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M. C. Ramos de Andrade , I. L.Caldasg, M, V. A, 'P. Heller
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Abstract.. A method to desonbe the behaviour of R quaSL mtegrable

systeuz composed by an equllxbrnm plasma. in.a tokamak perturbed by.

resonant hellcal fle-lds_-; is p_resente_d, ..The ,perturbative- method, which
takes. into account the toro1dal correctlon 1ntroduced to the systen,
modifms the Hamlltonian equa.tmns in action—imgle var:.ables J,a},
obtained te c[escr].be the 1n1tial 1ntegrab1e fleld and provides
approx:.mate differentlal equations that describe. the trajectories of
the magnetic f ield. lines of the quasi-integrable syst.em in the plane
(3,9} The Pmncare maps, obtalned from the znt.egratmn of the exact
equatmns of the magnetlc field lmes are compared with those obtained
from.the- 1ntegrat10n of the equations resulted from the perturbatlve

method and. the valld.tty of the method is a.nalysed

+This work is partially supported by FAPESP, CNPg and. FINEP.
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hel 1cal resonances.

I = INTRODUCTION

The plasma confinement in tokamaks depends upon the.
existence of toroidal magnetic surfaces. These surfaces. are present. in

the system when there is some spatial symmetry in the magnetic field

1}

conf iguration( . However, they can:be par.tially' destroyed by resonant

)

helical perturbations due to plasma . oscillatlons or external

3

currents Experiments with 'ext.erna]_.- helical windings have shown

that plasma confinement ~can..be. controlled:. and -the: disruptive

instability. can- be 1nvestigated[2’3'“.

Besides . this, . the disruptive
instability seems to be related with the destruction of the “magnetic
surfaces due to the overlapping of magnetic islands generated by- these
' 5,60 '

Starting from' “an-  axi- symmetrlc . plasma - fin_ - MHD"
equillbrium confined in a large- aspect—ratin tokamak and: perturbed byf .

a field produced by external’ helical currents:. I », Wew estahlish, i.n_.

section II, exact equations for the field lines and- a Ham.ltonian

formalism described in action-angle. variables {J,9}. This:is possible
because the pefturbed system with hellical symmnetry 1s im;egrablg._ The.
helical perturbation chan,_ges the magnetic .field configuration and
leads to ‘the appearance  of magnétic islands: around the resonant
surface. .

The introduction of the toreidal correction to- this
coﬁfiguraticn causes. the break-up of symmetry of the system as well as

of its integrability 7,81

Besides this, the secondary islands which
appear due to the introduction of the toroidal effect can overlap with

the. primary islands that already existed in the system léading to the -




destruction of magnetic surfaces. In order to describe  the
non-integrable field we use, in section III, a perturbation method to
obtain approximate differential equations which are numerically
integrated :.anci_-supply the Poincaré map of the field lines. This map
charactefizes:.thé- distribution of magnetic surfaces in the system and
the:- stru’q_t_d.re- of ' primary and se.con_dary islands: as: well as the
a_ppe;ra.nc.e- of 'a’ chaotic region -due. to._.-the c_lestruction of magnetic
surfaces. . In sec..t'ion 11l the expansion.of the chaotlc region between
resonant. surfaces- ca.li be a_.na].-s.rsed in terms of the increase of the
helical’ r:urret;ts-. and the decrease of ‘the. tokamak aspect-ratlo.

In this paper we compare the-results obtained from the
numerical  integration of the equations that are deduced from the
perturbative method with those provided by the numerical integration
of tl.xe‘ exact magnetic field lines. In this way, we are able to
evaiﬁate the c.onditions under which the perturl';\ative theory is valid
1n order to have further applications in. the study of quasi-integrable
Hamilt'onia-n-, systems. as we point out through this paper. The
Hamiltonian .formalism presented here describes a system in a large
aspect—i‘atio: toka.uia.k and can be émployed for other toroidal machines

like.a.—.stellaratorm or a levitronuu?.

It~ HAMILTONIAN. FORMULATION TO THE MAGNETIC FIELD LINES

Let us consider an axi-symmetric plasma in static MHD
equilibrium. confined in a large aspect-ratio tokamak ( R/a >>1, where

R and a are respectively the major and minor plasma radii) which is

described in a cylindrical geometry with pericdicity 2mR. The
equilibrium field is given by the sum of a uniform toroidal field B o

. g b g z
and a poleidal field Ba0 produced by the plasma current density given

by:

I (y+1) ! ¥ o
T=—2 [ 14 _F ] & (1)
a .

where Ip is the plasma current. and ¥ is a constant parameter. For this
equilibrium the magnetic surfaces. establish. a system  of nested

concentric. cylinders and_the‘sa:t"&ty factor: is given by:
qiry = — % @)y

The equilitfrium—. plasma is perturbed by a. helical field

'Bl‘ produced by m palrs of adjacent and equidistant conductors: in- the

form of a ¢ylindrical spiral of radius b in which the currents Ih flow
in opposite directions (fi_g.lj. 'I'h_is field has helical s}mmetry and
the resulting  system is. considered to be described by the
superposition of the unperturbed field with the perturbation B1 as

follows:

B = 8°(r) + 8 {r,u) (3):

In (3) B, /B” <<1 and u = m8 - kz where k = n/R is the modulus of the

z cémponent of the wave vector and m and n are integer numbers that
determine the helicity of the field through the ratio m/n. The

approximation (3) is allowed when marginally stable states are not
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present: in- the system.

From the equations for magnetic field lines:

- dr rde . dz L
RO B : Ca)
Br BB Bz

and taking: into' account that B1 = V¢, whef'e ¢ is the scalar potential

given by: %

T ozp b Lok ' : :
¢= . K (kb) I (kr) senu oL (8
o S :

we. can write from: (3); (4) and (S5):

dr 2 Hy BT K e :
g =& K” (kb) T’ (kr)senu. o (6.2)

T
——————— K;(_ltb)Ihﬁkr.) cosul——+1f.

ok

(6.b): )

',where.:_I;‘:_a.nd-___Km._ are .the modif ixed_..B_e'ss_el__ functions. of first and:second .

_‘tyjpgs'..resp_gc.tj.\'rely_u} ‘and. the..derivatives are..taken with. respect te

the argument (krj, .

. The equations (6). can be written in a_Hémiltoni_'ém:

form as follows,

o du

- alalr e (7.a) - = ar (7.b}
since we introduce. the variables:
_ dm
B = Coe).
and
N V- ) - :
P " 5 ro. . o (93
In.eqs. (7) the Hamiltonian ¥ given by:.
o 2 : :
kB r w- I m M IR -
= —t  on[ Blryarn e 0w (£ oosu 10y
T 1% SRR € B

is invariant along the field lines and, consequently, repi-eéentsu_the
magnetic surfaces for the system. .In. (10) We. have- e)_:pénded__ the Beséel.
functions in the limit.where their arguments tend: to Zero: since we. are

interested. in the region where Kb << 1, kr << 1 and r <h.




The orbit equations in the (p,u) plane dre defined by

the equation:

dp - dp/dt Z —a¥ /8u . ('11)
du- du/dt aK ap

and: tha- intersections of the magnetic surfaces with a plane t = X

can bé., obtained from the numerical ‘mtégrat ion of
. équ'ati_on_.' (1 1_-}:( 13

Since the system previously described is integrable we

'.dé_f_ine,'_' through a canonical ' tranformation, action-angle variables.

(J, ¢} that:provide field line equations which are easily integrated';

‘Standard: procedures- lead us to™,
_ _ o f a2 . __dM(n)
Jo= J(H} = I 7 odu (12) w = w(J) il (13)
“and' the. field line equations become:
dy d¢  _
. = T 1] - (14.a) T " w(l) (14.b)
with the variable ¢ given by:
__ 8S(u, D)
%S = (15}
and:- the. generating _funcﬁion S defined: by:
1 % 2
S(U,J] =.—2 r’ du (16)

u
[s]

with u cohstant.
The frequency w(J) can be. related to the f requency of

field lines rotation w, = 86/ 8z through the equation''®,
d& 3% Sdu dz

“TE T e m @ S (K mom B = [“Bz”‘“

where we have used the eq.(4). The e:;cpressi.on (17) provides'én

accurate estimation of the values of w(J) as we can see by comparing

the curves in the fig_.z.
Il = THE TOROIDAL EFFECT AND THE PERTURBATIVE METHOD,

In- this section we Ianaly'se _v.lha.t: :_ocgﬁfs in- the system
when the correction associated with the- éuﬁvgtﬁre::.ﬁf,_ the magnetic
field lines in a torus. is introduced. - ' |

In this case the éqﬁitidﬁs.'(ldJ;j.':éf;a not: valid any. more
b_ecause the integrability of the systém: is ﬁrokén due to the. lack -of

symmetry resulting in the destruction . of the magnetic-surfacesu’.

However, for a small helical perturbation, ' the strongest ‘effect on ‘a -

large aspect-ratio- tokamak, due to the mtroductioﬁ ‘of - the toroidal

effect, is the appearance of {m + 1) satellite magnetic islands on the

raticnal magnetic surfaces: ~with’ gq' = m"i"_ 1 '(1_2_). (fig.3). The

overlapping of primary and secondary islands- may: lead to the. .

destruction of magnetic surfaces and consequently: to the appearance of -

a chaotic region in the plasma whose extension depends on. the ratio

<3
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‘a/R and:on-the -_aﬁ@pi_itudé.:-'?""of i:he. hélf_ca'i"cu’ri-erits L.

15,
ven byua :

CB=B (D)4 Vg edose s gy

;" Taking . into account eqs (4) and’ (8) e have for

the fi.e].d Tine: equations. corrected up to. flrst order in €,

dr : dr dr

=B = — %4 gcosp —1 : (19.a)
Y .dt
du.-
- = (19.b)
cde :

where the. zero index refers to_the integrable field and the "1" index
refers. to. the; toroidal correction. introduced to. the system. . The

equations in the- (J; %) variables.can: be written as follows:

aJ - dJ [ % - dr . AW - du ] (20.2)

ac T Taw or, At au_ "dt

ld 11ne equations (4) by.-the___'

'the order- of B

de d¢ - . du dﬂc-'/dt du’ : _
—- Y (20.b)
dt dt. . dt du fdt . dt

From eqs. (7),. (14.b); (18), (19} and (20) we have'™®,

dJ __Kerc-osa o.__ o o, . i a6 '
& ST e [ kB, = =5 Bp.(D) ] or , (2t.a)

dé
at

(21.b)

where -¢-: is given by equa.tlon (5) and we have considered terms. up to .

H’e may notice from eqs. (21} that when e:ther eF: (1 .ar

I I-Cl (d=0), the integrable equati.ons are: reco\rered The maps he_

field line.trajectories in the (J 61 plane abtained by integrating the
egs. (21} can be seen in fig. 4. . : )
Moreover, we can-check. the. validity.of.the: method by

carrying out. the numerical,..int_egration___of_ the: exact:: _fﬁleld..'li_ne

‘equations and comparing both. results: as described- in. the pext ‘section. -

10




IV. = NUMERICAL “RESULTS

The map of the magnetic field lines in the plane (J, @),
obtalned by integrating eq. (21) can be compared with the one obtained
from the. J.ntegra.tlon of the exact field lme equations [4} which are
corr‘ected by the toroidal effect_ (i.e., by multiplying Bz by
{1 - ecos.a..i_ij. This integration consists of taking an initial pair of
coordinates (p ,u) and integr.ating the field line equations aloné
several torcudal turns. Each pair of coordinates (p,u]}, obtair;ed after
each. turn. is transformed: intcs_. the pair of action-angle variables
(J; 8} by using eguations (12}, (15) and (16). These poin.t':s (3,9) are
collected and the  map- _of the field lines can be constructed (fig.S).
ALl the: .c':a.l.c.ula'-tionS' were: made- with: the ‘parameters of the tokamak
TBR=1: "a=8cm, R=30crﬁ'— and b=1tcm {fig.1). The typical plasma current is
I=1.0|5:A"and\= the cﬁrrent'- in the . helical windings- is I=100A The
résults’ obtained from the - 1ntegrat10n of eqgs: (21) show that for
pomts (p..u] -pos1tioned‘ outside . of the resonant region, . the
corresponding ac;:tion J is approximately cémstant- as in the case

='5.8cm and u =0 (fig:4). This is -so becausé in. this region the
system - behaves itself ® as if “ 1t was integrable and following
approximately " the . eqs. (14}. On the other hand, for initial points
(p’o,'uo) placed around the resonant surface and taken where the
magnetic surfaces start being destroyed, we can observe chaotic
behaviour of the J values as. its shown on fig.4 where the :lna.p Jxe
shows the behaviour of field lines with starting points u, = n/2 and
r =58 and 6.4cm. The primary islands are arcund the surface with

a

q.= 3 which corresponds to a radius of 6.2cm. Still regarding fig. 4

11

and 1odking’ at fhe .rlinri‘tla-l po.{n't -;t' r-tl;:"-: -reidiué
with. q'= 2, {r S 4, 'Tc:m} e can observe periodic strqctures which
.

are related to; the satellite. islands present arou.nd these surface All

the . figures were obtained' for- ‘qfa) =.5, 'q(O).-_= 1, 'Ib =_ IDkA. _

"1 = 100A, m = 3 and n = 1. The frequency o, d'e‘fihed it eq. (13),. can.

h

be obtained as a function of p by cunsldenng two distlnct methods.
One of them corresponds to the .numer‘ical integ_ration of eq. (13} itself
and the second one consists of calculating @ by .ta.ki'ng eq. (17). The
fig.. 2 shows the two plots. obtained-and;_the cqmpari’sbﬁ of the two
results allows us to estimate quite well the value of w by equation

(17).

By comparing  the (J,%) 'lhaps.:_ which—_ _résult from " the

integration of the exact field lines and from the perturbative. method

(figs.5 and 4 respectively) we can say that the behaviour of the field
lines can be predicted somehow by ‘the equations descéribed by the

perturbative method. Not only the values. of action but the field lines

behavicur itself can be reasonably estimated. Mereover, the region

where the magnetic surfaces start being deétftéyed cah” be observed -és

well. The non closed perioedic structures which appear at fig. 4 arcund

the radius r=4.7cm can be explained by. the fact that the perturpat;ive .

method is valid uyp to a certain number of toroidal turns after.which
it does not 'repi‘oducé the (J,#) poihté' obtained by 'intégrétin-g “the
exact field equatich. Anyway it seems ihat the method 1s a powerfull

tool to be used in the study of qua'éi—ir.ltegi'able. Hamiltonian systems.

12
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V = SUMMARY AND CONCLUSIONS

In this. paper we estimate the behaviour of the magnetic

su.rfaces ina large- aspect—ra-tio tokama.k when the toroida-l correction.

is. taken upon an:, integrable system consisted by an. axl—symmetric
plasma 1n a stat.:.c equlllbrlum MHD,. perturbed by the field generated
by_--t;hnee. _pgxr:s- .of e,quicl—istant__ hglica]_._ conductors, which. are placed-
_along.:,;the: _j;or:_xs}_ [;cl;xe- hel_ica.l__ current Ih .f_}oys the-_a_d_jacent windings in
opposite dirgc_:t_‘.._ions-)". :. . .

In-.order to- carry_._._o!';:,. with thi__s -analysis: we initially

described. . the:  evolution  of _the. magnetic . field  lines: through a

Hamiltonian . formulation where. we. introduced action—-ang-le-_variables '

(J,8) since the. syistem was Integrable.. The equations. that follow from.

this. formalism are altered when the toroidal correction is taken into
account. since the: integrablility: of  the. system is broken. The non

integrable field is then described_.-.‘,by'_a, perturbation. method which

provides . approximite . differentlal.-equations. that;  when numerically-

integrated,  supply: the mapof Poincaré of: the. field lines.

. When: we _q.:_c:lm_palje::, the: results. of -the integration of the
" exact . field.. lines- with- _thlose. rel-ate.d to- the integra.t.io_n' of the
eq'ua_ti_.on_s.-: resulted. from the: perturbative  method, we see that this
_.method - provides: ai- go.od:. estimation of th;a behaviour  of the magnetic
f ield lmes as long 8s: 1t confirms: the. quasi—mtegrable nature of the

system by characterlzlng the region for which the action varlable J

remains approximately constant and the regions . where it- becom_es-

_t_:hao_.tic;due,_.to the:: break_. up- of the magnetic surfaces of the system.

Besides: this,  the method: predicts the appearance. of the satellite

13

_ampl itudes at each step of. the renormahzatmn prncesﬁ

islands around the surfaces with g =m £ 1 even though we obtain
meéningful.l results up to a certain number of toroidal turns after
which the method seems not to predict the field behaviour very well.
In spite of this, the method seems to be a. good tool to study
quasi-integrable Hamiltonlan systems and, as a. next step._ 1i: might be
possible to write the equations (21) in a Hamiltomian form, even if
the Hamiltonian formulation tao describe quasi_-integrable twe degrees
of freedom .systems' is . not _trivi.al, in: ordé'r' to a;::»ply the
renormalization .thegry, _proposed by Eécéndé. where: the condition for
the destruction of the last: magnetic surface between: t.wo resonances is
analso;sed: by look'ing at an._éxpanded- _fegi_on of thé'..bha;s_e spac«'_e..be'tween

these resonances and taking - into- account: ihé tendency of their

(14)
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Fig_.i_ .. Coordinate - system - and. outline .of the: helical windings on

the. toroidal- camera-

Fig.2

:_.-_Ffeguéncy,_u_ as Ia,_ function . of ‘p#{a’/2). obtained. from..the

o .es(8) () end: eq.U7Y (b}, for 1= 100A, qla)=S5;

. K q{0)= 1. a'ndIP ..—.. _].ok:A" .
Fig.3 - Poincaré map. of : the: field line. trajectories for. 1. = 1004,

- ala) = 5, q0) = t.and L = 10kA...

Fig.4 line: . trajectories: . in - the: . plane Jx# for .

5.8 cm .and: 6.4.-c_ﬁl)" and’ for un=-'='0'(o)
and " 47cm) - obtained by integrating -
' considering " the . same ' parameters of

o the Figi3io

' Fig5  Map. of field. lie .trajectories.- in ~the ' plane  Jxo -

obtained.. by. -integrating: the . exact. fiskd  line: .eqs.(4) and

considering- the. sa.n-ier_-parameters_" of ‘the -_.Fig.:i._ _
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