;UNIVEHSIBADE DE SAU PAULO

msmum 0 nsch

* CAIXA _POSTAL 20516,
101498 - SAD PAULO - SP
BRASL

PUILIGACOES

| lFUSP/P-935

CORRELATI_ON FUNCTIONS N SUPER LIOUVILLE -
- THEORY o

"E. Abdalla and K. Harada
' 'Instltuto de Fl'sxca, Umver51dade de Sao Paulo

MCB Abdalla and D Dalmazi _'

' 'Instltuto de Fisica Teérlca, UNESP

Rua Pamplona 145, CEP 01405 Sdo Paulo Brazll

~ Agosto/1991°




Correlation. functions in super Liouville theory
E. Abdalla!, M.C.B. Abdalla?,

D. Dalmazi?, Koji Haradail®)
Y Instituto de. F;-’si-ca, Uni. S&o-Paﬂé,’ CP'20516 S&a Puula,’Bmzil

2I'rI.stzmta de Fﬁm:a Teanca, UNESP Rua Pamplona 145

' CEP 01405 Sao Paulo, Brazil_

We.calculate three: and: feu.n-éoint ﬁmc:tions in super Liouviile theory coupled to

super .Coulomb gas,on-.woﬂd: sheeis:witli spherical topology. We first integrate over

the zero mede and assume that:_a- parameter takes an integer value.. After calculating:

the: amplitudes, w__e formally:rconti#me—the perameter to'an arbitrary real number.
" Remarkably; the result is 'eompletely-'pa.rellel'_te the bosonic case; the amplitudes

being. of the same. form as:those:of. the: bosonic case.

Typeset Using REVITEX

The matrix model definition of 2D-gravity has been proving to be very powerful
in calculating correlation functions{l]. It seems, however, ﬂiiﬁcult to generalize the
resulis to supersymmetric theones | .

On the other hand, in the contmuum approach (Lmuvﬂle theory)[2—5] it is. diffi-
cult to caleulate co:relatlon functions, while 1ts supersymmetnc genera.hzatlon (super
Liouville theory)/6-8| is well known. Recently, however, seve:al authors[9-13] ha.ve
exactly calculated correlation [unct;ons,m:.t_he contlnuum..approach to conformal mat-

ter fields coupled to 2D-gravity. (See a.lso. Ref. [14]). "I‘h'ey have used & technique

based on the mtegra.tlon over the Llouvﬁ.le zero. ode; a.nd their results agree with

those obtained earlier i in the. dxscrete appmach (matzix models) Since a supersym-
metnc generalization of the matux models has not yet a.ppea.red it is very urgent to-
extend ‘the continuum: method[lE] [‘.0 the supersymmetnc ca.se, i.e., superconforma.l
matter fields: coupled: to- 2D- supergranty i .

"Thie aim of this Letter is-to caicula.te the three— and: fouz—pomt functxons i super
L10uv1l.!e theory coupled to: superconformal: ma.tter WIth tlu-. central. charge <1,
represented as super Coulomb gas[16}. Our approa.ch is: close to-that of Di Francesco
and Kutasov{l(); The result is rema:ka.hle and is .very paxa.].lel to the bosomc case; it
amounts toa redeﬁmtmn of the cosmolog:cal constant and of the pnma.ry superﬁelds,
resultmg the same a.mphtudes as those of the bosomc theory

The relevant framework has been given by Distler, Hlousek and Kawau[S} With
a transla.hon invariant measure, the total action for super Liouville theory coupled_ to

superconformal matter is given by

5= -5'=.'f +85u
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- where @51, $44; are super Liouville-and matter superficlds respectively, ‘(For the
superfield natatxon, we refer the reader to Refs; [8 17])). The matter sector has the

centra.l charge c,,. =1~ Sao B}r using tlus, the parameters () and oy, are given by
?=2fival , a=-Zulii- Qe @
The (gra.#ita.tioﬁal[y dressed) prima.l.'_.y.r superfield ¥ s is given by
o .‘-I-’NS(ZQ K) = _dﬂ-'zEe.-@M(.}es(k)@s,.(zj ()
with |

BB = 1@+ le-a - L w®

Screening charges in the matter sector a':e'.'of the form Fze () yhere .di are the

two solutions of {d(d — 2ap)-= L. In thig Letter however we will concentrate on
the. case without screening charges The case mth screening: charges, N(> 4)- pomt
functlons and the inclusion of the. Ramond sector will be discussed elsewhere.

We sha.ll ca.lculate three-point functmna of the primary field ¥ 5 on world sheets

with spherical topalogy (witheut screemng cha.rges), that is,

([Ilf 'I'Ns(z,,k)> f [(Dg®si]Ds®i] g.ﬁ,vs(z,.,ki)e_s ) (6)

Our first step-is to integ:a.te over the zero modes.

<I_I] f ¥ns(zi, ki )) =274 (Zk- 2&0) A(kl,kg,kai,

=1

Alkr, by, k)= T(—a (”") <f H d2; et tm () Bi 5 (8) Udzzea+¢ﬂ,(z}) a>. i
: 0

' (7

where {- - -} denotes the expectation value evaluzted in the free theory (i = 0) and we

have absorbed the factor lay(—/2)%"" into the normalization of the path integral,

The parameter s is defined as

s;;;{Q“i-iﬂiJ . | ®)

In general, s can take any real value and the:e is no obwous way of calculating

the path-integral. Howcver, if we astume that s is & non- negahve integer, as in Ref,

[8~13], this is just a free-field correlator Under this a.ssumptlou, we evaluate the.

path- mtegra.l and forma.ﬂ_v contmue s to non-mt.eger va.lues For 8 non-nega.twe, we.

have e
A(k;,kz;kg) = r(;gj(ﬂ)z ("_F‘)_'-. ‘

X125 1T T 25 1T 1 - 5 20 ]

i<y - i=l j=1 I<J

=T(-s)(5F (”‘) fﬂ d’z.dze H ;z 4 6, |“2‘=+5= 1‘[ |1 = 248 T Jay| 2%
(11
-
We have divided by the: .g_fg._vohimc—-by' setting 3= 052 = :i-:,'i'g = 00,0, = by =0
and 6, = f. The integral. is the supersymmetric. generalization of (B.9) of Ref.[18].
Alternatively, it is exﬁr’és_sed in-the following: way by using the components-of $5;, =

& + 09 + 8.

A(k[, kz, ka) - : .
= I~ %) (‘“*”) f Hd’z. H Y R I(I lei = 2 ]
(w(o)wxb(;l)---w(z.).)o '. (10)

We first observe that. this is non-vanishing only for s odd; we thus write ¢ = 2m +
1. One may evaluate (Z{J . .‘@o and {1---9)g indépendently: Since the rest of the
integrand is symmetric, one may write the result in a simple form by relabelling

coordinates:
S 1 il u\t - .
A ks ko, k) = D(~s)(— )= (i" ") a*(~1)"+1(2m + LN
- 2 e} T .
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Tr

2mi 2m+1 2m+41
x [ IT &= T1 =1 = = TT 15— i IT lszics — 210 2loamea|
=1 i<y =1
= —i( =P~ il 11
= (G Prtte + 1 (22) 1asin) (1)
where '
Im(c‘:ﬁ;P) . i .
w H Pldinlwe? - wi"’ Il = Gl — mil*
=1 i=]
EeS HK ’za‘ﬂllhll_ C-lzﬂll —'fi-|leC ﬂ:lipHEC (Jl‘tpl"h 7?J|4PHKI |_2
[t . ;- i<, . i=1
' (12)
and:a = —arfy, B =—ayfa, p= —30%. _

We now haﬁe to calculate _I-"_'(;x,ﬂ;b)._ First of all, we assume that I™(a,8;p)

is symmetric in a and F: I"(a,B;p) = I"™(8,05p). It is easy to check that when
m.= (. The large-a and-iuge—ﬂ behaviors are .consistent with this assumption and it
is physically natural because the a.mp}.ltude shouid be symmetric under the exchange
of two external momenta Under this assu.mptlon, I "‘{a,ﬂ,p] exhibits the following

symmetry

™, 3p) = I"(~1~ o~ B~ mp,fip) (13)

. Thus we may write I™(«, 8; p) in the following way

(e, i p)

= Cnla, B;p) H All+a+ Zip)A{l + 8+ 2Zip)A(—a — 8 + (2i — 4m)p)

=0
% H A(E +oe+ (28— l)p)A(E + 8+ (2 - 1)p)A(—§ —a—fF+(2—4m —1)p)
i=1 o : o
(14)
where Cp,(a,f;p) has the same symmetries as I™(a,f;p), and where A(z) =
[{z}/T(1 — z). By looking at the large-a behavior:

5

™(a f;p) ~ a;2m~A2(2m+l)B—4pm(2m+l] , (15)
one can confirm that Cpla,B;p) is, as a function of «, bousded as |a| — oo and
analytic. This means that Cp,(e, 8; p) is independent of.c, and by symmetry, of 5 as
well; Cp, = Cnip)-

It is hard to celculate Cnlp).. For. t.his':pu.tppse, it is useful to consider ihe simpler

integral:
(e, Bivie)= | HfC-fﬂtIElC:I’“In-Iz“il ARt (SR
¢=1 =
X HK‘ cjlqp!’?l "FJI“ H K - n:lh . (16)
L4l . =1

By using similar azgaments, one may obtain

I, ;73 0)
m-1

=Cnlyip) I AL +a+2ip)A(l+5+2ip)A(-1 - a— B ~ 27 + (2 - 4m + 2)p)

i=0
P HA(I +a+'y+(2z— 1)p)A(1+ﬂ+1+ (2i-1)p)A(— —l-a-f-v+ (2:.——4m+2)p)
- 1)
Again, it is very difficult to caleulate Gin(v; p). Unfortunately we could not get it in
a rigorous way. A series of trials and err;ars, however, led us to the following form;
Curie) = Tormiia (=14 " [[au+20+i)au+r+@i-1p
(18)
This is consistent with
Gilrie) = A+ A+ + )AL+ A7 +0) s (19)
and the two other (ca[culablej cases p = 0 and 4y = 0 (up to numerical coefficients, i.e.,
symmetry factors}). It is very difficult io get anything else consistent with these con-

straints. And e posteriort it seems to be correct since it gives a physically reasonable

result. Let us assume that (18) is correct and see its consequences.
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The tw6: int'egra.ls are related by

.I (ENBLP) ' i (1+£)A(1+ﬂ)A(—E—ﬂ)J“(2p,ﬂ, 1/21P) (20)

Therefore Cm(p) = —(r/2"‘m')Cm( 1/2,p)A( —p)A(%+(2m+1)p). If we substi_tufe

- {18) we get

can choose- kl,k;; 2 ag, k> < ey By using (5) (8) and 37, ki = 2an, one gets
2P(1 — ) (a0 >0)
—¥ —-.2ps; {ap <. 0)..

It is. ea.sﬂy seen that, for ay > 0; 4= 0 identically, as in the bosomc theory Fot

g < 0 there are many. cancellations. (mdependent of (18)), lead.mg to

I"e8p) - o
- ,,,(p)yog (— — @i+ 1)”)‘.-13 A(=2ipYA(1 +a+2mp) A (% —atp)
(- 1)'"+1’(r ‘; [ (5 - p)}zm“ (49) ™A (1 + a + 2mp) A (% ~a+ P)"{ﬂﬁ)'

We finally obtain the three point function.
Alky, by ) = " i [“A (- _ )] A (% - %) A(l+a—2mp) A (% —a+ p)

el w

By redefining the cosmological constant and the primary superfield Uy 5 as

1
(—ima (1 + 62 - &2

. 2 =
lu —_ ‘-’—-—--[,l, 3 ‘I’Ns(kj) —
)

A(‘é‘— )ﬁﬁs(ki) ) (24)

we get our main result

Calp) —' — wo a2+ )]2""'“ i A(MH a(braiang) . i’(zl)'

Now we are: rea.dy to write down the amphtude W:thout loss of genera.hty, we

Remarka.bly, th:s amphtude is o[ the same form as the bosomc one{lO]

I is natural to expect ‘that this feature contmues to be true for N(> 4) pomt -

functions. Work in this direction is in ptogress s

In fact, for ky, ks, ky > oy Ky < ayg < 0 (and" w1thout screemng cha.:ges) the four

point function turns out to be
A(kljkh k(hk‘l) = ('B + 1)# [ I . . (26)
with the same redeﬁmtmn of the cosmologlcal consta.nt a.nd the pnma.ry superﬁdds
In order to get the' amphtude for genetal’ k., one may a.rgue, as iri Ref. {10], that non-
ana.lytmty comes enl:lrely from massless: mtermedaate states and one- may calculate

the amphtude by using:i “the analyticity: oi the one particle’ 1:teduc1ble (1PL) correlators.

After setting g = 1; we: obtam the four-point functxon for a.]l‘k-"-

.A(k;,kg, k:i, kd) '“'ﬂ-{|’=1+kz"ﬂlo| +|k: +k:i - ao|+ Ikx +k4 aﬂII-f-A:Ph (27)

with Ay pr = (I -i- az) Compa:e mth Eq (37) n RJef {10} The: analogy to the. .

bosonic case is obvnous A detailed: account wz]l a.ppear elsewhere.
In a recent paper Alva.rez-Ga.ume and Manes{l.l)} COIlSldeIed a general class of

supermatrix. models and: found that aJl those models are stnctly equivalent to theo»-

ries based on ordinary. matrices. Although it seems ‘that they looked at completely:

different tI;ings, our ;é.ﬁult might suggest that the discretization of 2D supergravity
should give the same answers as those of the ordinary one.

In conclusion, _wé calculated the three- and four-point fuﬂctions of super Liouville
theory coupled to super Coulomb gas (without screening charges} on a sphere and
found that they are essentially the same as those of the usual Liouville theory, obtained
in Ref. [11]. As a by-product we get the supersymmetric generalization. of (B.9)

formula of Ref. [18],"

£
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m

[ndﬂz.d*a[{[z. + 8= - z.ﬁﬂﬂ o =
M= =l (4]
2m+4l- m

. (.-1)%?"*_+l(zm 1A (— - p) I A(2ip)] II A ( e l)p)

<11 A(i +at2ip)A(L+ 8+ 2ip)A(~a — B+ (% — 4m)p)
=

| XHA( +a+(2:—1)p) ( +ﬂ+(2;——1)p)A(—-——a ﬂ+(2:.—4m 1)p)

i=1

(23)'

 whick' may be: useful in: further developments.
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