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- Abstract- -

The onset of cﬁa,otic',._ﬁelti;-_.]Ine,.[t-ra.iect(}ri'es.ou tokamak plésmas perturbed by
) . been mvesmgated: The spatm.l dlstnbutmn of field

7 lma; 1s obtmned_ mtegra.tmg numencally the dlfﬁezent.lal equa.txons for.the perturbed field -
lines and investigating the Pomca.re map cha[acteﬂsttcs of these fields:. Several algont;hms;,..': -
have been oomputed to mdennfy l;he tra.umtlon l;o chans for- tlns qml—lntegrable.-i :

dynamical system, which,-for a- given. mhd equ1hbnum, is detemuned by the enhancement

of the couplmg between: the hehcal pert.urba.tmn and. the: toroidicity, as the hehcal current;

incr eases

* Work: partially _suppo:te.d by CNFPq and FINEP.

1. Introduction

It is well known that 2 set of closed,. nested, toroidal magnetic. surfaces is a
necessary. condmon for: conﬁmng plasm n: 1:okamaks(1 . However, in most experiences,

these su.rfa,ces can be part:a.liy desl;royed by resonant . helical fields. due to plasma

osc1llat10ns(3} or; extern_ urbat : zea.ted by resonant. helical: windings. (rhw): 8 or
magnetic. 11m1ters(5) The auperposmon of! hese hehca} perturbations upon an equilibrium
with axial symmetry brakes: the symmetry of the magnetic field which becomes

nomntegrable(l 67) In toka.maks :th

phtudes of: these pertu.rbatmns are.sa-small, as

considered in. this a.rtlcle, that. the: pemuhed field- ca.n be: consldered an. almost mﬁegrable _

system( ) Asa consequence of tius fact jpe;t.urba.tmnal theones can be used. o analyse the

onset of magnetlc :slands and stochastu: mgionsk and; to-investigate the. propenhes of field-
fine trajectories”), _ :

‘Since the early expenments with: rhw on.the: Pulsatorm these external, <cails have -
been used in some toka.maks(3 10} 4o generates helical pert.urba.tlons m order to: control
plasma. osc:ilatlons and to investigate the nature of dxsruptlve mtablhtm, whieh:
determrate the plasma con.ﬁnement in- t:hese devices:: For a given: maguetohydrodynanuc
(mhd) equilibrium, the helical. current mtensmy determines: the magnetic islands wndbhs
and the extend of the chaotic reglons, wh;ch may. trigger plasma. d.lSl:llptiO]lS(I ), as it was
suggested in reference, (12) ]

In this article, we deal with alterations on-the topology. of the. tokamalk ﬂeld._lin%,
specially the onset of chaotic field liﬁe trajectories, cavsed by resonants perturbations

created by external currents flowing on- helical windings wound.on a tokamak vessel, The

_distribution of field lines is obtained integrating numerically the differential equations for

the :perturbed'ﬂe[d lines and investigating the charactéristima-of the Poincaré maps of these
fields. The investigation was done for a large aspect—ratio fokamak in which perturbed

magnetic field can be described as an almost integrable system. Here, wé report. the




modiﬁéat.ions- caused on the Poincaré maps of that dynamical system as the external hefical

current — a relevant:control: parameter in the: mentaoned exper;ences - cha.nges

The mhd equilibrivm. and the: hehca.] pert,urba,tlous are introduced ‘i m section 2. Tn

section 3. the: superposmon of the helical wmdmgs on’ the equlhbnum is consudered bemg .'

analyzed: the" magnetic. surfaces” destruction” and the onset of chaotlc field ‘lines. The

conclugions.are gwen in sectmn 40

2. Almost: Initegrable: Mag’netic_Fie]dse.iﬁ.-Tbkamaks: o

In this seetion. we introduce the: magnetic field" ﬁ*:-'pfodu'ced'by‘ thé superposition of . '
" the tokamak mhd equilibrium. field: BO with: the perturba.tlon field". B cfea,ﬁed.-by_ m E

pairs. of resona.nt hehcal windings wound on the tokamak vessel (f g 1)

B=B+8 . (W)

This. superposition is justified by the fact that the helical current intensity I is
 mueh lower: than. the plasma; current! ifitensity I, (I/E, %1 x 102), and therefore B, can
* be treated in-eq: (1) a5 4 small perturbation whose main effect is the creation of magrietic

islands around the resonant non perturbed magnetic surfaces.

‘We-consider & toroidal camera. with circular cross—section and assume the tokamak

scaling .
: Boe na o ] _ .
B, “mR ¢! > _ (2)
z : . .

 vatid for large aspect—ratio tokamaks, ie.,

where' R and a are, -r%pectively,"the ni‘aj.or and rhinor' piaémé. radil, m and n are the

poloidal and torouial wave numbers and BD g.° and B0 are the equ.lhbrmm magnetic field

ST SR L
J=JU[1“£E]82 N (4)

" where _]0 a.ud 7 a.re oonsta.nts

The field crea.ted by t.he current.s I ﬂowmg in opposite- d.xrectlon in the ad_]a.cent
equally spaced hellca.l wmdmgs, is convemently descnbed by the sca.la.r pot.entlal ¢
expanded m hatmonie. senes,(13 14) but. for r/R £ 1 .as; i the calculat.mns hel:e done, thls.

7‘

field can be. weI} apprommated by a smgle harmemc ln u:

ﬂoI

o '_[]1;‘] sen:u . ﬁi_’: Vqﬁ o e (5)

where b’ is the tokamak vessel radius (fig. 1) and 1 = mf—nz/R,.

The equations for the perturbed magnetic field lines are:

dr rd§ — dz (6)
B, ™ By B,

where the field components are known in terms of the coordinates r and u. The

structure of the field line trajectories can be mapped on a z=const. plane and, as a

consequence of this procedure, the Poincaré maps for these configurations are thus

obtained.

€




In the limit. €08 the field B is integrable and there are magnetic surfaces

described::by. a scalar function: ¢ (r, u) constant along. any field line, a property described -

 bythe: dxﬁerentla.l equation: .
._ﬁ,v¢.=0 . . AR (7)

The fig, 2a- shows intersection of magnetic- surfaces’ with a- plane z=const. obtained for-
e=0, m=3m=1, qfa)=35, qf0) =1 and I=100'A . In this case the perturbation'

1?31(1",33—_4))-1 creates. m = 3. magnetic. islands: around: the:resonant magnetic-sﬁrfa.ce'with .

g=mfn=3

When the correction. of the magnetic field associated with the bending of the

cylinder into a torus is mtroduced fe#0), eq. (7} is not. va.hd anymore. because the .

system's mtegrablhty is broken and magnetic surfa.ces are expected to be desl;royed(12 14)
However, for a small helical perturbatmn,:as congidered in this paper, the major effect on a
large aspeet—ratio tokamak, due to the introduction of the mentioned toroidal corr'ectibu, is

the' appearence-of  m'=(m+1) (i=1,2,..} satellite magnetic islands within the

rationa.lniagnétic; surfaces-with .'q__= (£ i)fn . The overlapping of primary and. secondary '

i_slands:-ieads to-the destruction of magnetic surfaoes,'and consequént.ly:t.o the appearence of

chaotic: regions. in-the piasma., asit can be seen in the exanip_le-shown in fig. 2b. For-
€= 0.27 ; and: considering- the same equilibrium and helical perturbation of fig. 2a, this '

figure shows the presence of satellite islands — the m'=4 and m'=2 are the most

" noticeable.ones ~ and chaotic regions between the islands.
To mtroduce toroidal correction in the field line equations (6), the external uniform
componem; Bu (produced by a ‘solenoid wound on a cylinder) is replaced by the fi eld

an (1+ r/R cos #)  produced by a solenoid wound on a toroidal camera_thh length

2zR . - If the new ﬁeld line equations are expanded and the Eeadihg terms-in ¢ are

retained, the new terms, due to the toroxda.l couectmns, are proportlonal to ¢ and I,

which are therefore relevant control parameters in the p:esem analysw The dynamical

: mvestlga.ted by, sta.nda.rd perturbation.: theones

system. described by these equations become symumetric, and therefore integrable, when the
toro;dal correction s neglible. (¢ 0) or-the helical current vanish (¢ 0). Thus, these

dlfferent:a.l equatlons charactenze an: almost’ mtegrable system( ),'_ appropriate -to be

(8}.-

3. Dest.mctiod of-Magnel_;ic.Surfm

We: integrated numerically the - differential equations' for different equilibria and
severa,l perturbatmn strenghts and outlined the Poincaré ma.ps _of the perturbed fields by
pIottmg the successive intersections of several field line trajectories with a polmda.l plane. _

Thus, these Pomcare maps consist of pomt.s (r N) such that

~2TRN g
Iy = TpF ‘f a%dz (8)
ST
22N, )
By = 30-+=:§-—_,-- T Uz (9

These pomts correspond to the positions of a field line starting at (ro . 0y) . after advancing
by 27rRN(N—123 ..) along the z axis. ' '

For a q(0)=1 and q(a) =5 mhd équilibriurﬁ and considering helicai currents

~with helicity characterized by m=3/n=1, Ithese,maps show an expansion of the radial

diffusion of any initial ensemble of points, taken in the region where g > 2, for increasing ‘
perturbation strenghts. 7
In order to investigate the statistical properties of these maps, we analyse the

evolution of the successive intersection. coordinates (rN , HN) of a given line with the plane




z=2rRN(N'=1,2,..) after N toroidal turns:. " -
" We:followed the. trajectories of a set of fi eld hnes choosing, on the map, starting
pomts {Tg» 00) in:the center of the: area A determmed by the circles with radii Ty, @nd

2/1
31 (where. q(r n) =m/n). For-all these ]mes-,-we coHected the coordinates of their

"succasswe lntetsectlona (rN ; N) and: computed for dliferent values of " $, the fraction :

: a(S) of these. mtersectlons ontmde Ehe ares A {(fig g 3) The diffusion of the mtersectlons to
reg:ons outsxde f.hlS -area become notloea.ble for §> 0 7 a,nd mcreases thh g untll
- S~ 1.1, when: the @ values reach a saturated leveI and’ the intersections are scattered all’
over-the: chaot:c a.tea To-test. the: diffusion sens:tmty to- 1mt1a.l.'condlt;ons, a typical
characteristic: of chaotic trajecton&c, the fluctuation: Ievels v, in the computed @ were
also, eva.lua.ted by changmg slightly. the-original startmg pomts (rg, th).. The o, values
become aotlceabie also for §>0.7. and mcrease;;wrth. S. until S~11, the same
behaviour: observed: for the o values. Thue, as' it was observed for many others

conservatives maps; the transition to chaos oceurs in-the interval 0.7<§<1.1 (15,16

Other a,lgonthms were used to test the sensn;lve dependence on initial posmon one

of them, the Kolmogorov entropy k( ), computed as '

¥k = lim §'Z'1og-|§{%}l ,, _ ' (10)
N o N R _

is presented in the fig. 3¢ for two different line trajectories- with two slightly different
starting points separated by the distance d(0) in th.er chaotic area. For the S values
indicated in fig. 3, the m and m' = m £ 1 islands are stiil presens and, consequently, the
decay of k with N present long tails and are not exponentisl, as it should be expected
from investigations of long—time correlations of the chaotic regimes for two—dimensional

periodic conservative maps(”'lg).

To mvestlgate the pnset of chaot:c field lme trajectories we consuier individual field

Ime tra_]ectones and analysed the sequence of thelr mtersectlou ooordma,teﬁ (rN , N)

an exa.mple of our a.nalys;s, we consider in. the following figures the line crossing.the:map on-
the sta.rtlng paint (r, = 6.62.cm 00 = 0) for different. hehca.l current intensities 1 and

€= 0 or e=027.

F:g da shows in the large a.spect—ra,txo lumt (e = 0) the sequence:of r.. for

N
I_ 10 Aj the penochc oscxllat:on observed in thJS ﬁgure, and: confirmed . by the power

spectrum An: ﬁg consequence ) :the external penodxc heilcal current . This:

penod1c1ty deternunes also the regnlar pro_lection of the four—dlmensmn phase trajectory-in

the ry = VN pIane (fg 53,), where: v, is. deﬁned as

Ve

S %%frwﬂu}« Ce ey

Figs. 5¢.and 5d show, for the same. va.lue of I ‘a8 in-the: prevxous case;: :but: cons1dermg ‘the-
mentioned toroidal correctlon (e.=0. 27) the onset of a second penod due:to- ‘the:. cos-8
dependence on the equlllbrmm B0 field.: The pha.se trajectory projection shown-in.fig. 5c
i8 compamble to. projections. obtained in. the chaos onset analysis. of other-dynamical

systems with non—linear couphng(lg).. For this case, using I values ranging from.very:low

helical current intensities to I < 20 A, the project_iens were found to- be very similar for

different perturbations intensities and thefr_lengt_h’s scales with: I... However, for: higher.
values of I, the projection deformations increase with I, although the trajectories still.
preserve global resemblance with those obtained at Iow current intensities, as.it can be seen
in figs. 6a and 6b.for 1= 80 A.. Above 100 A(S > 1), the analysed projections and their
power spectra.are both typical of chaotic trajectories(lg}, In- this case, currents with
approximatly same intensities lead not to similar projections (figs. 6c and 6d), as noted for
lower sf.re.nght. helical perturba.tions, showing sensibility to small changes-on this contro

parameter I. -




Ny The comparison .0f -several  power: spectra, like: those here presented, strongly

suggested l;he oouplmg between the m=1 toroidal eorrecmon and the m=3/mn=1

. helical, pert.urba.tron as: r.he r&ponsrble for the onget of. chaatic: trajectories with: their '

: :broa.dba.nd spectra Other sta.r!;mg points (rg . dg)- lead to: resembling. evolutions with 1,

L but wrth other pa.tterns in the plane Iy X Vg (see the fig.: 7a.and 7h).

_ pr:ma.ry maguetm lsla.nds (]ocahzed. a.round the unperturbed surface with q = 3) neglecting
_a.nd takmg mto account the: toroidal: correctmn (fiz. 8). In these: cases, the generated
mtersect.mns rema.m a.ll msrde the tbree primary islands and,.for ¢ = 0. 27 we notice a
smaller rN osc:]lanon a.mphtude a consequence of :slanc!s destruction caused. by their

superposmon(s) :

4. Conclusions.

The ontset of chaotrc ma.gnetxc ﬁeld lme trajectones was numencally investigated,
for toka.mak mhd ethbrra pert;u.rbed by resonant hefical wmdmgs consmermg the
external hehca,i current as a relevant control parameter in the experience con31dered in this

L artrcle To analyse this transition, the perturbed d]fferent:al equation was integrated to

. obta.m field lines: Poincaré maps and phase space line tra,_]ectones Quahtatwe chenges in

: these maps and trajectories show,. as observed for other conservative ma,ps, chaos
" transitions.in the interval 0.7 <§ < 1.1. - In this mterva.l comparisons of quasi-~periodic
and - rrregula.r ﬁeld lines revealed the enha.ncement of the coupling- between the m =1
tormda.l correcuou and the m/n helical perturbamon, as the helical current increased and

. the stochastrcrty parameter approuched the value Sw 1.

» mally, we presen[: an: exa.mple 0£ the Ty evolutmtr for: startmg points msrde the

10
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Fig.l - Coordinate system {r,o,§}
and outline of the helical windings
" on the.-toroidal camera.-

- X/a

The. same, taking. into account _ lfhe_' Lorcidal correction, e=0,27 (26).

_ _ _ _ “X/a
Fig.2 ~ Perturbed Poincaré map on the poloidal plane z = 2rR(N = 0,1,2,...)
for an integrable. field, ==0, (2a); .

=1004, q(0)=1 and q{z) =5.
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-001 ! L L L ©. chaatie area.of the map shown in '

|.
0 20 40 60. 80.100 .

the: f1g,2b, T = 100A(8=1), and.
for. the: map: obtained for L= 110 A’
(8=1.1)(c).. '

N 150 0 N 150
Fig.4 - Radial coordinates of N sucessive interactlons on the ]
'~ Poincaré map for & given field line tr"ajector_‘y: (r,=6.62 cm,.
0,=0), I=104 and e= C (a) and e=0.27 (b). '
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