¢DAF1(G"F'N) = since ,uN is‘a pmnf: of minimum for ¢, {0, m).
Then we: expand qSDAFJ(ﬂ, ;cN) ‘s a pawer:series in. ,uN (x e. around p= 0}. For

msta.nce

¢’DAF 2(0: I-‘N) = quAF,z(O 0+ ¢'DAF,3(0 0) #N +2 ¢'DAF 4(0 0) .“N

" Now-it is ctucial to notice that ¢DAF ](0 0) is' a sum of lndependent 1dent1cally

“distributed random variables, and so using the Central Limit Theorem we have:.
égkp.j_(ﬂé 0}~ :=: éDAF.:(U 0) + 5-] ~\/_ﬁ :

Whel-'e" Uy N (0 a3) Thefefdré'we- obté.ini :

1) fox: E=T. (1e ¢DAF2(U O)>~0)

%m(o,un,) & énwz(ﬂ 0457 ﬁ;{_]’ e

) for _éw.; 2 (ie. __¢5AF;._('0,'0)7':=:45§;F,3(Q, 0) =0 “and ¢Dw(0,o) >0y

e : 0) [ 3187 . A

N = grlE ¢'DAF4(0 4 [ i ]
#oara( F'N) Now P \/ﬁ R Bpara(0,0): \/—
i ‘We theﬁ:g'o back. tt_}i (14)_.usiﬁg (15), (16) or. (_l’f)‘ to see thats.

. : (1)for k‘r;:‘zil'('y = 1/2}

Si-S)—Nmy, [ T 1 1V=2) .
fm s, = gim SNy {_._ [_&__1] m__}. i

‘Nooo. SN—=ea . o Nl—"f

Poar2(0;0)

(18.4)

11

Cand Ty a Gaussxan of zero mea.n

()

(i) for k=2 (y=1/3)

N—oo

2

fﬁnm 4(0 0)

ie.

ST ._ _ (19)

whiere

Companng (13) and (19) we see: tha[‘. the aampl' a.nd thermaLﬂuctua.tmns con- :

' tribute in same- order for k 1 (l e. a.way {rom cntlca.hty or; at a first order cntlca.l .

pomt), (1) =, p(l) = 1/2 mth Gaussmn dxstnbutlons. &E For R (1e ‘at..
a second order cntxca.l pomt) however, the:. sample fuctuatlons dommate over-the: - -

_ therma.l ones: 7(2) = 1/3, p(2) = 1/6 In conclusxon ST Rt

N—.oo NP(’F) N-r(k}

théreforé.i . g

oy e 8FUE ) i
U~ N | Lo~ - — 1) for.
Vi s = U - (éDAF.z(U;P) » Pparal0; 0) A IO
Nevoo TN . - e LT
.Remarks _ 7
i)  Although fox: k= 2 wé are in. a-non Cenﬁra.l Limit: mtuatlon, the a.symp— o

totic. d.lS tnbutlon of the: sa.mpie ﬂuctuatlons are Ga.uss1an withimon. Ga.uss:a.u cntlcal

-gxponent!.
n) The a.bove results show i pa.rtlcular that the ﬁuctuahons of the: order pa—.'_-

" rameter. are- sample dependent i a.ll cases.. For k =1 the therma.l ﬁuctuat.mnsf

_' 112-

Hm.! Ty ™~ exp{ ¢DAF4(0 0) { 3 AF U] %} dz o (18.h). -

£




contribute in-same order wheréas for' k= 2. the sample induced fluctuations, due to
the diiut_ibn_",,a.ré_ex_lhanced-ahd: dominate over the thermal fluctuation.

i} F_luctuatioi_isbf the. order parameter in the RMF defined by (2) have been

computed—..with..the.sa.me:methods: by Amaro: de Matos and Perealt: 2], They obtain I-

the:same critical exponents: a.nd probability dlstnbutmns of the same nature both for

Icz =1 a.nd 2, g the ones above.

Fina]_ly;.ﬁe- discuss the-case. 0'< Jy < J. In this case we consider the saddle
pgintsrzof._ Bar{g:m) - (eq. 3) .and dpar(g,m) (eq. 4); they are (g, my) and

(g7 m?) - given respectively by:

It

‘., : i FD Y 11 ﬁszN+zﬂquN+2ﬂH F L ﬁszN zﬁJlg",}—2ﬂH
3 D 28 )

. - g [t " (ﬁsz +zﬁ2Jllq. +2,5‘H) _ téh (:ﬁjz,.n* _iﬁz.rqu —2,8}{-)]

e = 2, [ (ﬂng +ifJig +2,6H) ek (ﬁ’fzm:_iﬁqu-_zﬂH)]
! z 2 _ 2

" The: Law of Large Numbers guarantees. again that in the limit N — oo,
my — m" and gj -+ ¢~ with probability one. The fact that 2P s real
implies the. existence. of a-unique - g* gi'ven. by: ¢ =ig with g < 0. Thus,

expanding, as before,

tgh (ﬂszfv + iﬂzlaq;‘v T 26H )

around (g=,m") for 8 4. (ie. m*=0), we pbtain:

13

BIamy, — iBagy — 251{) _

P (A (EY + B T gy — a7) m;v...—'(

2
(a_;;.z) (a5 — &) = i4u(BY £ B¥)T(+) + (A (BY + BN () gy — ) +

assﬁDAF) (v ~g°Y

+5441A2(E3V—_Eiv)Tf(+)mTv_( g D LR

i o

* 32 ’ . . | o
i 4B+ BT T L Gy 4B < BTG ~ ) mie -

aqd’DAF (q*. - q*)?" - , y (q*. - q‘)'a‘ i :
- ( o )* T A B B R T

+ids (49 (BY — BYYT"(+) =N (m”) +(=A1)“A2(Eo BNy e = Y z Yomyy

_ [aa_r; (B%mm)] (mn)g(;;v . q_.)- v

A (A7 (B + By Ty G =)

and

(32 dpar

p )* mi = AuE ~ ENT() + (4a) (B + BY) T'(+) mi +
+idiAo(BY — BY)T'(+)(ak — ) + (42)° (BY - EV) T.”(+)(m?v)2_+

. 7 v —¢)? a 82 : - * n-
+ " ) BR[O (Thoae] (g gy

-

&épar) (my)
amt ), 3t

14




. 4 ¢ N N f.u : (mfv)a ! .3 N_. N m. .(QR'_Q‘)‘B —
+ (A By + B T(H) g + G Ao By - B T() 5

[ (@éar\] (g~ g mi
- ()], =

a_q'*’ om? J],

2

+(i4; )(4,)° (E{,V—Eiv) (%) (mi,)i.

- vehere:.

@d" .
Since
¢par
dg®

Al(z)

)2 (Az)2 (Eév + Ef) T +) M

+ (i4; 2
(av—=1q")
5 -+

_Bhy

-2

_Fn-r

Ee(u)

T(+) = tghlidig” + BH) .

)‘ = Al + A, paech®(i4; q‘:.-i- BH) >0 , .
. _

there i8 no criticality associated to the parameter g.-

This implies the behavior:

Away from criticality (for m} we have (

m}; results that:

v —q

m.

* oo

- o

™ Nesoo

Gaussian

VN

N—roo

am2

M) # 0. and from the expansion for

Gaussian

JN’ .

15

+

- The above shows therefore that the rate of approach of m}y to m* as N — oo
is the same as in the case . Jo.=J, in particular we get the same critical exponents

and a,sympil'.otic probability distributions both at £ = 1 and k=2,

16
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