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Abstract

We consider the correlation functions of the tachyon vertex operator of the super
Liouville theory coupled to maiter fields in the super Coulomb gas formulation, on world
sheets with spherical topology. Affer integrating over the zero mode and assuniing that the
s parameter takes an integer value, we subsequently continue it to an arbitrary real number
and compute the correlators in a closed form. We also included an arbitrary number of
screening chazges and, as a result, after renormalizing them, as well as the external legs
and the cosmological constant, the form of the final amplitudes do not modify. The result
is remarkably parallel to the bosonie case. For completeness, we discussed the caleulation
of bosonic correlators including arbitrary screening charges.

1- Introduction .

Two dimensional gravity is not only a toy model for the theory of gravitation, but also
describes phenomena such as random surfaces and string theory away from crifieality?.
The discretized counterpart, namely matrix models, proved to be an efficient means to
obtain information, especially about non critical string theory, while computing correlation
functions?, _

In the continuum approach, in the conformal gauge, we have to face Liouville theory®.
However, although several important developments have been achieved®, we still lack some
important points, in spite of much effort which has been spent.

In particular, it is difficult to caleulate correlation functions in a reliable way because
perturbation theory does not apply. Recently, however, several authors”’ ¢ succeeded in
taming the difficulties of the Liouville theory and computed exactly correlation functions
in the continmum approach to conformal fields coupled to two dimensional gravity, The
technigue is based on the integration over the zero mode of the Liouville field. The resulting
amplitude is a function of a parameter s which depends on the central charge and on the
external momenta. The amplitudes can be computed when the above parameter is a non-
negative integer. Later on, one analytically continues that parameter to real (or complex)
values. The results for the correlation functions of the tachyon operator thus obtained
agree with the matrix model approach.? General correlation functions including arbitrary
screening charges are also computed, and may be useful for the purpose of studying fusion
rules of minimal models coupled to two dimensional gravity.?®

Opposite to the bosonic case supersymmetric matrix models are up to now scarcely
known. There are few papers in the literature concerning this approach®?®®, and it is desir-
able to have results from an alternative approach for comparison. For this reason, several
groups are studying the continuum appreach to two dimensional supergravity?*=22, Qur
aim here is to investigate the supersymmetric Liouville theory. We shall compute supersym-
metric correlation functions on world sheets with spherical topology in the Neveu-Schwarz
sector, where ihe super-Liouville is coupled to superconformal matter with central charge
& £ 1, represented as a super Coulomb gas?*'7. The results are remarkable, and very
parallel to the bosonic case; after a redefinition of the cosmological constant, and of the
primary superfields, the resulting amplitudes have the same form as those of the boson-
ic theory obtained by Di Francesco and Kutasov®. Our present results generalize those
presented in a recent paper'?, as well as others recently obtained in the literature??:21:28,

The paper is organized as follows. In section 2 we review some computations of the
bosonic correlators and generalize them to include an arbitrary number of s.c. . In section
3 we calculate the N-point correlator of the Neveu-Schwarz vertex operator in the n = 1
two dimensional supergravity coupled to N = 1 supermatter including an arbitrary number
E.C..

Our results include the limiting cases ¢ = 1 (¢ = 1) and in those situations some
physical conclusions can be drawn in the section 4: the amplitude factorizes, and the
expected intermediate poles have zero residue, due to strong kinematic constreints. All
resulis are at least consistent with the matrix model approach, with possible exception
about the inclusion of screening charges, in the 3-point correlation function. In the latter
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case, fusion rules deserve careful study.

2- Bosonic Correlation Functions

Some N-point tachyon correlation function in Liouville theory coupled to ¢ < 1 con-
formal matter were recently calculated by Di Francesco and Kutasov®. They worked in
the DDK’s framework®? where the total action is given by:

‘I:ag -

1 .
S = P fdzw\/,? [ﬁ“*aﬂéaﬂs - %ch +2pe*? + P8, X B,X + ~5—RX] s (21)

here ¢ represents the Liouville mode and X is the matter field with the central charge
given by ¢ = 1 — 12aZ, From the literature!” we know that the constant Q is determined
by imposing a vanishing total central charge, and is given by

Q=2./2+al.

The value of a is determined by requiring e to be a (1,1) conformal operator, yielding
..

the equation T(“ + Q) = 1, whose solutions are labeled by ay

ai=—%ﬂ:|ao| y Gpo. =2 (2.2}

the semiclassical limit (c -+ —oo) fixes a = aj.
The gravitationally-dressed tachyon amplitudes are the objects we are interested in:

N
(nfuzh)=<11fd%ﬂWXMHﬂHM4» (2.3)
F=1 .

where we fix the dressing parameter 8 imposing ' X +5i¢ {0 be a (1,1) conformal operator
and supposing the space-time energy ‘to be positive:

E = B(k) + % = |k —ag| . (2.4)

In the calculation of the amplitudes (T}, -+ T}, ) the main ingredient is the integration
over the matter (Xy) and the Liouville (@y) zero modes. This is the so called zero mode
technique: ome splits**® both, the matter and the Liouville fields as a sum of the zero
mode (Xy),(go) plus fluctuations (X),(¢), where the fluctuations are orthogonal to the
zero mode. After such splitting we are left with the following integrals:

o0 X N
f Dxue""’(ZL ki=2a0) _ g5 (Z ki — 2aa) ,
-0

i=]

[ s ) 0 i)

jad * X8 ™

(2.5)

- where we have used that on the sphere & [ #wy/jR =1 and

1 I
5= —Z (Eﬁ: + Q) . (2.6)

=1

. We thus obtain for the amplitude

= (1) 22 2

F=l

N &
x <H fdzzje"k"+ﬁ~‘¢(‘f) (f dzwe"ﬂ) >
0

=1

(.7

where (- -}o means that now the correlation functions are calculated as in the free theory
(¢ = 0). The strategy to obtain Ay is to assume first that s is a non-negative integer and
to continue the result to any real s at the end. Thus, using free propagators

(X(0)X(2)}o = (d(w)d(z))o =In|w ~ 2| (2.8)

* and fixing the residual §L(2, C) invariance of the conformal gauge on the sphere by choosing

(z1 =0, 22 =1, z3 = 00}, the 3-point function is written as:

(- TR -
As(kry ko, bs) = ——(a:) (E) jH Pl 21 — w,-|2ﬂH |w; —wy]* (2.9)
F=1 i<j

where we have defined @ = —a.8;, 8 = —ayfz, p = —a? /2. Choosing the kinematics
k1,ks = ag, k2 < ag £ 0 {notice that our notation differs from Ref.[9] by the exchange
of kz and ks.) we can eliminate § using (2.4), (2.6} and the momentum conservation, one
can write the 3-point amplitude in a rather compact form

3
1
As = [pA(-p)) [ A (5(B§ - k?)) ) (2.10)
=i
where A(z) = I'(2)/I'(1 — o). After redefinitions of the cosmological constant and of the
external fields as T
3

I q
n— ———A(_P) y Ty — A(%(ﬂf -—k?)) ' (2.11)

Di Francesco and Kutasov® obtained for the three-point function
Ay =p* (2.12)
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which is also obtained in the matrix model approach. In the following we shall see that a
similar expression holds for general N-point tachyon smplitudes with an arbitrary number
of screening charges,

_ The screening charges are introduced in the form of n operators e'™+X and m operators
e'd-X  with dy solutions of: 1d(d —2a0) = 1, (dyd_ = ~apa_ = ~2). Integrating over
the zero-modes again we get:

. 1 n B m ,
<Tk1Th=Tka (E Hfdzt'_e:qx“")) (ﬁ Hfdzrie'd‘ xn.-)))
ti=1 Yi=1

3
= 2060} ki + ndy + mde — 200) AL (ky, kg, k)

i=1

(2.13)

where the amplitade A7™(k:,k2,k;) is given by the expression

(- P - - -
ATy, kg ) = T2 (5) Hfdzt;|t;|2°’|1 — ;PP ] e — 5147
i=1

-
+ i<i

m m
X H fdzr,-lr.-|26“|1 e H [#: — r,-i"'a' (2.14)

i=1 i<j
n " a a
x [T TT - =1 ] fdzz,-|z‘-|2°‘|1 — uf? [ 1z — 51
i=1j=1 i=1 i<j
The parameters @, 8 and p are defined as before, and the remaining parameters are
_ = . 1
G=dyky , B=diky , §= Edi
) ) (2.15)
@=dk , B=dk , p= Ed‘_
Notice that the gravitational part of the amplitude (integrals over z;} is the same as
in the case without screening charges. The integrals over #; and 7; (matter contributions)

have been calculated by Dotsenko and Fatteev'® (See their formula (B.10) in the second
paper of {16]); the result turns out to be :

Apm = (Y (sl (st 1yt emm(a G- g (A~ 17 [] A —n) [ AGH)

d=1 i=1

x"ﬁ All—n+ & +if)Al~n4+ B +ifA(-1+n—-a - §' —(ﬁw1+i)ﬁ‘)
=0
xﬁ AL+ &+iF)A0 +F+iHA(=142m & - f— (n— 1+4)p)
i=0
] =3
x[AQ = o) [ AGp) [T AL+ +ip)A(1 + B +ip)A(-1-a—p—(s-1+i)p)

i=1 =0 :

(2.16)

N Assuﬁ:ing ay < 0, and the same kinematics (ky, ks > o0, k2 < o) we can eliminate
B again, using (2.4), (2.6) and momentum conservation. In this way, we have

d=a-2 , &=-24pa
B=~1-m—(s+n)p ,
' o F -1 (2.17)
B=m—-14(atn)p , F=s+n+p{m-1)
ﬁ =—p 1 ﬁr = —P_l
Substituting in (2.16) we obtain the three point function with arbitrary screenings
L - .
A;m = (%) I‘(__s)]:\(s + l)7r'+“+m(p")_4"m [A(l +P_1)] [A(l +P)]
x [TaGe™ —n) [JA(=in) [AG2 - o)) T] Alir)
i=1 =1 i=1
n—l =1
X HA(m+(a+n-—i)p)HA(um_(, +n—i)p)
=0 i=0
m—1
i ~1
XgA(l+8+(m—1—z)p ) (2.18)
m—1
x [ A(-1-n+p7a—ip )AL~ s - p e +ip™)
=0
n—1
x HA(1+“"(£+2)P)A(M—¢I—(3—l—z')p)
i
-1
x [TaQ+a+ip)Am—a+(n+1-i)p)
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To get a simpler expression for A7™ we look for the term A{p—a) A(p(srtl Ha—mtl ) x
A(—mp™~'~(stn)) which corresponds to []}_, A(3(87 ~k?)). After algebraic manipulations
we get

3
A5 = e [rap )" naQ) [I-ma (32 -4)) - @a9)

i=1

This result has been also obtained by Di Francesco and Kutasov®??, as well as Aoki
and D’Hoker'. Note that the factors A(p) and A{p~*) can be easily understood; the
screening operators are renormalized like the tachyon vertex operators T; with vapishing
dressing B({k).

Remembering the momentum conservation law:

a
> ki=(1~n)dy +(1—m)d_ , (2.20)

i=1

f
B
i
i
{

- S R A e




we can use (2.19) with n = m =1 and the formula below to obtain the partition function
Z:

thus, )
2= s TEeCI (2:22)

We can also get the two-point function by taking, e.g., ks — 0in (2.19) and (2.21):
o & ..
AT (k1 Rz ks — 0) = E;A;m(kl,kz) s (2.23)

where (#,77) are fixed by (2.20) with ky = 0. Thus we finally arrive at

an pACp B Tiotet) i (8= )
ky ko) = A A Al ———=*=
k)= gy eI e 1] (L5

(2.24)
We are able now to calculate ratios of correlation functions to compare with other
results in the literature. We have (in a generic kinematic region): ‘

_ A?m(kz ,kzka)z — H?=1 a+|k|' - a()l (2 25)
AT (R ) AR (kg R ) AS 0 (ks k) (0 — 1T+ p) '

In the ease of minimal models the momenta assume the following form:

— —pt
PR k) FY k) P (2.26)
v 2 2
Plugging back in (2.25) we find for the ratio R the result
Lot Trgt Traret *z s [13 f td_
R= ( 1Ty rary s a) — (Ei) H|=1 EI‘ d+ +Tnd i (2.27)
(Tnf'{ T, ";)(Trz g Trzr; )(Trar;, rar;) 2 {(p—1)p+1)

That is exactly the same result obtained by Dotsenko!® (in a given kinematic region)
which reduces to the result of Goulian and Li for »; = r!; all these results agree with those
obtained by the matrix model approach.

At this point ihe following remark is in order. Afier renormalizing the screening
charges:
eid-X i x eid-X 5 28)
&y T &
and the tachyon operators Ty, as well as the cosmological constant u as before (see (2.11))
we get the renormalized amplitude.

idy X

[ —

AP et (2.29)

8

Using the above result we would be able to exactly reproduce the ratio in (2.27).
Thus, the comparison of those ratios with matrix models is not a precise test and only
measures the scalling of the amplitudes w.r.t. the cosmological constant. All singularities
contained in the A functions cancel out in such ratios. If on the other hand compare,
the 3-point function (2.19) directly with the matrix model result we would find a precise
agreement only for ¢ = 1 {og = 0) where the amplitude can be written as a function of the
renormalized cosmological constant as:

3
g ~ Gy [T v - Vel (230)

For ¢ < 1 the amplitude obtained via matrix model are finite and the singularities
contained in (2.19) are not observed. Neither do the fusion rules for minimal models {see
discussion in [27,28]) appear in (2.19), although they can be seen via matrix models.

We now generalize the cases known in the literature for N > 3 including screen-
ing charges. Repeating the zero-mode technique in the most general case of an N-point
function with arbitrary screening charges we have

I N - %4 T
AR = (—x) (%) I‘(—’)dezz"jl;ll %EI%

i=1

. (2.31)
« 1 f e G N O
fades o 0
where 8 = -;1;—(2:\,:1 Bi + Q) and a factor 7*/ay has been absorbed in the measure of
the path integral. Fixing the SL(2, C) symmetry we get:
# a
Az = (~np (BY 1o
N N
5= [T @bl - Tl
j=t i<j=1
2 ] s N
X fH dzw,-|w.-§2“|1 —uy?? H jw; — ;e II H |y — 23]%P9
i=1 i<i=1 i=1j=4
n B _n o N ~ (2.32)
X H dztl‘lt.'lzﬂl - t‘,|2,ﬂ H |4 — tj[4pH H |25 — t;|2ai
i=1 i<y i=1j=4
m » o L, N L
x f[[ ErilrsPE L= ] e — e TT I 12 — waf®%
i=1 i<j=1 i=1j=4
n» m
X HH fti—ri7
=1 j=1
9
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where
o = kik; — B1f3; G =dik;

pj= “(k:k' ~BiB;) .pi=-eyf; , 4<4I<N

The integral above has been caleulated by Di Francesco and Kutasov?, for the case
n =m = 0. For arbitrary n,m we shall use the same technique. Notice that translation
invariance -

wi—l-w,zio1l—z, 414, r;—=1—1r
implies the symmetry relations
aﬂﬁ,ajHﬁj,&Hﬁ-,&'Hﬁ'

so that after the ehmmatlon of the remaining parameters as a function of «, g, p; and p
(7 =4,5,-++,N — 1), I¥™ exhibits an a-8 symmeiry

Iﬁm(“:ﬂd’j:!’) = Ijr\li'm(ﬂ:arpjap) . (234)

Similarly by the inversion of all variables w;, z;,2;, 7; we have:

I (e By pis p) = N(-2-a~g- 2p(s - 1) —pn — P,8,p;,p) (2.35)

where P = 0V =4 ! p;. Further information ahout IF™ can be obtained in the limit @ - oo

{or # — o0}, by using a technique applied by Dotsenko and Fatteev!? in the case of contour
integrals, we found

I}:‘m P a2ﬂ+2p(l—N—n+3)+2P—2m (2.36)
where we have used the kinematics: ki, k2, -+, ky—1 > oo s kv < ag and assumed aqg < 0

To eliminate most of the parameiers as a function of @, 4, p; and p we use (2.4), (2.6) and
momentum conservation. After such elimination the symmetry (2.25) becomes:

I 0By pjip) = I (m — 1~ P —a— B+ (N +n—1~ 3),8,;, 5} (2.37)

_Using Stitling’s formula, it is not difficult to check that the following Ansatz is consistent
with (2.34), (2.36) and (2.37):

A = “"‘(p,pj)A(p—-a)A(p—ﬁ)A(l—m+P+a+ﬂ+p(a+2—N—n))
AN = f3™(p,p5) H A ( (82 - kz)) . (2.38)

J=1
Now we can fix fi™(p,p;) by using the 3-point function AP™,
N \P1Pj g P
] N-3

AnNm(kj,kz,kj - 0,ky) = (m?f)N_s—

gp  AT(kuknky) , 3<FSN-1 L (239)
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Now using the result for AD™ we get:

7 (p,95) = [~ A ()] —xA ()] ( '*”-“)[A( p)]‘n(—w)A( (82— k1)

F=d
(2.40)
We finally return to (2.38) and obtain

AN =(a+ N =3)(s + N —4)--- (s + 1) [p&r(~p)]

N
_1yym n 1
[ A" ra() TI-mAGEE - k), (241
j=1 :
therefore, redefining the screening operators, T}, and u as before, we have:

nm aN a+N-3

which is a remarkable result; however, it is valid only in the kinematic region already
mentioned. In order to extend for general k, we can use the same technique as used in
{20]. Notice that the amplitude (2.41) factorizes as in the case without screening charges.

3- Supersymmetric Correlators

In & recent paper’® we have calculated the 3- and 4-point NS correlations functions
using DHK formulation'” of super Liouville theory coupled to superconformal matter on
the sphere without screening charges. The total action § is given by the sum of the super
Liouville action Ssz and the matter piece Say,

Ssr =Lfdzzﬁ‘ lﬁu@s;_,f)a@sg - Q?‘I’_ﬂ; - 41'],1.80‘"'{’5‘.‘)
4 2 (3.1)
1 .1 . . . .
Sar =E/dzzE(§Dﬂ‘I’MD°§M + ZiQOYQM) N

where &5y, Bps are super L]OuV]].I.E and matter superfields respeciively. The central charge

of the matter sector is ¢ = —c, (¢ = 1— 8al). Analogously to the bosonic case the
parameters @ and a. are given by (compa.re with (2.2}
- 2 __ % 5 9 -
R=2/1+ad , ai———:h Q2 - ——:I:Eamg , aeja-=1 . (3.2)

We shall call s the grawtatxona]ly dressed primary superfields, whose form is given by
T vs(i, ki) = PaBet*®m(®) f)Fs1(s) where

By =2t | | (3.3)

11
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The calculation of the three-point function of the primary superfield ¥y, involves
the expression:

0

=1

f‘iNS(z.',k")> = f[‘DEQSL]['DE@M]H‘i’Ns(z.',ki)e_s . (3.4)

i=1

We closely follow the method already used in the bosonic case. After integrating over
the bosonic zero modes we get

<f[j'i’1vs(z.v,k,-)> =26 (ik, —2ao) As(ky, kay ks)

=1

. 3 . L]
Alkeyy bz, ks ) = P(_s)(:z—w)s(%)a <fH d?g;ethi B (B Pidan (8:) (/d2ze°’+{’“'(“)) >
i=1 ]

(3.5)
where (<)o denotes again the expectation value evaluated in the free theory (i = 0} and
we have absorbed the factor {a4(—x/2)°]"? into the normalization of the path integral.
the parameter s is defined as in the bosonic case (see (2.6)).

For s non-negative integer, after fixing the 5’22 gauge, 0 7 =0,5 =1, 5 =00, by =
b3 =0,6 =86in components ($s1 = ¢ + 84 + 84} (the integral above is the supersym-
metric generalization of {B.9) of Ref.[16]) we have

Ak k) = (o) (2 2

L] a & . _ .
8 f I [t 72+ =204 P I i 252 (B0 (1) - 9 (ma )b
=l i=1 i<j
Y
Observe that this is non-vanishing only for 5 odd (s = 21+ 1). One may evaluate (3 --- Yo
and {3 -9} independently, since the rest of the integrand is symmetric, one may write
the result in a simple form by relabelling coordinates:

As(lr b ) = F(-aX (ot ot

a=1

3 a [
x / Hdzz,- H zs[2)1 — z.-|2'ﬂn |zi — z;1% H 2201 — 224] 7% |2,| 72

i=1 i=1 141 i=1

- Redefining the variables as z, = w, 231 = {; and z3; = 7; we have:

.A(kl,kz,ka}=_i_?”sr(~3)r(s+1)% (%“) PlaBip) @.7)

12

where

I - 1
1 e
Ia,Bip) = ﬁaz fdz'w Hdzc;dzmlwlz 2|t — wf?*® H [~ §i|*Pjwr — ;[ *°
i=1 i=1
! ! 1 !
x [T1Gn — ¢t — 22 TT 1G: = ms [0 1L 16 = Gt*elm —mit* YT 1o — a2,
f=1 N i<j i=1
{3.8)
and @, f3, p are defined as before. In ref.[19] we calculated I’ in detail by using the sym-
metries I'(ar, §;p) = I'(B, @; p), I'(,8;p) = I'(—1 — & — B — 4ip, B; p) and looking at its
large o behavior we obtained:

INa,B;p) = — % [A (% _ )}mz li[A(zip)ﬁA (% + (2 + l)p)

=1 i=1

i
x [TAQ +a+2p)A(1 + 8 + 2ip)A(~a — B + (2i — 4l)p)

i=0

, ,
x [ AG +a+ (i~ De)AG A+ 1)p)A(~3 ~a—B+(2i-21-1)p)

i=1
(3.9)
We can choose, ki1, k3 > ag, k2 < ap. We proceed now as in the bosonic case, obtaining
for the parameter 3,
p(1—a) (o > 0)
= 3.1
A {—-%—ps (e <0) . (3.10)

Now we are ready to write down the amplitude. For ag < 0 we have the non-trivial
amplitude:

- [ oo
_ [%A (% - p)] . g(jgwm (%{1 . kf;}) (3.11)

In the case é = 1, we obtain for the external legs, renormalization factors of the
form A(1 — |k;|), which should be compared to the bosonic case (2.30); it permits as well
comparison to super mairix model as well, whenever those are available. _

By redefining the cosmological constant and the primary superfield Y5

2 - 1
FCRGo 0 W Cagur R

we get

Aa(khkz,ks) =p' . (3‘13)

13
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As in the bosonic case we have a remarkably simple result, The only differences with
respect to the bosonic case are in the details of the renormalization factors, Compare
(3.12) with (2.11). Note that the singular point at the renormalization of the cosmological
constant is p = —1 in the bosonic case, which corresponds to ¢ = i, and p = —1 in the
supersymmetric case, correspondingto ¢ =1 or ¢ = 3/2.

We shall now generalize the above result to the case which includes screening charges
in the supermatter sector. We consider n charges €+% and m charges £™-%u , Where

d+ are solutions of the equation %d(d —2ap) = :].5 After integrating over the matter and
Liouville sero modes we get

3 - . i dzf..' i ks O dzrt' id_Barlre;
<£{f‘1’~s(z;,ki)]—‘[/—£j—e dy ¥ (t)gf-n-?ed Bar )>
3

=1

= 276 (E ki 4 ndy +md_ — 2&0) AZ™ (ks kg, kg

i=1

ﬁ j i‘;-‘e-‘d_@utr.-)
mei

i=]

3 )
x/Hdzi.'e"“i’”(i‘)eﬁ"'}“(i‘) (jd’ze“‘*"“(')) > ) (3.14)
i=1 (]

- ] id dzt; . .
Ak, kg kg ) = P(—s)(%)a(%)a<nf_;_I__e.dJ,@M(t,)
i=1 '

Integrating over the Grasmann variables and fixing the Sf@) symmetry as before

(1=0,%=1,3 =00, 8, =6, §, = §; = 0) we oblain (using d, d_ = —asa. = —1)
_ E NPT AL _di e
A;‘m(khkhks) = P(—B) (_2_7_1:) (3ﬂ:+) ( n-‘l-) ( m')

x ﬁfd’t.-[t.-|‘“+"“|l i | (TR
i=1 i<

x Hfdzrilr‘ll-zd..k:“ _ 1','|_2d'k’ H Ire — T‘jlzda' H H [t — 'l“jf_z
=1 i<j i=1j=1

X Hfdzz;!z,'[_m*‘ﬂ’ﬂ - 21..'|_m*"ﬁ2 H |2 — zjlﬁza:'
=1 i<j

x <(,s§?b¢(e) — k2EE(0)) HE&(:,-)HEE(r.-)HW(z.-)> - (3.15)

i=1 i=1 =1 Fi)

Since the vacuum expectation value of an odd number of 4 (or £¢ } operators is zero
we have only two non-trivial cases: in the firat case n +m = odd, s = even and in the
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second one 7 - m = even, s = odd. Thus we have (see also [21] for comparison)

AP (k1 k2, ky) = T(—s) (;—515)3 (‘i‘“i) () (=)

™ n! m!
{ I (&, B;3) x Ii(a,Bip), n+m =even, s = odd (3.16)
x

(&, 8P} x Ji(a,B;p), n+m =o0dd, s = even

where

kg _n _
&, 8:5) = H/d’t,-|t.-|25‘|1 - 4P [T 1t ~ 457

=1 <j
x l—dezf'a'I"slzﬁ"I1 — il T trs — ;P T T bt = sl
=1 <] i=1j=1
% <H g I Ee(r.-)> ) (3.17)
=1 =1 0

Ig(a,Bip) = ﬂzjli[dzz.' li[ i1 - zilmﬁ i — 25(* <J¢(U)H$¢(Zi)> (3.18)
i 0

i=1 i=1 i< =1

with § = d5,7' = &% and a,8,p,&,&, 5,5 defined as before. Note that IF is the
supersymmetric generalization of (B.10) of the second reference in [16}. The integral JF"

" differs from I;7* by the introduction of a factor ££(0) and Jg can be obtained from I% by

dropping $4(0). Henceforth we assume, for simplicity, n +m = even, s = odd. W? will
work out explicitly only the case n,7n even. However, the final result for the amplitude
does not depend on which cese we choose, In ref. [24] we have calculated Iy for n and
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" m even and we get:

I (&,8:p) = (—)”‘*ﬂ;:: nim! (‘g) o [A (% B g)}" [A (% - %) ] ’"

x fIA(ia)A (%+5(¢'~— %)) f[A(iﬁ'— 2)a (%.—g—ﬁ‘ (i— %))
x ﬁlA(1+&+iﬁ)A(l +B+ip)A(m ~ & — f+pli —n+1))

i=0

< [T AG+s+G-DAG+B+6- SRS —a+m- fptiznt )

i=1

Bl
x [[AQ+& -2 +#)A0 -2+ F+i7)AL - & - F +Fli—m+1))
i 2 2 2
2o 1 1 . 1
L T 2B E -__“];—4 NN - T PR +
XEA(2 2 T (- PNAG g+ + (=50 )A G+ 5~ ~B'+7 (i-m+3))

(3.19)
in the case where s = 2! + 1 the gravitational contribution to AS™ (b1, by, ka), e, TS 8
just the same as in the case without screening charges, thus from the last section we have
the supersymmetric generalization of (B.9) of ref.[16]:

I5 = (*)%2’:_'131 {A (% ~p)] ’ ﬁA(Zip) ﬁ A(% +(2+1)p)

i=1 i=0

=1

X f[ AL+ &+ 2ip)A(1+ f + 26p)A (& — A + 2p(i — s + 1))
=0

X Ea(% + &+ (2i - l)ﬁ)A(% +h+(2- 1),—,)A(—% —&—f+7p(2i -2 +1))
(3.20)

To obtain AZ™(k1, k2, ka) (sce (3.16)) we have to calculate I™™ x I%. Using the same
kinematics as in the case without screening charges, and considering that g <0 it is easy
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to deduce: .

d=oa—%% , &=-1+22
2

—1
F=_ A A
p=-2 , )
,@zm%—%—(n-}-a)p (3:21)
- m 1
5=~.3—1=(ﬂ+1)!’+‘2““§
= n+s -1
ﬂ'=%+%(m*1)

Substituting in (3.19) and (3.20) and using (3.16) we obtain a very involved expression
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(see also {26,21}):
A;m(klpk21 ks) .
—\? i ‘ 2{a~1 atmps—y grEntm .
= [(~3) (T) (;_) a+‘ )(2p)n-—m(_) ] mp—zmn 4

X {A(l + p)]n [1!5.(l + E)] "

><HN 2p)A(; +p(1 - 21))1"[/_\. 2 2la(%_g+(§_%)p—1)

=1 i=1

o
‘z‘ -1 ]

xHA( + +p(n+a—2;))HA( +p(n+a+1-—2;))

=0 i=1
XEA(I-{-%—-—&-{-%—%))HA( ——”2;1({—%))

X [A(% _ ,o)]‘ '_]_1[1 Af2ip) ﬁ A (% + (28 + l)p)

X H A(— - +{2z ~ 8)p) f] A(—lnzm +(2H~-1—-n—4a)p) (3.22)

|—0 i=1

x

HA( +oa—p(2i+1)A(Z +%-—-a_p(ahn-2+2:))

xHA(—+1ma+(2z—a+n+2)p)HA( +a+(2i - 1)p)

i=l

xHA(——a P2~ n+ s~ 1))A(1 4 a - 2ip)
i=3
=1 1 ' 1

xHA(l+a+2zp HA(——a+(2t—s+n+1))
=0 l_1

xﬁA(%—%-%(ma—?)m(—gm%(iq—a))
i=1

X

[acE-1- 2l amdpaq -2 - 26— 2 o

i=1

In order to obtain a simple expression for the aniplitude we have to combine in each
term the matter and the gravitational parts as in the hosonic case. The calculation is more
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complicate now, but we finally get

L A )

xA(p—a+%)A(%_“—;“ﬁ_"“; )A(l———+a+(a—n 1)p)
G [ Groo) Gl
xE(—%)A(%+%(ﬁ?—k?)) . (3.23)

Therefore after redefining the cosmological constant, the NS operators and the screening
charges

roo. -1
eid+§'u(li) _%EA (% +P)] et'd.'.‘i’u(!i) (3'24‘;)
gid=Emt) _, F__’IA 1 + f.i - id- &ar(ti) 3.24b
A3+ h e (3.24b)
[ W 1 1 2 F) -t
Uys = |- A (-2' +508 — K ))] Uns (3:24¢)
1 -1
e |54 G - )] u . (3.24d)

we obtain the very simple resuit:
A7 (kyy ko Ra) = p° . (3.25)

In view of the complexity of (3.22), the simplicity of the result is remarkable.
As in the bosonic case we can calculate ratios of correlation functions either using
(3.23) or (3.25). We obtain in a generie kinematic region:

(Ins(br, s YU NS(Rryr, JENS(Rpy e )2 2

R= HJ_ (‘I’]\fs(k.,.‘1 )'I'Ns(kr,,-')) (3.26)
R = (20 ) iz Irid— +7idy | a2

(2p - 1)2p+1)

Compare with (2.27).

The above result agrees with other results?®?! gimultanecusly obtained in the litera-
ture. Although the the continuations to non integer values of s used in [26] and [21] are
not the same and, in principle, do not correspond to the procedure used here, the physical
results seem to be independent of such details.
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‘We now show that it is possible to obtain a simple result for the most general case of a
N-point amplitude with an arbitrary number of screening charges (AR™). In that general
case to compute the amplitudes we have to calculate the following integral

. a N
A% (kg ) = I(-s) (E&) <Hfd2il.el'ki‘f‘ufi-‘)+ﬂi§u.(ii)
i=1

—o4 T

n m L
xnfdzt‘,eidv@,u(i,-)H/dzrjesd_h,(i,)Hfdzzjea+@5,,(s;}>
i=1 j=1 =1 0

where s = —;&(Efil B8+ @) and Ef\;l ki + ndy + md.. = 2ap. After fixing the.S’L:
symmetry as before and integrating over the Grassmann variables the amplitude becomes

A =T(-9) (~5)’ (ﬂ) (~d3 ) (-2

T

N n m .
<AL @1 #n]] [ nTTeuimisesnn - mi-tess
j=t =1 i=1

=1

2 s N
x T b — 201 =2% T] T b — 517245

(3.28)

i<j i=1 j=4
N N
H J;ﬂﬂhh—&ﬁ;)ﬂ - 2j|2(kzkj —PBa8;) H %5 — 5,'2(1=j’=:-ﬂj,ﬂr)
=4 <=4
% H |tl_E2k:d+|1 - ti|2hd+ H t: — tjlzd?'_ H H It — ,,,J_l—z
=1 i<j i=1j=1
m m " n N . m N ‘
x H Irilzkjd_ |l - r‘_lzkzd... H g — TJ_lzd_ H H [t: — zjlzd.,.k,- H H ri — Ejlzd_k,-
i=1 <J i=1 j=4 i=1 j=4 .
. _ N . _ o . m L
X <(ﬂf bH(0) - k{EE(0)) | [(BF9(2;) - K2EE(5)) HELDIIEON ¢¢(w;)>(3-29)
j=4 i=1 i=1 i=1 o

Now we have several terms which give non-trivial amplitudes, in the following we assume
m +n and N + 3 even; thus we have:

. w\? fipa? \’ "
Az =t(-0) (-3) (%) (~d3)"(—d2)™ (Hﬂ?) (as)?

j=4
N n m I
x a? H/d’z,-ﬂfdzt.- H/dzri Hdzw,-|w.-[2"’t1 - w;iz‘s
=t i=1 i=1 i=1
s N N N
% TT bes st T] T s — 2502 T[ 152 = 5525 T] 15 — e
i<F =1 j=4 i=4 i<i=1
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n _ L. n . . nom
x JTI6P% — P T ft ~ 45172 LT e —wii?
=1

iy =1 j=1
. ™" L, m ’ . n N . m N L
o [Tl [ = w2 T s — 252 s T T s = 302% T T i — 352%
=1 i<j =1 jeg =1 j=4
n m a N
x <H B(t:) HE&&.-)) <E¢(a) T #@) ] @"ap(sf)) . (3.30)
i=1 i=1 o j=1 =% 0

The definitions of the kinematics parameters are defined as in the bosonic case

We shall use the kinematics: &y, kg, -+, kn—1 > ag, by < ag < 0in order to eliminate
all parameiers in terms of a,8,pand p; (4 < j < N —1).

The symmetries:

A?Vm(a:ﬂ:P:Ptha‘ v ,PN»I) = A?vm(ﬂ:%P,Pan,' . ‘;PN-—I) (331)
(m-1)

A?Vm{a!ﬂapapl "‘PN—1)=AnNm(_a“ﬁ+ 9 —-P+ P(N+“”5‘1):.3:Pepl' "PN—I)

N-1

with P = 37 p; and the large-a behaviour: AN (a — 00) ~ ol —m+28+2p(s—N-n+3)+2pP
J=4

motivate us to write down the ansatz:

1 1 - ™
N =N o1 Pv-)A(G @) AGH—AAQL - T+ Pratf+pts—n—N)) (3.32)
Taking the limit k; — 0 (3 <i < N — 1), which implies p; — 2p(4 < j < N — 1), we can
determine fi™{p,p1,- *PN-1) using:
i'ﬂ')‘N_3 ov-?

AT (0,0, ks — 0) = (-? A" (b s k) (3.33)

and the result for AF™ (see (3.23)). We arrive at the result

A= (s 4N =)o+ N = 4)oer (s 41) [,LA(%_,,)]'

oo g T (5) g0 w-sesn

‘Redefining ¥ns, 4 and the screening charges we have our final result:

] N-3

=g HT (3.35)

" which has the same functional form as the bosonic amplitude (2.42). As in that case the

above result is correct only in the kinematic region used io calculate if and has to be
continued outside this region.
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-4~ Conclusion

In the first part of this paper we have generalized previous results® for the N -point
tachyon correlator in Liouville theory coupled to conformal matter (on the sphere) with
¢ < 1 {o ihe case which includes screening charges in the mattier sector. The resulis
might be useful in understanding the issue of fusion rules in the calculation of the 3-paint
correlator (see discussion in [20]).

In the second part we have obtained the N-point NS-correlators in super Liouville
coupled to & < 1 matter (also on the sphere), including screening charges thus generalizing
the resulis of [21,26] to the limit case & = 1, (N > 3), and the results of [20], obtained for
2 = 0, to any value of s,

We have obtained, explicit formulae for the corresponding 2D-integrals involved and
the final form of the amplitudes factorizes in the N-external legs factors, confirming the
results obtained in [20] (for s = 0) through a detailed analysis of the pole structure of the
integrals.

In our calculations it was possible to see the singularity in the renormalization of the
cosmological constant {u — 2/A(3 — p)) at the point & =1 (p = —1/2}. This is similar
to the bosonic case where u — fi/A(—p) and the ¢ = 1, (p = —1) point is also singular,
The final (renormalized) N-point amplitude has the same form of the bosonic one. The
similarity with the bosonic case has been found before in the discrete approach [20,25].

Finally we should stress that our results must be continued to other kinematic regions,
this is likely to be very similar to the hosonic case {without s.c.) worked out in [20).

As a further development it would be interesting to carry out analogous calculations
in the case with N = 2 supersymmetry and see, among other aspects, whether the barrier
at ¢ = 3 indeed disappears. The inclusion of the Ramond sector (for & # 0) is also of
inierest.
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